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Introduction

The notion of Leibniz algebras is introduced by Blokh in 1965 as a
noncommutative version of Lie algebras and rediscovered by Loday in 1993. A
Leibniz algebra is a vector space A over a field F together with a bilinear map
[.1:AxA —>» Ausually called the Leibniz bracket of A, satisfying the
Leibniz identity:

[X,[y,Z]] = [[X,y],Z] - [[X,Z],y] ’ le’z EA-

The classification of nilpotent Leibniz algebras is one of the most important
subject in the study of Leibniz algebras. In the present paper, we obtain an upper
bound for the nilpotency class of a finitely generated nilpotent Leibniz algebra
A in terms of the maximum of the nilpotency classes of maximal subalgebras
of A and the minimal number of generators of A.

Main results

Throughout the paper, any Leibniz algebra A is considered over a fixed field F,
¢ denotes the maximum of the nilpotency classes of maximal subalgebras of A,
d is the minimal number of generators of A and | | denotes the integral part.

Moreover, we inductively define: A=A and A" = [A"1,A], for n > 2.

Lemma 1. Let A be a nilpotent Leibniz algebra and M be a maximal subalgebra

of A. Then M is a two-sided ideal of A.
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Lemma 2. Let | be a two-sided ideal of a Leibniz algebra A and {xi,x, ... Xk}
be a subset of A which contains at least n elements of | (n < k). Then

[[[X1,X2],Xs], --. »Xk] € 1™

Theorem 3. Let A be a finitely generated nilpotent Leibniz algebra such that

d > 1. Then A is nilpotent of class at most [cd/(d — 1)].

Corollary 4. Let A be a finitely generated nilpotent Leibniz algebra and

{X1,X2, ... ,Xq} be a minimal generating set of A with d > 1. Then

cl(A) < max[d(Mi) d
1sisd d-1

I,

where Mi is the two-sided ideal generated by the set { X1, ..., Xi-1, Xi+1, ... ,Xd}

and cl denotes the nilpotency class.

Corollary 5. Let A be a finitely generated nilpotent Leibniz algebra of class

kwithd>1. Thenc<k<2c.

Corollary 6. Let A be a finitely generated nilpotent Leibniz algebra such that

d > c+1. Then A is nilpotent of class c.

Corollary 7. Let A be a finitely generated nilpotent Leibniz algebra of class

2c such that d > 1. Then d=2.

Proposition 8. There is not any non-Lie Leibniz algebra with at least two

generators, whose maximal subalgebras are all abelian.

How to cite: Safa, H., (2022) An upper bound for the nilpotency class of Leibniz algebras. Mathematical
Researches, 8 (3), 144-152

CAETEE © The Author(s).

Publisher: Kharazmi University

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

YOM-T0ET : ala LiLY

YOM-T00¢ @ K9 O b

ol by

Homepage: https:/mmr.khu.ac.ir/

. a8
Jf/'i:bf/":

Y e Sleige W $lp YL Gl

Mo plus

h.safa@ub.ac.ir : Seog xSl oy .yl 05050 e )55 olKils csly pole 80SCiils ¢ ol 09,5 ¢ Jgtume biiamgs .Y

ouS>

alio wleMb|

aglio il slo 05 SlgEss G L) abie s b 3y sl e Slizsy oS« allia ol 5o

S 2 SEA S48 oo oo lis ol ams g 4y mued oo Sl T sl VL S g oS o0
Sz ) Sz oI meaiSle € 5 ail ol (a8 laalge slaas d > 1 5 abine wdsi b Glsigs:
o sz ol | ] o o a5 cel [ed/(d = 1) | iSlas (o 5l gz A oSl wab A i
oM =1l a8 eeps e olts yrinY sl 5l eolyls i Hsle 11 L piman 0l s

