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Introduction

Singular spectrum analysis (SSA) is a new powerful method in time series
analysis. This non-parametric method is very suitable due to its unique
features, such as not requiring the assumptions of time series stationarity,
normality of residuals, and its applicability to short time series. The main
purpose of SSA method is to decompose time series into interpretable
components such as trend, oscillatory component, and unstructured noise. The
basis of SSA is singular value decomposition of the trajectory matrix built on
the time series. In the basic SSA method the frequency of observations which
used in the trajectory matrix is different and so there may be an error in
reconstructing and forecasting the time series, especially at the beginning and
end of the series. It occurs because the magnitude of eigenvalues,
eigenvectors, and consequently, reconstruction and forecasting of future
values of time series, is directly related to the trajectory matrix. The purpose
of this paper is to improve the trajectory matrix of SSA method to increase the
accuracy of the reconstructed time series and forecasting results, which is
called singular spectrum decomposition (SSD). In this paper, SSA and SSD
methods and their properties are briefly introduced and then the performance
of SSD method over SSA method in time series reconstruction and forecasting
for simulated and real data is discussed.

Material and Methods

Singular Spectrum Analysis (SSA). SSA is a nonparametric method that
proves useful in extracting structural characteristics from time series data. It
is particularly effective in situations where the series is non-stationary, and
traditional modeling assumptions do not apply. The basic SSA method
involves two key stages: decomposition and reconstruction. At the
decomposition stage, the time series is broken down into a sum of independent
and interpretable components, including trends and unstructured noise. The
reconstruction stage involves piecing together a noise-free series from the
decomposed components. Notably, the frequency of observations used in the
trajectory matrix varies in SSA.

Singular Spectrum Decomposition (SSD). SSD is an iterative method built
upon the SSA time series decomposition framework. In SSD, the selection of
the embedding dimension and the choice of principal components for




reconstruction and forecasting are fully data-driven. This characteristic makes
SSD an adjustable decomposition method, enhancing its adaptability to
different data patterns. The trajectory matrix structure in SSD introduces a
notable departure from SSA. In the new structure, all observations of the initial
series appear L times, with L representing a parameter related to the window
length. This change, along with other mathematical adjustments, results in a
trajectory matrix with L(L-1) times more observations than the previous SSA
method.

Recurrent SSA (R-SSA) and R-SSD. Two forecasting variations within SSA
are Vector SSA (SSA-V) and Recurrent SSA (R-SSA). While SSA-V has
demonstrated efficiency in various instances, there is a recognized need to
enhance the R-SSA forecasting approach. This paper introduces an innovative
algorithm named R-SSD, a modification of R-SSA. R-SSD generates its
coefficients from a modified trajectory matrix, aiming to provide more
accurate forecasts. Both basic SSA and the new SSD method consist of two
stages: decomposition and reconstruction. The key distinction lies in the
frequency of observations used in the trajectory matrix, with SSD introducing
a structure where observations appear L times. Additionally, SSD employs a
fixed weight function based on the window length L, deviating from the
trapezoid-like weight function in SSA.

Results and discussion

The comparative analysis between R-SSD and basic R-SSA forecasting
algorithms involves the use of both simulated and real data. Evaluation criteria
such as Root Relative Mean Squared Error (RRMSE) and Root Mean
Absolute Deviation (RMAD) are employed to assess the performance of the
algorithms. The results confirm the proposed R-SSD approach's promising
output for reconstructing noise-free signals. Furthermore, R-SSD consistently
outperforms basic R-SSA across different window lengths and horizons. The
efficiency of the R-SSD method is further evaluated using the KSPA test,
providing a clear indication that R-SSD is more powerful than its competing
R-SSA model.

Conclusion

This paper contributes to the field of time series analysis by emphasizing the
significance of SSA, introducing the innovative SSD method, and proposing
the R-SSD forecasting algorithm. SSA's nonparametric nature and wide-
ranging applications make it a valuable tool for extracting signals from time
series data. The introduction of SSD as an iterative approach enhances the
adaptability and data-driven decision-making capabilities of SSA. The
development of R-SSD further strengthens the forecasting capabilities,
providing a more accurate alternative to basic R-SSA. The comprehensive
evaluation and comparison between SSA and SSD, backed by mathematical
insights and empirical results, offer valuable insights for researchers and
practitioners engaged in forecasting and data analysis.

How to cite: Yarmohammadi, M., Movahedifar, M., (2023). Comparison of singular value analysis set procedure and
singular spectral analysis method based on new path matrix in reconstruction and forecasting of time series.
Mathematical Researches, 9 (3), 75 - 93.

@ O © The Author(s). Publisher: Kharazmi University

BY NG




TOA-TOLT 1 la LiLS

YoAA-Yoot : gLy

by SRy 3

Homepage: https://mmr.khu.ac.ir/

AL 9 G Sb & 3T gy 9 e POl Juloxi 45 gocee (g 5 Ao
o) GBS w (S 9 S IWIL 30 WS o i yilo

. =
Ty sumg0 mrye o el Sgtume

masyar@pnu.ac.ir :asbll, ol ol og ply olfzils ()Ll 0g,5 « Jotus odiun g5 .\

movahedm@uni-bremen.de :aslbl, . L)1 YAYD (10 s BibliothekstraBel « e, olKiils ¢ lo] dunsge ¥

oé.;&?

s

Ao OledMb!

