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Introduction

Since linear and multilinear algebra has many applications in different
branches of sciences, the attention of many mathematicians has been attracted
to it in recent decades. The determinant and the permanent are the most
important functions in linear algebra and so a generalized matrix function,
which is a generalization of the determinant and the permanent, becomes
significant. Generalized matrix functions connect some branches of
mathematics such as theory of finite groups, representation theory of groups,

graph theory and combinatorics, and linear and multilinear algebra.

Let S, be the symmetric group of degree 7, G be a subgroup of S, , and
X : G — Cbe a function. The function
dS : M,(C) —»C
given by
n
G
4= T x@)la,
is called the generalized matrix function associated to G' and x . Note that if
G =5, and x =1, the principal character of G, then df = per is the

permanent and if G =35, and x = €, the alternating character of G, then

df = det is the determinant.
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In this paper, using permutation matrices or symmetric matrices, necessary
and sufficient conditions are given for a generalized matrix function to be the
determinant or the permanent. We prove that a generalized matrix function is
the determinant or the permanent if and only if it preserves the product of
symmetric permutation matrices. Also we show that a generalized matrix
function is the determinant if and only if it preserves the product of symmetric

matrices. To be precise, we show that:

If G<S,and x : G — Cis a nonzero function, then the following are
equivalent:

1) df =det or df = per;

2) Vo, T €5, dS (A,A,) = dS (A,)dS (A,);

3) Vo,7 € T,,dS(A,A,) =dS(A,)dS(A,);

where A is the permutation matrix induced by o €5, and
T, ={c€S, |oc" =1}.

Also if G <S5, and x : G — Cis a nonzero function, then df = det if
and only if for all symmetric matrices

A,B € M,,(C), d$(AB) = dS(A)dS (B).
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