[ Downloaded from mmr.khu.ac.ir on 2025-12-06 ]

i

Print ISSN: 2588-2546
Online ISSN: 2588-2554

Mathematical Researches

Homepage: https://jemr.khu.ac.ir/

Generalized state co-annihilators in state residuated lattices

A. Karimi Shahmarvandi'*', S. Rasouli?® =, F. Khaksar Haghani3=*

1. Department of Mathematics, Shahrekord Branch, Islamic Azad University, Shahrekord, Iran.

E-mail: akarimi1400@yahoo.com

2. Corresponding Author, Department of Mathematics, Shahrekord Branch, Islamic Azad University, Shahrekord, Iran &

Department of mathematics, Persian Gulf University, Bushehr, Iran. E-mail: srasouli@pgu.ac.ir

3. Corresponding Author, Department of Mathematics, Shahrekord Branch, Islamic Azad University, Shahrekord, Iran.

E-mail: haghani1351@yahoo.com

Article Info

ABSTRACT

Avrticle type:
Research Article

Article history:
Received: 7 July 2021
Accepted: 24 April 2022
Published online:

6 February 2024

Keywords:

Generalized

state co-annihilator,

State residuated lattice,
State prime filter,

State minimal prime filter.

Introduction

In the realm of information processing, particularly inferences derived from
uncertain information, classical logic serves as a foundational system.
However, to address the challenges posed by uncertainty and fuzzy
information, diverse non-classical logic systems have been extensively
proposed and researched. These non-classical logics have proven
indispensable in computer science, offering formal and effective tools for
managing uncertain and fuzzy data.

To underpin these non-classical logic systems, various algebras of logic have
been introduced as semantical frameworks. Examples include BCK-algebras,
residuated lattices, divisible residuated lattices, MTL-algebras, Girard
monoids, BL-algebras, Godel algebras, MV-algebras, and Heyting algebras.
Among these, residuated lattices stand out as fundamental and crucial
algebraic structures, playing an unassailable role in the theory of fuzzy logic.
The notion of a state, on the other hand, is an analogue of probability measure.
Such a notion plays a crucial role in the theory of quantum structures which
generalizes the Kolmogorov probabilistic space. Forty years after appearing
MV-algebras, the notion of a state on an MV-algebra was introduced by
Mundici [52] as averaging process for formulas in Lukasiewicz logic, and also
as a special case of a state on a D-poset by Kopka and Chovanec [44].
Dvurecenskij in [19] extended states theory to pseudo-MV algebras (non-
commutative generalization of MV-algebras) and gave an example to show
that in contrast to MV-algebras, there exists a pseudo-MV algebra which has
no states. Riecan in [68] defined a state for BL-algebras as an extension of the
additive measure, using ideas of orthogonal elements. Inspired by [19],
Georgescu in [29] proposed the notions of Bosbach states, a very nice
definition of a state not using the concept of orthogonal elements, which in the
case of pseudo-MV algebras coincides with the notion of a state for pseudo-
MV algebras. The main idea of Georgescu was to use an identity studied by
Bosbach in residuation groupoids [3]. He also showed that any Bosbach state
is a Riecan state on good pseudo BL-algebras. Dvurecenskij et. al. in [21]
extended the notion of Bosbach and Riecan states to bounded non-
commutative RI-monoids. Kuhr and Mundici [46] showed that his approach
fits well to De Finetti's subjective probabilities, too.
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Material and Methods

This paper undertakes an in-depth exploration of the co-annihilator filters in
state residuated lattices, aiming to enhance our understanding of this concept.
While the spectrum of co-annihilator filters in residuated lattices has been
previously examined by [62, 63, 64, 71, 72], this study introduces additional
properties that contribute novel insights into algebraic aspects. The
investigation extends to prime filters of co-annihilator filters in a state
residuated lattice, yielding diverse and compelling results. The parallelism
between prime filters and prime filters of co-annihilator filters adds to the
intrigue of this research. Notably, some results obtained in prior works can be
replicated through the framework of state residuated lattices. The paper is
motivated by the quest to identify common patterns between the annihilator
ideals in rings and the co-annihilator filters in state residuated lattices,
highlighting intriguing similarities between these two contexts.

Results and discussion

In this paper, we introduce the notion of generalized state co-annihilators in
state residuated lattices. We establish a connection between generalized state
co-annihilators and Galois connection (Proposition 4.7). If 2, is a state
residuated lattice, we show that the set of filters of 2,forms a complete
Heyting algebra (Corollary 4.6) in which the relative pseudo-complement of
Gwith respectto F is (G: F),,. Also, we show that the set of state coannihilator
filters of A, forms a Boolean lattice (Theorem 4.14). Ultimately, we
characterize generalized state co-annihilators in terms of state prime filters
and state minimal prime filters.

Conclusion
The following conclusions are obtained from this research.
e There exists a connection between generalized state co-annihilators
and Galois connection
e The set of filters of 2, forms a complete Heyting algebra.
e The set of state co-annihilator filters of 2L, forms a Boolean lattice.
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