o) el Sloy Glois p Sl 50597 )0 9l ;08 5 o [C 9, (SSA) 55 polie saegaze Jlow
S 2 )l sl pas a8 4 yamis ol (s o5 s s 4 o5 cl 550G g, S SSA
5 Sl Bl Jelod sojm 50 ) Ktmshy 3l ()l az g 550 o enile (g Jloyi 5 Gy g UL
Sl 4 Sloj sy 40525 (SSA) (oS5 polie dcgamme Julow by, ol Boa sl a3 5 |8 i oLzl
Sl pae G ple (oS5 lake 4525 SSA Glice el Jisle 50y abgi 5 Jilug adlge iy, aiile pdy s
oxd (b (5)5b (1SS p3lie dcgerme Jlod By )0 43, )5 4 e e le il (Sloj (s (59, 2 00
3t o 45 09500 ol o 13 g S lyy SS0aSe L e e ilo 50 sl Sloj (5o o Slanline gl 3 a5
o oS Lz sl ails 3gzg Wad «gpm Sl g Il )0 (ogat g jlond gl il JUSew (o Gi 9
ol b s B3I Gloj (6 ouin yolie (st (o 9 (63lw3le 328 et )0 5 05 sl 2 oy polie
Sy B il jelate 4 SSA hg) 10 0l aBles s (o ilo (5| g Sgup ol allie o Lold yauns
ol o 05iien 5 ISEL (SSD) (oS3 ik ayjs by, 4 wilion adlsl 5 il 5l o 00 Az o
5 sbeil 55 SSA iy 4 cand SSD gy 25 o)l slaSiis 5 39y 90 50 ozl (Brme et allis

Dy (oo )l oyt g Lo 0550 (2Bly 5 00l (ilwands slaodls (gl Gloy gy Smin

gy dlie :allio £g5

WA - el o b
Ve IRIYY 6,55 5L g,
VE NIV dy G ,yb
VESYINVNY 3 Lass! gy 6

1gols lrojly

polie saegomme flod B3,
(eSS i e S
(S5 lade 4y 3o

S5 o 5le

AV=YO (M) A (o8l slagiag)y - Sloj o rm (i 5 S3losl o 2z

oo

BY  NC

R 5 ©

‘5AJ)‘_P 5\5\_&\3\3 )J\A




VFeF soguw 0)lass ot 0,99 8L, Sl AR 32 VA

doddo .
5 0ad Cgarme Jloj glacs e Julod 0 (sl bl 0255 Ghgy Ko (SSA) 'S polie (sdegeze Julod g,
Sudgame Slaslie slasi (39 o5 o0 Bk jlasl (cei laosile o9 Jloyi 5 (Sloj s (2ble byt 0929wl
5 pole BaS L 1 (g s 53 (ormiy (510 IS SSA « lacia e iz yder Lo L 4 i ad slowl o] sl sa
5 e SlaBl (YU Al n gl (D310 skt o (B (2l pole «Suidgs (wlidlse alex
T Sige e sleadlye 5 Tuis, allge Jols JuSms &1 Gloj 50 5232 JWo 4 SSA (g, VYT o s o sl
5 oad aislid b, a5 0SS jlade (saizS by 3l stz iz el jslate 4 aBlise (5 " ol sl
(b sloadlye 5 ig)) (olai yo (slizl SaS ar (loj 5 m 1OT 5l o 95500 ool o] oz 5oz p3 0,55
3550 5> s e STl Gogy & Gl G 3Ll Sl o ogdie ilsl st ge oagel JUS e oS
g axils (SSA) (oS5 polie dcgorme Juowi o5, 1 (6 paitee yg 0 Cands @lie (pl j0 0ls plil Sloj (5 goois]
99 58 55kl CBo 5 oo plal o ym anlllas G sl jo 0l salgs 8ixe (SSD)Y S5 ab 455 (g, (e

ojj‘sn )|)3 Mlﬁ.o .))9.4 ol 6)L»w 9 ﬁ‘s Lgl.(bob‘é u;‘).) JJA

axso ,b Y
(S9nd) 90,5 sop pmaze (8 4 (285 )l 50 (SSA) by, Gl lae plsie 4 Gl oo 4 ead lz (sl
ol 31 e 10-7] 552 (VA @,V AAPD) (KL 5 dgrag s Wlia ,Latil L SSA s, Lol ysals 5 35,5 s [F] (1VAD
Jelows 50 SSA (g, 00,18 3550 53 QLS Gdsl 28,5 s ilies psle 10 ()] (6565,05 45 SSA (b9, gammsi g 0,
ol Lol @Ylie 51 slasgaze o1 51 ug [V]oel jo o ym0 gaid) 4 (VA8F) Gudgud gyl awgs Sloj slags
QY (SglnlS5 5 Bslils) w Ol 5 6351055 smgy 0lij & 25 50 SSA 3y, 9590 55 Sy505 by (o oSl
b g ad ol SSA (g, 4 Sloj slas p Jedo sojsm )0 ol Sgly 5l )l az g (LS ol jlasil 1oy [A]
ool 5 st e K00 31 lasily )T el Slels coloo )15 5 ibla gy by, ol 4y il psle o (g0l SVl (35
55 o Ll (V17 g g (o38lo) 9 (VW ((SeuglnlSey 9 LuildsS) (Ve + ) ool 5 Lowslds®) @ ()l oo ds

