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In the field of advertising, there are always situations in which individuals or
companies advertise their products in order to find marketing opportunities and
attract customers in a competitive environment. Consider a duopoly market in
a mature product category where total sales are distributed between the two
firms, denoted as firm 1 and firm 2, which compete for the market share through
advertising spending. There are two firms in a market and the profit of firm 1
and that of 2 are respectively:

max {E,[[] (qlx (t)—%‘uf(t)}:“dt +are " x M)}, 0

max {E.[[ (qza—x(t))—%uf(t)}f‘dt sape T (-x@]h @

Market shares of firms 1 and 2 at time tas X (t) and 1—X (1), respectively.
The dynamics of firm 1’s market share is governed by

dx ) = (U, (OVT=X () —u, ()X ) )dt +ox OB ), X ) =X,. (3)

Thus, each firm seeks to maximize its expected, discounted profit stream subjec
to the market share dynamics.

Material and Methods

A feedback solution which allows the firm to choose their advertising rates
contingent upon the state of the game is a realistic approach to the problem. A
feedback Nash equilibrium solution to the game (1)—(3) has to satisfy the
following conditions:
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Determining the equilibrium strategy for this problem requires solving a set of
nonlinear partial differential equations called the Hamilton-Jacobi-Bellman
equation. Another purpose of this paper is to propose an efficient and suitable
computational method for solving the Hamilton-Jacobi-Bellman equation. The
proposed method for solving the problem is a combination of the collocation
method based on the Chelyshkov polynomials differential operator matrix and
the policy iteration method. The collocation method has the disadvantage that
it requires solving a system of nonlinear algebraic equations resulting from the
implementation of the method. The advantage of using the policy iteration
algorithm is that instead of finding the solution to a nonlinear partial differential
equation, it is enough to solve a sequence of linear partial differential equations.

Results and discussion

Since for firms having different parameter values, the solutions are more
complicated. First we will consider the case of two symmetric firms. The case
of asymmetric firms will be dealt after that. We will summarize the analytical
results of comparative statistics with symmetric and asymmetric firms in the
Tables 1 and 2. When there is a marginal increase in the value of advertising (r
increases) or a reduction in its cost (C decreases), then, the amount of
advertising increases. However, contrary to what one would expect to see in a
monopoly model of advertising, the value function decreases. Advertising does
not increase the size of the marketing pie but only affects its allocation. Thus,
the increase in advertising causes a decrease in the value function.

Conclusion

In this study, we have applied a combined Chelyshkov collocation method with
policy iteration to solve HJB PDE arising in finite-horizon stochastic

competitive advertising differential games numerically. The method is based
on the exponential Chelyshkov functions and policy iteration method. The
method was utilized to convert the nonlinear HIB PDE into a sequence of
linear algebraic equations systems which can be solved easily. This is one of
the strengths of the proposed method compared to the collocation method. It
should be noted that this method can be expanded to solve HIB PDEs in the
other applications of stochastic differential games with feedback information.
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