el ¥y T aw @ly j0 45 WS o LS| 093 e on it Y e SO Sl

gy allie :allio 45

VWAAN SN Y el 0 g )b
VYR /YA 1,50 b
WA /Y b dy b
VEN2A0) syl G,

1ol slejly
oY >

(Slegs N

NEENOY (V) A ool sloing sy 5y oy Jsizs G 6l eV oS O F)) sples o ol

COuDS,

OB S g ©

6‘))‘5’ oKl J.....al;



https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

1Fe) g 6 ylais it 63 o Sl 5 s lo iy 3y VY

doddo

wb By 2D liie by gl b V470 Jlo o J sloyez 5l arand Ot 4 Y glo iz oo
a8l lase SO F S (68 [A] €85 18 i gy p g aalllan 350 509) Lawgs VAAY Jlo 58 (s 5 [Y]
S [T TAXA = A (s g0 el ohen 4 ol F 65, A oy slad S o S
WS Bovo s ol 4y pawge g olodl jo 5 3eh e 0uel oY

[X,[y,Z]] = [[X,y],Z] - [[X’Z]’y] ) X,y,Z €A

3 Sgbee b e S A Y e ST IXX] = 0 il sl AGIX aie e ol 4 ST -

b dolys hod 09815 ol 4 janY ol a0 9 0= [X+Y,X+Y] = [XY] + [V X] <db> (0
[x.[y.zIl + [y.[zx]] + [z,[x,y]] = 0

Sl rzr plraly e s Gloie 4 g oo |) i Slopa alplo Sl S s SO I e e S
285 ke

[X,y] € H Mb aslo X,y € H).Q 6‘;: ;‘ “59‘“"(54' OML R g.i; A MY B )l H 6)‘029 6L49)))
f“‘“"‘“t’ asls X EA)Qj geE | ).mtg‘)"d.golf)m Oy g0 oA,,.oUA(CAml)) WJL:A)‘& A R e
Coly Jlos] pog o Jlossl oo ol )2 ousli oo A 5l a8 bogs Jlowsl 6 1, 1 25 ([X,0] €1) [9X] €1
asb A

iy A2 = [AA] = (XYL XT | XY € A) &0 ol o il jiin¥ p O A0S 558
90 g0y 25 g0 a4 Ceol A adbss slalonsl 5 5 s A sl $35 0 S 5 00 00l A

A>AZ> ... >AN...

I X aegozman; bamsi 00 asi iz 5 (X) 5l jobain 4 055 425 (N2 2) A" = [ATA] AL = Aws
Sg oo 09l M WS 51 lgizgs A iy pm sl X ol a5 Gl A oz 5 00 5805 A iy o
SVlie g cl 0395 nl las (3 Foee 5| (S Oliss Y sy o os, AT#E 0y ATI=0 050
s y2u0 Logy) [X,X] Sy iy sl j0 a8 £9090 (4l .[\‘,\ ] Gl 00y Ol s aie) ol o (g0l
b sz sloytislo andllae puizmen [0,F ] iluice 5)lsds il 40 J slo iz 4 Cons 1) oz ol dalllas
ezt g [ViF ] ooy 3 4l )0 oy 0 ol 039 o gy 5l (5slemr Edge ol 8y LSl 5l oolil
oIS o oY sl Slgige I sl YU oS S xl @lie ol o o aa Vo] Jslare o
S1aS oo o lis (ol azs (lyie 4 caslagl GeS laddge olans izmen g Gudin Glopz ) Slyiz e