" Singular Spectrum Analysis
2Trend

3 Harmonic components

4 Noise

5 Singular Value Decomposition

6 Recurrent

7 Singular Spectrum Decomposition



va ez e, 9 eSS pole i degazo g, duglio

(SSA) (0SS yolio acgamo Judoxi 9y 3 590 -V
».\55) 6[.%4.0.]34 )‘ ‘5“5).’ u’_al.a) Sy uS.s aS Qs.w < ua)B &w% ‘5ch) S olfdg.b )| oolaul Ls SSA ij) Bt

L) 39 sloadlse () cnl ol plaial Dless 5 (had Dl (o 90 S pds ((eSle 50 Duajlyd Dl i)

s § 08,5zl lizme j5b 4 (6wt diz Jlol g punple o Salis Glagiuns 51 SSLESS I oolazul

D25 o 18 sam sla o slie | saslccwsds slaadlse

SSA g, ol V-¥

S o8 ok a8 g0 ol 55 Jolhe ol 5l plaS e gilesl g 4 pes il suls LSS al> e 90 31 SSA o,
\o):.d.g‘ J}Jo 45‘@;:.@ Lode j.z.il.joay N J}b 4 ool ouwliw ‘S:LAJ ™ ‘S"YN :{yl’y2""’YN}

55 a5,Le SSA 1o . IS L <N a5 (5,9b a5 0l g o 0000l

eSS ke (g5 g yauilis il p8 g Jelds > e ol "41}7';‘; -\

Gy 5 KEN=LAL 6 5b ey oS oo b 50 5 Kty Yy ilog sl @8 0l o 27 ppaibiss (Gl

. . . . . _ T HE-. .
Jop o o gy 5 48 0 s dgdise cnyms Xi = (Vi Yinry) oge aed =1, K (ol ok
)Q GIB.».M) ;.:)9.»044 ‘) Lg).aol)—l. Lgl.b)‘bft u.}“ By &9*»‘5& OML) f).ol)—l. )lbﬁ s.:lﬁj‘ Gmlfs Sl 4.9.‘5.9 Lb‘j}».w
0300l & s s yilo g o 00ld HLES X L a8 o pile ol ases LXK o jle SO LSid b el oo o LS

el Oile g aislioo " ISan G ile 1y T 5 005 ply 08 X G ile (08 (sloykad (59 polis a5 (5 y5b 4 0ud

yl y2 y3 o yK

X — y.2 y.3 y.4 yK.+l

yL yL+1 yL+2 yN
asS B8 .M”Tu_a Casd @ 1) e o le (S5 i g 325 s ol j0 0 VD) (S5 jlade a0 (o
& . . . T . - .
9 (21 2...2%1 20) &‘QJ.JJ o L_éﬁ)" [y LY 45 o.)?..v XX uw.a).al.n 60}15 ).lolsm ﬂ/l""’ﬂ'L

oS o i b ALen AL oy nolie L blie oy welenls slasy s UL,U

" Window Length
2 Decomposition

3 Embedding

4 L-Lagged vector
5 Trajectory Matrix
8 Hankel Matrix



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32 A

wig X =X 4 Xy @yp0 4 X il SVD o ol 3.V = XU, /2 5 d = max{i, 4, >0}
sl oy b au |, (YA LU V) wbaw i =10 ciia X, = JAUVT o5 28y 080
(58 (655 5eSilee 5 (s 09,5 el o5 50 Juls al> o pl 5Ll Y

M aly L0 ol sasgome wal cusd a1 pra o ile SVD 4l 5l o 10l (l 107 50 055 (2
alog,s L blie X, Lusle oo onl o1 ={i1,...,i }w&; oS se sl Tl sacsame
woiy o Ky = KA X+ XKool 1 ={14,5) 5130 spioe oy X, = X+t X 090
&S S 45 X ayile SVD 5l Sogo cnl po ol cews 4 F=1,0 Gl a1y X s
o5 g0 00l o35 b aw gaeg,S oo s Iy slaasgame Gl gogets X = X 4.4+ X,

o Soa s o9, Sl ] =1 M X il o s 6l nl 5o el Ban (68 (625 eSiles (0
G’Lo) S u‘y@L}S“‘QU‘“’)"L" ‘S" u"-“’b )l‘“}‘ )QL"“\"““ °)Lw‘ uv‘*-’L“‘-’ ﬁlf )'345)# UL"'Q W‘NJ}]GA"(S’LQ)
Sin Coals (sl anl e s @ s 09,5 sl ya 3 85 K| (slamile Jg 10,50 Cews a1, ol b bl
85 e o g ol (88 sl kb olie (5, 6 S eSlen salowy 4 K| le s3lo JSin i
1 Ky il o o oS o 3Rl (o858 at polis o Sile LT, o 58 S (53, yolis (san
s N Jsb o Y :{)71“),---» yguj)} o5 3lil  pm 25 b Gl 5l 098 o0 Jaid JSa Lo SO
S 5 M gsarme S50 8 YN T AY 1 Yasees Y F shol (loj 5 X o ile SVD ay arsi b el bty vl oo

m
‘ ISR
spiise il t= Lo Nl Ve = D00 s 4 ous silait
=

SSA b (sl yiol sy Y-

oile 5nSS jlde 6 e aSl s 4o Jle al b Jg ol aszg L lake (st gl (U (589, 5 55k @
Slcawl LEN/2 o5 (68 oly o0 0,lg0m caiied g2 Jobe K=N=-L+1 5L sl o o Job b yons sla
o s ose L/ P oS 05 o obil gyeb |y L eyl cadb P ogliso,90 b sl o9 s addge o ol Sl (s

on‘)La 9 ool QL""" r L: ‘) uTﬁ 009y Jlaiw) S oS u.A.w as Col L;‘ 03.3.5 Ls‘l.&: @L’ A Olows ).a.o‘)l) 090 »)5».0

