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Introduction

There are many initial boundary value problems for which the domain
varies with time. For example, when a conductor melts and the liquid is
drained away and the solidification temperature is reached, the
temperature remains fixed for some time due to latent heat. After no more
latent heat is available the solid continues to cool in regular manner. The
heat conduction problem within the remaining solid involves the heat
equation in a domain that is physically changing with time [2]. This
physical change can be represented by the following heat equation with
initial and temperature-boundary specification:

(Up = Ugy, s; () < x < s,(b),
u(x,0) = f(x), a<x<b,
u(s1(0),0) = g(v, 0<t<T,
1 uls2(6), ) =h(v), 0<t<T, (1)
s1(0) = a,
s,(0) = b,

Using Laplace transforms [2], the initial-boundary value problem (1) can
be transformed into the following system of Volerra integral equations
with weakly singular kernels:
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where

K(x,t) =
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e 4t u(x,t) = f K(x — & t)f(e)de.
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The solution of the problem (1) can be obtained through

toK
u(x, t) =v(x,t) + f Ix (x—5.9),t—9)d.(9)dd
0
t

+ f K (x — 5,(9), t — 9)p,(9)d9, (3)
0

Note that system (2) is a coupled system of Volterra integral equations of
the first and second kind which is called integral algebraic equation (1AES)
with weakly singular kernels. Some authors have investigated weakly
singular IAEs theoretically and numerically (for further details see [1,4,6]).

Stability of the mixed Volterra system

In this section, for investigating the stability issue of the system (2), we
introduce the index as a measure of the sensitivity of the solutions to
perturbations in the equations. This index which will be called the
perturbation index, is a main factor in the numerical solution of 1AES as
well as DAEs (see, e.g [5]) and play key roll in determining the impact of
roundoff errors.

Now, we considering the perturbed system of (2) as

(. toK ~
10 =2(g(®) —v(s1(D), 1) — 2f &(Sl(t) —51(9),t—9)p,(H)dd
0

t
2 f K (51(t) — 5(8), t — ) (8)d9 + 8, (1),
0
0 = —h(t) + v(s,(t),t) +

toK ~
RGO ENO
0

t

k n jo K (52(t) — 5(8), t — ) (8)d + 55 (8),

using some theorems about the classical theory of Volterra integral
equations with weakly singular kernels and the generalization of
Gronwall's inequality yield

1% - x| ., < clIDl]
<C(18:0llw +[18:01).  ©

where C is a constant and

_($:1(®) orn _ [B1(D)
o=(30) 10=(g)

Similarly to the definition of the perturbation index for
DAEs (see, Definition 1.1 from [5]) and equation (5), we can conclude that
the perturbation index of the mixed system (IAEs) (2) is one.

Discontinuous piecewise collocation method

The main purpose of this section is to provide a numerical approach for
system (2) based on a spectral approach. We apply the following coordinate
and variable transformations to change the system (2) into a new mixed
system defined on the standard interval [-1, 1] which the solution of the




new system possesses better regularity. Without loss of generality, we let
T=1. Using

t =u? u=+t 9=s2 s=4/9,
and

n=2s-1, -1<n<r,
T=2u—1 —-1<71t<1,
rewrite the weakly singular systemT (2) as follows:
ADF@ = 6@+ | patr =R @mAdn, ©
e-11  ©

_(1 0
A= (o 0)'
is a singular matrix and
6@ = (fufy) XK@ = 31,627 p2t =) = T -7,
2

where

~ (1 1 _ /1 1
[ Fu(a+ Da+D) Ko(3E+D50+D)

A (3@ D@+ D) K (;E+D50+D)
We consider the subdivision I of interval [-1,1] defined by 7,, = -1 +

nh,(n =0, ...,N) where the stepsize is given by h =%. Let cx(k =

1,...,m) be the zeros of the ultraspherical polynomial P,fl’). We give the
collocation points in each subinterval w,, = [t,,, Tn+1] as follows

_Tn+1 +Th | Tn+1 — Tn
Tn,k - 2 2 Ck'

Since U = U, lw, € [Tm-1 (ITm-1 denotes the set of all real polynomials
of degree not exceeding m — 1), it holds forv € (—1,1]
m

~ (Tns1 T Ty  h
7, (% + §U> = Z Ly (W) Yn o Yk
k=1

= Un( Tn,k)' (7)
where L, are the interpolating Lagrange polynomial based on the points
cx -Substituting collocation points 7, , and (7) into (6), we obtain

A ( Tn,k ) Yn,k

=G(tn)

G

n-1m _ 1 . h
ﬁ K( Tk Ti’j)(f p1| Tnk — (‘L’i + EU) L;(v)dv)Y;; +
2 -1 2

=0 j=1

hzm _ ck _ h
E K( Tnk Tn,j)(J— ,0% Tnk — (Tn + EU) Lj (U)dU)Yn,j ’ (8)
j=1 i

+




solving this algebraic system, approximate solution of system (6) is
determined at the collocation points and also at the arbitrary points in
the interval [-1,1] by equation (7). For the mere purpose of checking
the validity of the numerical procedure, we consider two specific
problems with known exact solutions and compute the numerical
results by Mathematica software.
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