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ut(xJ t) + uxxxx(x; t) = f(t); (xl t) € QT; (1)
with the homogeneous boundary conditions

ux(o: t) = ux(l’ t) = uxxx(o’ t) = uxxx(l' t) =0, (2)
te€[0,T]
and extra measurements
T (3)
[ utnode=ge, xelon,
0
u(x*,t) = h(t), te€[0,T], 4)

to approximate the unknown functions (f(t), u(x,t)). The system of
equations (1) — (4), appears in the study of a wide range of problems
derived from physics, chemistry, biology and engineering. The parabolic
equations of the fourth order are used to create a balance between
removing noise and preserving the edge and preventing blocky effects in
image processing. We can also point to famous equations such as Cahn-
Hilliard and Kuramoto-Sivashinsky equations which are very important in
describing instabilities in dynamical systems derived from physical and
chemical phenomena. Investigations regarding the existence and
uniqueness of the solution, regularity and presentation of strong and weak
solutions for some parabolic equations of the fourth order have been done
in several articles. Moreover, various numerical methods such as finite
difference method, finite element method and spline approximation
method have been used to solve these equations.

Material and Methods

The sufficient conditions of the existence and uniqueness of the
solution for the considered inverse problem are established. A
spectral technique based on the application of operational matrices of
differentiation is applied for recovering the unknown functions.
Numerical simulations are included to show the efficiency of the
proposed method.

Results and discussion

By using the Fourier method and applying the assumptions of the problem,
we prove the existence and uniqueness of the classical solution for the
inverse problem expressed in equations (1) — (4). Then, we present an
accurate and stable numerical algorithm to determine the unknown
functions of the problem in the presence of accurate and contaminated
input boundary data. It can be seen that by employing the proposed




method, satisfactory results are obtained such that in the presence of the
exact initial and boundary data, the unknown functions are excellently
retrieved and regarding the noisy boundary data the obtained
approximations deviate from the analytical solution almost proportional
to the amount of introduced noise.

Conclusion
From this study, following concluding remarks were drawn.

e  The solvability of the inverse problem is proved.

e  An efficient numerical method is applied for approximating the
unknown functions. In fact, the main problem is reduced to a
linear system of algebraic equations which can be easily solved
to get satisfactory findings. The technique can be developed for
solving a broad class of initial/boundary value problems.

e We tested the numerical stability of the solution when dealing
with noisy boundary conditions. It is seen that by applying the
Tikhonov regularization method, robust and reliable solutions
are achieved.
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UL (X, ) + U (x, £) = f(8), (x,t) € Qr, M
SSep (550 bl ol e o
U (0,8) = Uy (1, 1) = Uy (0, 1) = Uppre (1,£) =0, t €[0,T], D)
SRSl 650 lasly g

T
f u(x, t)dt = g(x), x€[0,1], @

O gots Gl 09> 5l slalals ;o (adge byl G g
u(x*,t) = h(t), te€0,T], 9]
o3l 5l 5 s o xF s R? 5 w1S slashs Qr = {(x, D)0 <x<1; 0<t<T} e

B alies 5500 9 adgl sbosls sl 5 Sysoar T Bl Lulpl a5 S e 558 eizes b [0,1]

T
g'(0) = g'(1) = g"(0) = g""(1) = 0, j h(E) dt = g(x), ©
0
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' Inverse problem

¥ Fourth-order parabolic equation
¥ Consistency condition

¥ Noise removal

5 Edge preservation

* Blocky effects

¥ Image processing
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v(x, t) =ulx,t) — F(t), F(t) = ftf(r)dr, *)
0

oy 2 g0y J1SE el S¥oles 515 les alfws a4 d(4) — (1) oVoles jo ol 5l ool

V(2 t) + Vpre (x5, 8) = 0, (x,t) € Qr, )

T T

f v(x, t)dt = g(x) —f F(r)dr, x € [0,1], @
0 0

vx(0: t) = vx(]-: t) = vxxx(O’ t) = vxxx(]-: t)=0, te [O' T]' Q)

v(x*,t) = h(t) — F(t), t € [0,T]. (V)

W%, ), fo(6)), (03 (5, 0), fi(£)) USias s a2 95 1o (10) = (7) E¥lan olSios i o 5

ol o a8 wsk

A Classical solution
* Fourier series
'* Uniqueness
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v (x, t) € QT' fl(t) * fZ(t)' vl(xl t) * vZ(xr t)' QRD!

o3 by g5
t (v
z(x,t) = v (x, t) — v, (x, 0), VF(t)=f f fo(r) = fi(r) drdy,
0 Y0

i, (10) = (7) oVoles ,o Ll 5l ool o

Ze (X, ) + Zyxx (X, £) = 0, (x,t) € Qr, AR

T YY)
f z(x,t)dt = —VF(T), x € [0,1],
0
7, (0,t) = 2, (1,t) = Zyyre (0, ) =z, (1,t) =0, t€][0,T], OF)
. d )
z(x*,t) = _EVF(U’ t € [0,T].

oS o0 Sleiing 2j ©ypets 1) (15) — (12) &¥olas olSitws (sl 4158 Clo>

z(x,t) = Y=o gn (t) cos nmx, (\#)
oyl (12) aslas 13 (16) wu,is o Ji sl 5l a5

Gn(©) + (n1)* g (6) = 0 = gn(t) = ppe~ "™,V L € [0, T]. av)
1S 8,8 Yozl lg oo (17) 5 (16) (13) cVolas 5l s

e~ (MM*T _ 4
UoT — Zn ) Un{ ) ————}cosnnx = —VF(T) = constant o
=u0=TVF(T) L =0,n>1.

1S ey o0 45 ol A T ke 4 Cand (605 5ie 9 (18) 5 (16) ((15) w¥oles 5l ool b gsT

-1 —d
S VF(T) = 2(x",6) = —VF(1) = £o(0) = f1(8) = 0= /() = f,(®), O

o 55 Ll ol (16) 5 (1) (19) 31 les

n=0,
o = 0222 2 (x,0) = 0 = vy(x,£) = vy (x, 1),
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" Orthonormal Bernstein Bases

'Y Gram-Schmidt procedure

v Bernstein polynomials

¥ Kronecker delta property

'» Operational matrix of differentiation
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'* Ritz approximation
¥ Consistency condition
A Collocation method
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't Linear system of algebraic equation
- Tikhonov regularization method
" L-curve criterion
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