" Reconstruction
2 Grouping
3 Diagonal Averaging



M ez g, 9 eSS polie i degazo g, duglio

2l e 08 (58 dee 13,5 ooliial (s 05,5 (6 Al 1o 4 bigy o SOl 5l ol (oo (s (sl aialioon (5l
had o adlse 4 bgryo 028 B pgs 5 055 lo (2l a5 93l Sloj (s Sgy 4 baaye p5 5 U5l s oas sl
(Soaglnl 5 L aildg) (T =0 ol Slo cnl jo. il adgi 4 g po 525 035 Sl (6 s (5 4 5 0392 Sloj (530

V] vy

& sy 4 Gloj sy il 45 1S (o0 (55 o Gloj s 6 20l 0550 )0 e (o i 4 ol pslate 4
YN =AY Yo YN ol s oetsT ool ooy B (LRR) T s 2283 Lals, ol oy ol Joe

S ysb 4 ail il sers By culys oSje cusl ol ads (LRR) Ky 5 alwss

d

Gy DIV] (7 SaglnlSss 5 Lowildss) TSN <N —d,a, #0,d <N 5 Vig = 2, 8 Yivg i
S axsl e [YY ]V ) () 8en g LuwsldeS) a0 SSA g, 10 LRR 0518 g 4,85 0,90 40 yiin Sledlbl e
o5 sl)lo Uy € RE €T 5osg sunr 05, (5 4l e 50 00t ol 5 039 sl glitw (s aegomma | S 558
ailge a1 7 5005 Uy oy s addye L1 odl Jolis sl Uy € RV s (58 iman il bl
Mbld“lﬂwsﬂ"wd)ubdﬂr’ {Y1>Y2a ’YN Mr‘SV Z 7T sé*i’leui)bﬁu;
o1 4 58 Cali lgise olS5T cpame olis K L1, Up €RY e T la sy Loy o ags s (slis 5]
S 5 LyildsS) sl Z,is 2, b el aidgo 51 s oS 5 G Z =(Zy5005 2 ) €K oy ¢ age
w6 R=(a, 0@ ulps oy a8 285 2, =QZ,  +ot B2 els 50 Sl 4 [YY] (Fe )
25 a0 93 9 (lgoe ) SESHL ey 4 s iy wed oo s R = 1/1 4 (Z TYS) ©jse

10,5 asdl>

P e 5 Syl Lyan TAZp e Zygn ) Sle s il

Vi :
' - i=L1..,N
7 —J L _
a;z,_; — i=N+L.,N+h
=1
s aals Y g 6 sl sl 5 h ot iy Instoees Iy polie o

" Reconstruction Parameter
2 Linear Recurrent Relations



VFeF ipguw 0)lasd ipid 0,99 o 25 sloying AY

(SSD) (S5 3l dc gosmo Judowi 43l Sgnper b9, -F

Slaalie Syl 8 a5 358 0 (b 65k srne G le SSA by, 4 barye (unilis alo e )3 ieilo e o jshailes
gl (L1 csnline b Jgl sanline 5l a5 5)9b 4 st plpy SouSo b ple ol 5o adgl Gloy (s Jloyp
S Slanlie lsls ab(N-L+1) b abL oaslie 51 5 aibice (L-1) B ) o5l 50 yoame s yilo o 423, LIS Slaslice
G (L-1) 5l wlaalie Slgls obN saslie 5 (N-L+2) sasliv jl oo o] 51 G g Sl L oply e oo ilo o i,
S s laalive S ol 502ty Job ol 5 omb Slsie L j = Lo N o™ Sis b 51058 o i )
oAl 2 bgrpe SIS il s s il 55 238, 5 4 Slsalie slass By D) L] 0 (sl 4 4505k 41 v S
2 1S o a4 590 S8 0aeld o3lusl L olail (55 plo a5 (@,b ) K)o sl adiied G A e
Sy siobe 5 3k 52 85 355000 ol et e G le po Shaalie (alad (339 (9505l 4 4z 5 L SSA s,
Sz 45 el 51 ol ol S ams ) Wt e g pme sl 5 Il 4 gy e laalie b alayl, 4o Logas ke
b b peins L3 Slo 6y o] polie sy G 5 s3losl sz Az ) g olug slaloy cohy polie
o o ple 50 Slaalie olad 1 5 00l 1S5 o pile (sl s jo adgl o polie ples SSD g, 1o 0,00 e
s 1y e el 4 by pe SIS STl al po s Jlojs5n Loy Jsb ke s SLSy S8 5

N=50, L=5, K=46 N=50, L=10, K=41 N=50, L=15 N=50, L=20

18
1

weight function
3
1
weight function
14
1

weight function
weight function
20
1

10
1

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

i(a) i(b) ic) id)

