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Let D be a division ring and let F be its center. If the dimension of D over
F, as a vector space, is finite then D is called an F-central division algebra.
Recall that in this case [D: F] = n? for some positive integer n, which is
called the degree of D and is denoted by deg(D). Studying the structure of
subgroups of the multiplicative group of D* = D — {0} is one of the oldest
research areas in the theory of division rings. But, in general, the structure
of D* is unknown. One of the most important class of subgroups of D* are
soluble-by-finite subgroups, because they are in relation to Galois groups
of maximal subfields of D. One of the most remarkable results about the
structure of soluble-by-finite subgroups, obtained by Shirvani in 2005,
shows that if G is a soluble-by-finite subgroup of an F-central division
algebra D, then G contains a normal abelian subgroup A of finite index such
that |G: A| divides 60 deg(D)?. It is also known that if deg(D) is odd, then
every soluble-by-finite subgroup of D* is soluble itself. At the other
extreme, the derived length of soluble subgroups of D* were studied by
Wehrfritz in 2006. One of the marginal results of his work is that, in
general, soluble subgroups of D* may have arbitrary large derived length.
In this paper, we consider the soluble-by-finite subgroups of a division
algebra D equipped with a valuation. We show that if its residue division
ring is a field, then every soluble-by-finite subgroup of D* is soluble and
its derived length is at most 3. Moreover, we prove that in some special
cases the above bound for the derived length can be replaced by 2.

Material and Methods
Let D be a division ring (commutative or noncommutative). Let ' be a
totally ordered abelian group. A valuation on D with values in I' is a map
v:D* - I such that, for all a,b € D*,

1) wv(ab) =v(a) + v(b)

2) v(a+b) = min{v(a), v(b)}.
A division ring equipped with a valuation is called a valued division ring.
In this case, it is easy to observe that V,, = {a € D*|v(a) = 0} U {0} is a
subring of D which is called the valuation ring. Furthermore, it immediately
follows that V, is a local ring with the unique maximal ideal M, =
{a € D*|v(a) > 0} U {0}. The quotient division ring D = V}, /M, is called
the residue division ring. In the special case that D is an F-central division
algebra, then the restriction of v to F* is a valuation on F. Vg, My and F are
defined similarly. A valued F-central division algebra is called strongly
tame if char F = char F and char F } deg(D). A strongly tame valued




division algebra is said to be totally ramified if D = F. We say that a valued
field F is Henselian if its valuation has a unique extension to each algebraic
extension of F.

In this paper, our general strategy is that we first prove our results for a
valued division algebra D whose center is Henselian. Then, using the
embedding map from D to its Henselization, we upgrade our results to the
general cases.

Results and discussion
The following theorems are the main results of this paper.

Theorem 1. Let D be a valued F-central division algebra of degree n. If D
is strongly tame and D is a field, then every soluble-by-finite subgroup of
D* is soluble with derived length at most 3.

Theorem 2. Let D be a valued F-central division algebra of degree n. If D
is strongly tame and totally ramified, then every soluble-by-finite subgroup
of D* is soluble with derived length at most 2.

Theorem 3. Let D be a valued F-central division algebra of degree p™,
where p is a prime. If D is strongly tame and F does not contain a primitive
p-th root of unity, then every soluble-by-finite subgroup of D* is soluble
with derived length at most 2.

Conclusion

The main result of this paper shows that every soluble-by-finite subgroup
of the multiplicative group of a valued division algebra whose residue
division algebra is a field is soluble with derived length at most 3.
Furthermore, in two special cases, it is shown that this bound for derived
length is 2. Nevertheless, the author’s conjecture is that the bound 3 for the
derived length can always be replaced by 2.
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