Sz oM me;Sle € g ail o] (oS lawlge sl 0 > 1 g ol 0dsi b ol yuinY o> SO A


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

YFA
Fie ¥ sl pz o o sl YO OIS

zmo sz b || ol o a5 caled/(d = 1) | Sl (o3I 51 Gligsy A olST sl A Gty sl 2
L ow g0 puny > &{A RVELI-S BN oy Olg oo ool Jlo G jo 1) Wae 31 jalaie (izmen Wil o
A Jso X1 & p30 0l (98 oo i 5 sio | STy 4k ) asl [X1,Xe] = X2 jiol o515 5 {X1,Xo} &1
08 o o cll A g)lsp slad lp al polic sloss wa el . dimA =2 as J> 0 d=1,cul
&S Cole pliel an jlalse alin oY s SO Gle ce g, ol cw] e s iianY ST, Wae poghe

b Xg, [XeXa], [[XeXa) Xa, -} @0 @ sl syl
G¥se S5 inY sy Sl sloslgils callae oyl )5—‘ Jbe )o s gtz g Y (sWg0 ST Yy zoog &

DS o LB ) S e o s o] Slgiz gy (oIS 4S s e 4l

hol s

S oo oolaiul 5 sl 5l isu cpl Lol bt Gl cye
Jloasl & M & jso ol 5o 0l o1 5l s 05 SO Mg lgizss sy o SO A 0 o5 o)
il e Al ab,lbgs

o ol o AT MAA? ol ails Gimen 5 0L C LS 5l Glsizs A asS 5,8 LS|
A?=[AA] = [M+A2, M+A%] < M2+ A% < A2

ol A= M2+ A s o
A? = [M+A3, M+A3] < M?+ A% < A2

S olsizs A aS ol 5l s A2 = M2+ AT Clils oles cules o wg, ol aslsl L. AZ = M2+ AT 1,
— 2 — — 2 .. 2 2 .
sl 31 AP M ams o s M= MHA? &5 05 o Clnl A 5 M o oo el ol asls 5

Sl A lad bes Jlossl S M

oS wab A jolic | acgammay; o {X1X2, oo XK} 9 A 5o o 5l a8 bgs Jlowl o oS 55.Y o
Sy pl 0. (MSK) can |l paze N JBlos> Jolis

[[[X1,%2],%3], ... .xx] € I"


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

1F2) o 6 ylods qpidiats 6,90 o 25Uy (sl g5 \Fa

Md‘d&‘m&‘f c\.]a;‘) u.v‘dsu\.»..suo)ﬁ ;‘).Q.Hu‘d.aw‘)‘)ﬁ).: C}@gc\adjﬂ :\Ja)‘) olfuT‘n:]. )f‘ .C’L’j‘
sl I Jloas) 5l pate N1 Jolos Jolis {X1,X2, ... ,Xk-1} dcgomme o5, T Xk € | ST.02b 13, N 5l jiaS
M)‘Q;‘)M‘ua)ﬁ).sl.u‘djj

[[[XLXZ],XS], >Xk-l] € |n-1

{X1,x2, ... Xk-1} Acgaze Oygo (pl 40 il Glaie | 4 Xk oS 08 > A8 oo Sy Sl el as
5,8 JolS 1y Sl e g Xk2 « Xked 53, 598 g aelol b ol s | 51 paie N Lol
S5z oM oSl € ol eS slawlge olaw 0 oalite Wl b Glgigs iy > SO A ) @l

A o nl > 1 a5 gpsb a st alie adsi b Glsige Y po oA w55 .Y Audd
el [ed/(d = 1) | St 35 51 s
S Kk=led/(d—1) | 5 asb A Gy S Wgo acgamme o X = {X1,X2, ... ,Xd oS 5,3 bl

Vi € X 2 slil a4 aS pupo lis el

[[[y1y2l.ysl, ... ,yk+1] = 0.

g o5z & 2 e (gl oolisl b anti 25 K= CH T gpoy 0 T =]0/(d = 1) | oo 2
STy asds Tl iy anilyioas X polie aes a5 aas e olid ol ol - KL < (HH1)d culs oonls>
gl sn ol ES1 sl o anis I jSlas X1 asile Xl s pate oplply aiss ol [[[ya,y2],ys], -.. ,yke]
a5 Gysb 4 el 3350 M piin 1o o 1 S e o [ A L {X2, -l XA} acgerme a5 0T 51 >
Jo Y1 Y2 oy} Ko By 5l Al gy Jlewd G M o il bl sesaza ool Jols
s [llynyalyal, - oyiea] € MY o 5Ly gy ool 5l asbioo M5 paie KL —1 = CH+1 sl
Dgd o JolS Bl wiaa C iSTas (oIS 51 lgizes A i oz 1) o 2,8 plo oS 1>