SSD(c,d) 5SSA(a,b) o N =50 lp L 31 onl olsae & (@] ™) F39 226 ) JSi

ﬁ‘)‘ww)aubd;bwms:}h el 00U dg“)lc\./a‘é‘)é XSSD LC\SSSD wﬁ)ﬁbyﬁww;u)é
)l)SJQWASW‘SSAMw)JLQQOM aslsl uu.i)JLO ‘Ca.w‘)w)é o oolo A JjLsSSA &9))~) 0L

s 00 Qo o> u,w).)l.a 6Lm)14w LSALQJ 3o A...Jj‘ )|é).3 Sloslie r:LoS

1 Singular Spectrum Decomposition



AY ez g, 9 eSS polie i degazo g, duglio

Yoo Yoo o Y [ Yk oo W
Yo Y5 o Yka|[Yke2 o W

X ssp = (x|A)=
yL yL+1 e yN yl s yL—l

ool (5,8 (55 eSilen (slp (5,520 B9 5l Al 42 )3 5 0395 JSie edel Cesdy oo G le > (] 5o
2 00 ikl il sailse Glsie a1y Zij ST Gloj s siloil sl T bl 5l g oy (il 43 08
Lt j=t+14+N a5 0l cas o ool ales (Sl 5l ond a6 ym pl = T ailgn olST o 50 i
Sigy onl a5 ceslazg JEIN T+ J2N & g i+ J=t+] 51+ J<N a5 o8y i+ j=t+1

S oo ool (6w slrddge coled (o3lwsl gl U Dlaslie sloss ) SSA g, M g k8 (6,05 Sl
(R-SSD) SSD (9, 5o (S 3k gy 41 (St ity )-F

37 4 e Sley G ot Sl 50 4, L5 4 slagdg s wwgdge 3Ll SSD L a5 SSA aldleass by 0
SSA gy 0 S5k by, & (ot A Caennd sl (Sslas SSA by, b ol 5o 4,y S @ ps 5o
e bLS)| colpd (ol Sl 4 a2 b iz aiiS oo 5L ) (g 50 ool (88 B ol b oS ol g
(S B algn ol Cawd &y o)y s e yilo Sgups b &S 09, oo LAl A (a5 lo XXT ‘Ui oy sla,lo by

IRVEX At R

e N T i T N - 7 7 “ . .o
Ao oy sty UpbsUp 5 Xgop Xgon oy polie Apyeens AL Xggp e Guple jo 08 (3
b istgn raline REYT=77 () 7HU)) @pgm 4 RSSD e sty ctl o 5 ol i

_ . . ~2 ~2 I . T ~ 11 N 7
s plosiles sl VO = D TG s U s paddse o ST 0l U gl o L1 el s o0 U a8
209 oo dpmlme 5 O yg0 4 R-SSD onls (65l (i

o iZL..N

7 =L
" 12&z; - i=N+L.,N+h
j=1

P D Glagis Gi Znaroees Enan solie 5 abloe SSD iy (el 00 (3Ll sy < Vi 45 sy5b @

g amlys Yy Gl g sl gl



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32 AF

e a0

Nigd o dunlie ;55055 LSSD g SSA g, 90 o)l ¢ o2ly slrosls 5 ons (53lwands sloosls slaw 5 3w ol 5o
:)’| .\»)L.c 099y 99 Lgl.m&}l..»}l.; Q)Slo.c dslio 6‘)—.’ oolazwl 3,90 )L:.!.o

RRMSE = M ) RMADz%
RMSE, MAD,,,

L RRMSE <1 514 05 las llas 05 . Ske MADT 4 s Slayye nSle ,d RMSE) a5 5 5boay
Sl g 0l o SSA g, 5l eS SSD i, 5l oad adgi slas e a5 canl )] saims ylas st RMAD <1

0u (g jlwanls sosls V-0

sanlie Yoo 5l pSis sl 0 1=1,..,300 iy 1, Y, =SIN(27t/3) + &, ooles g g ) Jlo
4y Joe (nl o Ll 4z g b ad salss oolitul (g (d i sl gam osalie Vel g 6 3Ll sl
JUSs il o ddslin 1o Uns e 13l o1 slyt 0550 bl T =2 A el Y U s yomns yu ilo
aigad o3Il 5l ladiges adgs o pizmes Al axd S LA 5 o+ F g NYD /0 maw 4w ;0 ONR) ez b g
oled j0 a5 sas e LS ¥ S 0 dbgre Slej 6w il ;0 RRMSE ol .ol o osliwl N =400
oy Jsb Gl b (eizren wdle 570 RMSE (6l 15 5 005 CJLESSA (g, 12 SSD (g, Lo ey Jsbo zslaws

2l o SIS SSD g, 555 slee sy Jsbo (sl 140 g 4l alS 55 RRMSE (e

SNR=0.5 SNR=0.125 SNR=0.06

1
03\

0.6

RRMSE(Reconstruction)
RRMSE(Reconstruction)
(=]
(-]
RRMSE(Reconstruction)
(=]
[:-]

0.6
10 50 100 150 10 50 100 150

0.6
10 50 100 150

Level of L (window length) Level of L (window length) Level of L (window length)

3 Jto g5bwjls 5> RRMSE (sla ylogas .Y JSuis

" Root Mean Square Error
2 Mean Absolute Error



AD

et 9, g eSS pole Sl degazmo g, duglio

ol abgs e gla el wms oo bt h=1,3,6,12,24 ,slie ¢l,s |, RMAD § RRMSE ,iolis f o ¥ (ola IS
SNR=60.76 5 h=12,24 L=40 s Jsb a5 sas e ¢, sloj RMADs RRMSE ke popive 45 aas oo
oS 035 s 3l ;oS RMAD RRMSE jolie IS jsb ay a5 8,5 ames ¥ 5 ¥ oS 51 o)lsi se Cpmizeod ol
22350 75 o RRMSE ok 5y 5165 (yeizmes il oo SSA Lol (g 4y ©eed SSD (g e 0 Shee ,SihLad

1.05

a5

0.9

LBS

1.04

oo

ez

LBE

o.g

1.08

1.01

094

s Aean of ERASE

v mm R eam of EALAT

a8k h=24 41=10 s

SNE=20.25

113

1.0

0.93

0.92

0.8%

’Y’/
i 20 30

1.08

.01

.54

oLE?

