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Introduction

The concept of weak module amenability for Banach algebras which are
Banach module over another Banach algebra with compatible actions, was
introduced by Amini and Bagha in [2]. As an example, they showed the
semigroup algebra £1(S) of a commutative inverse semigroup S is always
weakly amenable as a module over the semigroup algebra £1(E) of its
subsemigroup E of idempotents. Also, the author of the current paper and
Pourabbas in [7] extended this result and showed that £1(S) is (2n + 1)-
weakly £1(E)-module amenable. Let A and B be Banach algebras, and M be a
Banach A, B-module, that means, M is a left Banach A-module and right

Banach B-module. Then T = {[a Tg] :a€AbEBmEe M}, equipped
with the usual operations associated with 2 x 2 matrices and the Banach space
norm ||[a Tg]” = |la|| + |lm|| = ||b||, becomes a Banach algebra which is

called a triangular Banach algebra. This class of Banach algebras was studied
by Forrest and Marcoux in [4]. They have studied the weak amenability of
triangular Banach algebras in [5]. They consider the cases where A and B have
units and M is unital A, B-module, and showed that the weak amenability of T
is equivalent to the weak amenability of the corner Banach algebras A and B,
where T is unital. The author of the current paper and Pourabbas in [9] (see
also [6] and [3]) extended this result and showed that the weak module
amenability of 7 is equivalent to the weak module amenability of the corner
Banach algebras A and B, where T is unital.

Material and Methods

Let A and A be Banach algebras such that A is a Banach 2-module with
compatible actions and let X be a Banach A-module and a Banach 2-module
with compatible actions. Then we say that X is a Banach 2-A-module. An -
module map D: A — X is called an 2[-module derivation if

D(ab) =a-D()+D(a)-b (a,b € A).

Although D is not necessarily linear, but still its boundedness implies its norm
continuity. When X is a commutative Banach 2-A-module, any x € X defines
an UA-module derivation ad,:A — X by ad,(a)=a-x—x-a (a€A)
which is called inner 2A-module derivation. We use the notation Zg(A, X) for
the set of all 2-module derivations from A to X and By (4, X) for those which
are inner. The first 2-module cohomology group with coefficients in X is
denoted by Hg (A, X) which is the quotient group Zg(A, X)/Ba (A, X). The
Banach algebra 4 is called (n)-weak 2-module amenable if #5(4,A™) =0




(n € N).

Let A, A and B be Banach algebras such that both A and B are Banach 2A-
modules with compatible actions and let M be a Banach 4, B-module, that is,
M is a left Banach A-module and a right Banach B-module. Furthermore, let
M be commutative Banach A-A-module and commutative Banach UA-B-
module with compatible actions. The space

T={[a rl:l]:aEA,bEB,mEM}

equipped with the usual 2x2 matrix addition and formal multiplication and
the norm ”[a Tg]” = |lall, + |lbllg + lIm]l,, is a Banach algebra, which

is called the triangular Banach algebra. We define I = {[a a]:a €

QI} =~ 2. The triangular Banach algebra 7" with the usual matrix product is a
commutative Banach T-module. Note that, 7" is not a commutative algebra.

Results and discussion

A discrete semigroup S is called an inverse semigroup if for each s € S there
is a unique element s* € S such that ss*s = s and s*ss* = s*. The
semigroup S is called commutative if st = ts for eachs,t € S. An element
e €S is called an idempotent if e = e* = e2. The set of idempotent
elements of S is denoted by E. Throughout this paper, we consider a
commutative (not necessary unital) inverse semigroup S with idempotent set
E. In this case £1(S) is a commutative Banach #1(E)-module with the
following actions

65'6e=66'6s:59*6526e51

where §; and &, are the point mass at s € S and e € E, respectively. Also, we
£1(9)

will assume that M = al where M, is the closed linear span of {6,; —
0
8,: ecE, seS }in £1(S). Suppose T = {[a 7)1] ca,b € £1(S),m € M} and

= {[“ a]:a € fl(E)} ~ {1(E).

In this case 7" is a commutative Banach T- 7-module. Recently in [8], it is
shown that for every n €N, the triangular Banach algebra 7 =
[i’l(S) £1(S)/ M,

2(S)
paper, we show that for every n €N, T is (2n)-weakly T-module
amenable, without any additional conditions on S and E.

is (2n+1)-weakly T-module amenable. In this

Conclusion

The results of this paper and Corollary 4.1 of [8] proves that the triangular

t1(S)  £1(S)/M,
2(S)

amenable (as an T-module (or £*(E)-module)).

Banach algebra T=[ is permanent weakly module
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