Wgd oo Jol> 5 e gl Vb &l jloslinal L

Sosb ol )] e Wae acgazme SO { X1, X2, .. W Xd} 5 Olpige FuinY o SO A0S 5,8 F i
sl XU, oo Xicd, Xitd, ... XA} dcgerme Lawgi ol oy Jloosl Mi a8 (58 eizen > 1 a5
Oy

1(Mi) d
1(A) < =20c
1) < Iy

|,


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

Ty
Fie ¥ sl pz o o sl YO OIS

Spbie Jole 5 b5 ¥ 2l osliciul b crizeon

ol 2 0> 1 a5 6y5b ayail oline adgi b s K LS 51 lgizs sy pr S A S (58 .0 doeds
£<k<2c o0

¢ <led/(d—=1) [ S2C 50005 5 1< [d/(d = 1) | 2 ryip 4 kil

A s il g 0> CHL o5 g sb 4 0l alite asi b sz 5ty por S0 A oS oy 8 Ao
- d - d .
Sz s o5 ol 5l b [75] S €Tl > CHL Sicd Jysm— b o ol & 5 b LS

ol € U 3l gz A 4 )5 s € 2STas S 5l gz A eden

ol 20> 1a5 g5k 0l alite i 5 2C (5 5l Glsgsy Y sz LA S 55V Ao
d =2 S ygo

S Vb 05 055 w5t sloyer 3l g 5o T A 5 o 4l Vb ol o5 e o ol 5 Jli
Wb 5 el slaesly g {X11X2!X31X4!X5} b b gon &= FeY e A NVELEE>SE A JL'-"

[X3,X2] = -[X2,X3] =X4 , [X3,X1] = -[X1,X3] =Xs5, [X2,X1] = -[X1,X2] = X3, [X1,X1] = X5

S5 X2 9 X1 polie b olgioe [ A oo 4 Wigdise iyt sho STy plo g [XaX] = -[X2,Xe] = Xs
Y aas 5l aites g iSTas oS 5l lgizes A o sl ) den 45 000 g5 e e a=21 5,5
s o i)l oz 2S1am G Sl oy A Fin e

[[[X2,X1].x2],X2] = [[X3,X2],.X2] = [Xa,X2] = X5# 0

ol Slaz A Slgigsy oM Az ) 5 Cend d Sl Glgigsy A aeo e (LS &S

to2 oS Cul Glyigy LU J 2 ki ((B0,% 9> b) aw sn 5l Spsnle J s o J slepe ple 5o
oo S5l o b I FinY slopz 10 45 wemdga lis 25 8515 50 [A] axtes (LT (T80 lojpe> 5
2,0 3929 (6 2 iz

sl (LT T e Loy o e a5 505 05z g oo S 5l i b I e sy ez e R 85158


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

1Fe) oguw b ylais it 6,90 o by 5lo ity s )

» s XXI =010 el (LT 258 ply a5 sl X Jolss A ety s Mg XE A0S (03 (izman

lece E3050 ead &ly 10 g dalss LT o] el adg Wae SO L J e SO ST ranY sla e S,

2C o5 d>1 slas 0 0 a0 uzmed Wb o J g sy o LSl o solan ol
> )3 a5 w3 peales 5 Jle )3l (alie 0B L Dl g e sla e Slezs o sl @YL oS