N>

- —
L] Z0 20

1.09

1.03

ey

[=B: 1

Window length (L)

11
-
1 -
’I ——— -
0.3
08
07
10 ¢ 30 4D
Window length (L)
SNE=10.15
192
I
104 s
0.3 - o
o
_./\ 0.28 =
oE
iz 20 x40
Window length (L)
SNE=10.1%
115
~
- 105 LY
" -
085 L] -
v‘*// R L
L35
a7s
20 g a0 10 20 30 a0

h=1,3,6) 5\ s s Liw sl RMAD 5 RRMSE (sla ls sas ¥ S5



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32 A?

——— N lean of REMSE

= e a» NMean of RMAD

h=12
SNR=60.76 SNR=30.38 SNR=20.25
1.1 1.1 1.2
- ’ by
1 - 1 , 1.1 ~
o, ~ -
. g 7’ N -
0.9 . 0.9 > 1 ~
0.8 e 0.8 0.9
0.7 0.7 0.8
10 20 30 a0 10 20 30 40 10 20 30 40
Window length (L)
h=24
SNR=60.76 SNR=30.38 SNR=20.25
1.05 1.03
113 - -= - —-.._-(.—"N-
-
- 0.95 0.96

0.96 _——— "'"-w.‘__—a’ 'l .

0.79 0.85 0.89 ’, ~ -

0.62 0.75 0.82 ! ~

0.45 0.65 075

10 20 30 a0 10 20 30 40 10 20 30 a0

Window length (L)

(h=12,24) ;1\ Jt i s s RMAD 5 RRMSE slals goi £ S5

(KSPA) ' g3 sk 8g 5 50lS s i &85 (yg031 51 SwdS SSA 5 SSD g, 90 (i 88 dlio jolate &

3 5 et ey sleles 25 g ol S et 4 Fome o Fln 81 shie al oS o ool

. - T . . . “ m ml P &
Wil My g My (g 99 5l ol s & iy slollas @oye b g llas ;05 &1y g Sign 45,5k 4 aiil Ui,

KSPA oty ad )b Sy (59051 50 (rwizman 9 035 oo o931 1, My 5 My (g 50 (o952 by KSPA a8l 90 505
a0yl My Joo a4 Cod (5,568 Bolai glas M, Jow ekl (1=a)% L aS 058 0 al oo (5,80, L

5 oke
HUtF (0=Fy 00 [HyiF, 005F, (0
Hl : Fg-ml (X) * F&mz (X) ‘ Hl : Fg.ml (X) > Fg.mZ (X)

T Kolmogorov-Smirnov Predictive Accuracy



AY ez g, 9 eSS polie i degazo g, duglio

sl 0ss 5 h=24

3 Jlio ;o h=24 ¢l KSPA oyg03T golii ) Jgo

03! a8,k g Sely 28, S

KSPA <o <.\

5 kol SSA 5 SSD (5, 99 (it Slalhs (58 oo byl 50 (905l 4 az gl b 4T wms e LA Jpaz il

oo Lo (Gloy gy (st 50 SSA gy a4 S | (g 1S ol

on 5o Al @ axgi b S oo i 0 T=1,.,400 Gl 1, Y, =exp(0.01t) x & ool oles gy ¥ lio
bl o dndglin o Uns i ;35 s 6l 055 o DI T=) did el V Ll s ma o s, Jos
5| botige adgi 45 orimed B 418, L 5 YNV 5 FAAF A0V mhas 4 55 SNR) Ui Lol ls 4 JUSs
@ zull sl oas ools Lz O U )0 abgy yo (5w (55kesl )0 RRMSE bl sl o oolauwl N=¥+ + gl o5l
b oo 6568 RMSE (slls 5 009 <Jlé SSA 5, 5 SSD g, L zolaw oles 10 a5 amo o oL odel cows
S gy 5 sleeymn Job sl W aboe a5 55 RRMSE (lie L Gl8 L e e L gl (reiean

w3l oo SIS s SSD
SNR=195.37 SNR=48.84 SNR=21.7
0.95
0.85 \f\

10 50 100 150

-

"
(=
0
o

RRMSE(Reconstruction)
o o
w w
@ ©
RRMSE(Reconstruction)
o o
w0 w0
w o
RRMSE(Reconstruction)
o
w

-]
w
~
o
[
o
™

10 50 100 150 10 50 100 150

Level of L (window length) Level of L (window length) Level of L (windowlength)

Y de s5lsb ;3 RRMSE (sla jis gei .0 S5

creizman 3 SNR=0.166 5 h=24 . L=10 o 2ty Jsb 45 aas oo ¢, Slo; RMAD s RRMSE lsis parine 45 an0 s



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32

A

as g,d; Als U‘?" <° Y 9 4 (5LQJi""' )‘ U‘?“(SA Cypiro J.».MJL: SNR=0.5 9 h:24 =20 0, J}b as GLA)
SSA Lol s, 4 s SSD g, yigs 0,Skas ;Sblas 45 o055 X 3l ,ieS RMADs RRMSE jyslie IS sbo 4,

