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Introduction
The purpose of the present paper is to study the class of strongly 8-
continuous functions, which contains the class of cl-supercontinuous
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An open set U in a topological space X is called r,;-open if it is the union

6,,-0pen set, . . .
et0p of cl-closed sets. A topological space X is called an R,;-space if every open

6.;-closed set,

0,,-space, set in X is r;-open. If A is a subset of X, then inty A denotes the set of all
cl-closure compact space, x € A such that A contains a closed neighborhood containing x. A set B is
6.;-closed graph. called 6-open if B = intgy B. The complement of a 6-open set is called 6-

closed. The set of all x € X such that every closed neighborhood of x
intersects A is called the §-closure of A and it is denoted by clgA. So, a set
B is O-closed if and only if B = clgB. A function f: X — Y is said to be
cl-supercontinuous  (respectively  R.;-supercontinuous, respectively
strongly @-continuous) if f~1(V) is cl-open (respectively r.-open,
respectively 6-open) in X for every opensetV inY.

Material and methods

A function f: X — Y is said to be strongly 6.,-continuous at x € X if for
each open set V in Y containing f(x), there exists an open set U in X
containing x such that f(cl,U) < V. The function f is said to be strongly
6.;-continuous if it is strongly 8,;-continuous at each x € X. Clearly, such
functions are strongly 6-continuous but not conversely. For instance, the
identity function on the real line is strongly 6-continuous, but it is not
strongly 6.;-continuous. This is also an example of a continuous function
which is not strongly 6.;-continuous. The 6,,-closure of a set A in a
topological space X, denoted by cly A4, is the set of all x € X such that
each cl-closed neighborhood of x intersects A. A subset H of X is called
0-closed if H = clg_ H. The 6-interior of A denotes the setof all x € A
such that A contains a cl-closed neighborhood of x and it is denoted by
intg A. Aset G is called 6.-open if G = intg_,G. We denote by S.;(X)
the ring of all real valued strongly 8. - continuous functions on a
topological space X, and C(X) denotes the ring of all real valued
continuous functions on X.

A function f: X — Y is strongly 8,,-continuous if and only if the inverse
image of a closed set under f is 8,;-closed if and only if the inverse image




of an open set under f is 6.-open if and only if the inverse image of a
subbasic open set under f is 6,;,-open if and only if for every x € X and
for each closed set F in Y with x & F, there exists a 8,,-open set U in X
containing x such that f(U) N F = @.

A function f: X — Y is strongly 6.,-continuous if and only if f (cly ,A)
cl f(A) for every subset A of X ifand only if clg ,(f 7' (B)) € f~'(cl B)
for every subset B of Y if and only if f~*(int B)) < inty_,(f ~*(B) for
every subset B of Y.

Results and discussion

If f:X—Y is a strongly 8.-continuous function and g:Y — Z is
continuous, then g o f is strongly 6,,-continuous.

A function f: X — Y is said to be 6-open (8;,-closed) if the image of
each 6,,-open (6,;-closed) set in X is open (closed) in Y.

Let f: X — Y be a 6,;-open and strongly 6,;-continuous surjection and let
g:Y — Z be afunction. Then g o f is strongly 6;-continuous if and only
if g is continuous. Further, if in addition f(A) is 8,,-open in Y for every
0.-open set A in X, then g is strongly 6,;-continuous.

A subset S of a space X is said to be 6;,-embedded in X if every 6,,-open
(6.;-closed) set in S is the intersection of a 6,;-open (8;-closed) set in X
with S. Let f: X — Y be a function. Let {U,|a € A} be a cover of X by
6,-open sets such that each U, is 6.,-embedded in X and let f, = fy, ,
Va € A. If each f, is strongly 6.-continuous, then f is strongly 6.
continuous. Let {F;|i = 1,---,n} be a cover of X by 6,,-closed sets such
that each F; is 6.,-embedded in X and let f; = f|p, where i = 1,---,n. If
each f; is strongly 6,;-continuous, then f is strongly 6;-continuous.

Let {f,: X, — Y, |a € A} be afamily of functions and let f: [[,ep X0 —
[Taea Y, be a function defined by f((x,)) = (fu(x,)). If each f, is
strongly 8.,-continuous, then f is strongly 6.,-continuous and whenever
each X, is extremally disconnected, then the converse is also true.

A space is said to be a 6,;-space if every open set is 6,,;-open. A topological
space (X, 1) is a 6-space if and only if every continuous function from
(X, 1) into a space (Y, a) is strongly 6,;-continuous.

Let f: X — Y be a function and let g: X — X x Y be the graph function
of £ defined by g(x) = (x, f(x)). Then g is strongly 6,,-continuous if
and only if f is strongly 6.;-continuous and X is a 8,;-space.

The component of a point x in a topological space X is the maximal
connected subset C, in X containing x. The quasi-component Q,, of x in X
is the intersection of all clopen subsets of X containing x.. A space is called
totally disconnected if the only nonempty components are singletons. For
astrongly 6,-continuous function f: X — Y, f(Q,) € Q) foreachx €
X and if Y is a T;-space, then f(Q,) = {f(x)} foreach x € X. Also if f is
injective and Y is a T; -space, then X is totally disconnected.

If f: X — Y is an open strongly 8.,-continuous injection, then X is a 8-
space. If f: X — Y is a continuous function and Y is a 8,;-space, then f is
strongly 6.,-continuous.

A space is called ultra-Hausdorff if for each pair of distinct points, there
is a clopen set containing one and not the other. Let f: X — Y be a
strongly 6.,-continuous injection. If Y is Ty, then X is ultra-Hausdorff.

A space X is called cl-closure compact if every open cover of X has a finite
subcollection whose cl-closures cover X. A subset A of a space X is said




to be cl-closure compact relative to X if for each cover of A by open sets
in X, there exists a finite subcollection whose cl-closures cover A.

The strongly 6.,-continuous image of a cl-closure compact space is
compact. Let f: X — Y be a strongly 6,,-continuous function and let A <
X. If Ais cl-closure compact relative to X, then f(A) is compact.

The graph G(f) of a function f: X — Y is said to be 6,,;-closed if for each
(x,y) & G(f), there exist an open set U in X and an open set V in Y
containing x and v, respectively, such that (cl,U X cl,V) N G(f) = @.
The graph of f is said to be 6,,-closed with respect to X if for each (x,y) &
G(f), there exist an open set U in X and an open set V in Y containing x
and y, respectively, such that f(cl,U) NV = @. If f: X — Y is astrongly
6.,-continuous function and Y is Hausdorff, then G(f) is 6,,-closed with
respect to X.

Conclusion
The following conclusions were drawn from this research.

o If X is a 6,-space, then C(X) = S, (X), and whenever X is
completely regular the converse is true.

e  For every topological space X, there is an ultra-Hausdorff space
Y such that S, (X) = C(Y). Also if X is compact, then Y is zero-
dimensional.
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