2 392y Slsizg G lp 2V oS ez d =1

el azl I S1Sn+1 s sl @ o8 o 098 0 soel pyald 7o N o LA oY L e
(295 o2, ¥ iy ya5 D] &0 d) dimA'=n—i+1
P AIMA =L S1asl Xt paie o baugs oad a5 pyiekd gay ey o oA 05 (25 1) Jlio
nls peplem oo ol sl eslal b o5l IXx1,x1] = X1 S ke lare a1y [X1,x1] =0 Oyg0 (ol

X1 = [X,X1] = [Xg,[X1,Xa]] = [[X2,Xa],Xa] - [[X1,X1] . x1] =0
ol (SO I 5l Glgize) LT o S A Gl e cdls ) e plpln el adls Ko oS
A oygo ool o el [XaXt] = X2 jaol eS1 L ol @ln gl XX} 5 dimA =2 05 o8 1

Mgl oo y20 b oldw Sl S Ty ad fyusren g [[X1,X1],X1] = [Xz,Xl] =0 Ly aibioo 90 oS 5l lsizss

oS [Xi,X1] = Xi+1 ool sloesTu b ol 40 {X1,X2, ... ,Xn} 3 AIMA =N oS 53 I > o
b (N+1) e85l a8 T3l sd g52, ) o D] @ it liir iy I <isn-l
[[[X1,X1],X1], ... .x1] = [[X2,X1], ... ,x1] ==+ =[Xn,X1] =0

2y @bNeslys

[[[x1,X1],X1], ... ,x1] = [[X2,X1], ... ,x1] = =Xn #0

)LA_‘>L~J o UG- ‘5L]A 5)....: ‘_;‘LQ).A});) 4.0.@45&5..»6@ 09 LSO‘) dadmlasan U’d%)l u‘ycyA 13

dimA'=n—i+1,,.,l )'ljc,wlAi Sy ol {Xi, .o Xn} 1 <i<n+] e gl a4 as el glasgS 4 A

S LS S e o s Wilg oo g0 ST LY e e Slgize (oS A aas oo lid Jlse oyl

LR

s Ty 08 s a5 JleS et allie CoiS Syegr g licuie glaoslgiing 45 o e ol )


https://mmr.khu.ac.ir/article-1-3039-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-04-10 ]

s
Fie ¥ sl pz o o sl YO OIS

References

1. Ayupov Sh. A., Omirov B. A., "On some classes of nilpotent Leibniz algebras"”, Sib. Math. J.,

42 (2001) 15-24.

. Blokh A., "A generalization of the concept of a Lie algebra”, Dokl. Akad. Nauk SSSR, 165

(1965) 471-473.

. Demir 1., "Classification of 5-dimensional complex nilpotent Leibniz algebras”, PhD Thesis,

North Carolina State University, NC. USA, (2016).

. Demir 1., "Classification of 5-dimensional complex nilpotent Leibniz algebras”, Contemp.

Math., 713 (2018) 95-119.

. Demir 1., Misra K. C., Stitzinger E., "On classification of four dimensional nilpotent Leibniz

algebras”, Commun. Algebra, 45 (2016) 1012-1018.

. Falco M. D., Giovanni F. D., Musella C., Sysak Y. P., "Groups with many abelian subgroups",

J. Algebra, 347 (2011) 83-95.

. Gupta C. K., "A bound for the class of certain nilpotent groups", J. Aust. Math. Soc., 5 (1965)

506-511.

. Loday J. L., "Une version non commutative des algebres de Lie: des algebres de Leibniz",

Enseign. Math., 39 (1993) 269-293.

. Safa H., "A bound for the nilpotency class of a Lie algebra"”, Iran. J. Math. Sci. Inform. 14

(2019) 153-156.

10. Varea V. R., "Lie algebras whose proper subalgebras are either semisimple, abelian or almost-

abelian™, Hiroshima Math. J., 24 (1994) 221-241.


https://mmr.khu.ac.ir/article-1-3039-fa.html
http://www.tcpdf.org