093

D.B%

o_B5

1oz

0_=5

o_=5

L =g

b ean of ERAISE
Bl ean of BERLATY

h=1
SINR=0.5 SNER=0.15 SNE=0.166
1.0
- 1.07
— 0.58 ha p— - ’_'.---.__‘
-
rl' o.az (-5 -L_._._..—-"—-
-~ -
085 f' o.B3 ,
N
oE o.75
1] 20 Im ap 10 o EL:] an 1 2 ED LT
Window length (L)
h=3 _
ENE.=.25 SNE=0.166
104
1o
oUSE ..+ -
L™
BZ2 - -~ o
- L]
OLEE oume
[ oEs
i 20 =0 a0 i 2 E S 1] =0 20 20
SNE=0.5 SINE=0.166
1.02 i
’-" b - o84 osE
o,
r O.BE oS
* L]
- o778 ouEE
0.7 o=
FT ] =0 EE] am 10 20 30 a0 o z0 EL] an

Window lemgith (L)

h=1,3,6) ;5 ¥ s s iw s, RMAD 5 RRMSE (sla ls sa5 1\ JS05




Ad ez g, 9 eSS polie i degazo g, duglio

e M ean of RRMSE
o o wm Mean of RAMAD

h=12
SNR=0.5 SNR=0.25 SNR=0.166
1.17 1.05 107
e -
sy -

1.04 095 \ 0.99 - )
0.91 ————— 0.85 Y 0.91 ~

v \
0.78 0.75 \ 0.83

.

0.65 0.65 0.75

10 20 30 40 10 20 30 40 10 20 30 40

SNR=0.5 SNR=0.25 SNR=0.166
1.05 1.08
1.08 - P
@ N 0.95 > . 0.96 ™y ’
0.96 4 5 ’ ¢
LY g [
0.84 _’f—\ 0.85 m \‘ 0.84 \‘ i
~ f ! A 0.72 A
0.72 ~. .7 0.75 ’ \ X o o
0.6 0.65 0.6
10 20 30 a0 10 20 30 40 1 20 30 40

Window length (L)
(h=12,24) ;¥ Jts 2y s 2 RMAD 5 RRMSE sla ls soi VS5

HSlgoals .Y-0

SSb 40 a5 VYWAA (50,9,8 Cold YWAA (10,9,8 5l a5 (aSlin jo sl 4 Vo) gl s a8 slaools Y Jlie

Ol s gy A USG50 Wools (ol Jloges ulusl 10,8 co 518 o)y 0550 0nls )Y Jlo g (goladl slrools

Jlo b sal33l aigy s s 5 VTR0 Jlo B 2008 1o )T 5 Gt 5 coal3d VYAV B AVAA 03 5 Cand
REIRPRT LY

40 60 80 100

T T T T T T
1388 1390 1392 1394 1396 1395

Prices of OPEC oil (USD per barrel)

Time

(a5l 52 sl & ,Y0) Sy gl e Cannd (Gloj (6w sl 903 A S5

"https://databank.mefa.ir



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32

RRMSE 5p0lie ccalidee (sloo oy Job (00 0 b g Slos s 0ol s3bwil 50 059 (2B 4w (sl (6555 0 b
o,y Job polie caled (slp 09 oo 00ud 4T jelailen .ol sal ools ylis A U 50 o] polie g oo dewle
SSA Ll (g, 4 o SSD oz ig, (555 oo olis aS bl e )l S sawl cews 4 RRMSE e

adl s Sy 6)Lw)l_v L

095
|

RRMSE
085
|

T T T T T T T
0] 10 20 30 40 50 50

Window length

Jsl oes 2 aw (sl 65 b s o ymy Jsb it obaw (6l o Slej 7 (i »° RRMISE s
099y N g L zshn oled jo o IS job 4y aS sas o ylid odel Cews 4 gl el 0o sols Lis ¥ Jgaz 4o
ol s 0gi e al SSA 4 coes SSD LIS 1A 5wl oo SSA - s, 4 S (5 5eS sl (L0 SSD
Syeb @ ol Lol 4 gy 0, Job a5 canl Sloj 4 bogs ;e RRMISE polie o yieS aS el )1 51 S 9o

S gl Cd Cuond (5w (S 30 RRMSE ol Y Jgus

L ' Y- Y. £. £
h
) - IYO - IVY - IAO - /64 <168
Y -/va -IVf N3 -1 ki
4 N4 IV Nig -10 -[§Y
VY -IVY -15Y -7 -1 -[$Y
Yf -IVY -IvY N3 - IYA - IvY




49 ez g, 9 eSS polie i degazo g, duglio

ol oo 4)1)1:h=6,12,24 - imen 5 =40 zlaw gl KSPA ool i ¥ 5 ¥ sloJgaz ;o aslol jo

X Jo ;5 L=15 gh=24 ¢l KSPA 1y90)l gl ¥ Jsuo

NTS1 )b g0 Sl a8yl S

KSPA ofos ofee

55 Lol SSA 5 SSD (5 99 (siiiem sl g5 o8 wadyl 50 oajl arazgi b aS wes e (LS Y Jsur @l
slalas SSD g, olaceb! 780 L aS sas o plis ad,b o aej] bl imed 04 0 0, +/A0 Ll mlan

oo Lo (Gloy 6y (st 50 SSA gy 4 S | (g 168 ol

¥ Jlo ,51=40 5h=6,12 &I, KSPA y905] gl .f Joux

o5e5] 5k 5 el 5, 5,

KSPA ol ofe

55 kol SSA 5 SSD (5 95 sty sl gas o2 adbo 50 (p5ejl 4y azgi b a5 was e (L T o gl
lallas SSD b, oluabsl 788 L 45 sas e s 4b,b Sy 5905 zuls mizeed sbise 8, /20 lisabl el

wBliso LIS Sloj 5w (St S SSA gy & S | g 5T SBolas

GrSaxis F
el 00 ‘_,’_‘3).!.4 SSA u‘”ﬁ) 4.:L: B SSD wb Sgape wj) M 9 (SSA) u—‘S-' ).:QLGA J.«.L?u 0»5) Cndo dllio u.s‘ B
5 0 (g5l 4 sla ools llatl (g, 90l lawgl syt S8 g 0ad (gilel w0 e anglis sl
ols plis (#8lg 5 oo (g5lw and sboosls dcgame 90 12 3l oolaiwl b dlos s (simyion 5 s5lwil jo 00l Jol> gl
Uas 3lhao,ud ko g RRMSE lUas xoy0 (oKl aiy jlade SSA by (igy 4 s SSD g, 5 ool a5
DP9y 4 Comd e Sl G lgie 4 Wilgi 00 SSD g, 9, cnl e oo talS gz LB jlade o0 |, RMAD
D9, )8 4 Sley slags yo Julows )0 SSA aly



VFeF soguw 0)lass ot 0,99 8L, Sl AR 32 A

References

1. H. Hassani, Singular spectrum analysis: methodology and comparison. J. Data Sci. 5 (2) (2007),
239-257.

2. S. Sanei, M. Ghodsi, and H. Hassani, An adaptive singular spectrum analysis approach to murmur
detection from heart sounds, Med. Eng. Phys. 33 (3) (2011), 362-367.

3. H. Xie, T. Guo, B. Sivakumar, A. W. Liew, and S. Dokos, Symplectic geometry spectrum analysis
of nonlinear time series, Proc. R. Soc. A 470 20140409, (2014).

4. G. de Prony, Essai expérimental et analytique sur les lois de la dilatabilité des fluids élastiques et
sur celles de la force expansive de la vapeur de I’eau et la vapeur de 1’alkool a différentes
températures. J de I’Ecole Polytechnique 1(2), (1795), 24-76.

5. D. S. Broomhead,and G. P. King, Extracting qualitative dynamics from experimental data. Physica
D, 20 (1986a), 217-236.

6. D. S., Broomhead, G. P. King, and E. R. Pike, On the qualitative analysis of experimental
dynamical systems. In: Sarkar S (ed), Nonlinear Phenomena and Chaos. Adam Hilger, Bristol,
(1986b), 113-144.

7.J. B., Elsner and A. A. Tsonis, Singular Spectrum Analysis: A New Tool in Time Series Analysis,
New York: Plenum Press, 1996.

8. D. Danilov, and A. Zhigljavsky, (Eds.), Principal Components of Time Series: the ‘Caterpillar’
method, University of St. Petersburg Press. (In Russian.), 1997.

9. N. Golyandina, V. Nekrutkin and A. Zhigljavsky, Analysis of Time Series Structure: SSA and
related techniques. Chapman & Hall/CRC, 2001.

10. N. Golyandina, and A. Zhigljavsky, Singular Spectrum Analysis for Time Series. Springer Briefs
in Statistics. Springer-Verlag, 2013.

11. S. Sanei and H. Hassani, Singular Spectrum Analysis of Biomedical Signals, Taylor Francis/
CRC, 2016.

12. H. Hassani, S. Heravi and A. Zhigljavsky, Forecasting European Industrial Production with
Singular Spectrum Analysis. International Journal of Forecasting 25 (2009), 103— 118.

13. H. Hassani, A. Dionisio, and M. Ghodsi, The effect of noise reduction in measuring the linear and
nonlinear dependency of financial markets. Nonlinear Analysis: Real World Applications 11 (2010),
492-502.

14. A. Zhigljavsky, H. Hassani and H. Heravi, Forecasting European Industrial Production with
Multivariate Singular Spectrum Analysis, International Institute of Forecasters, 2008—2009 SAS/IIF
Grant, (2009).

15. H. Hassani and D. D. Thomakos, A review on Singular Spectrum Analysis for economic and
financial time series, Statistics and its interface, 3 (2010), 377-397.

16. H. Hassani, A. S. Soofi and A. Zhigljavsky, Predicting inflation dynamics with singular spectrum
analysis, 176 (3) (2013), 743-760.



ayv ez g, 9 eSS polie i degazo g, duglio

17. N. Golyandina and A. Zhigljavsky, Singular spectrum analysis for time Series. Springer, (2013).

18. H. Hassani, R. Mahmoudvand and M. Zokaei, Separability and window length in singular
spectrum analysis. Comptes Rendus Mathematique, 349 (17-18) (2011), 987-990.

19. R. Mahmoudvand, N. Najari, and M. Zokaei, On the optimal parameters for reconstruction and
forecasting in singular spectrum analysis. Communications in Statistics- Simulation and Computation
42 (4) (2013), 860-870.

20. H. Hassani, A. Webster, E. S. Silva and S. Heravi, Forecasting U.S. tourist arrivals using optimal
singular spectrum analysis. Tourism Management 46 (2015), 322-335.

21. N. Alharbi, and H. Hassani, A new approach for selecting the number of the Eigen values in
singular spectrum analysis. Journal of the Franklin Institute 353 (2016), 1-16.

22. N. Golyandina, V. Nekrutkin, and A. Zhigljavsky, Analysis of Time Series Structure: SSA and
related techniques. London: Chapman & Hall/CRC, (2001).



