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The Ornstein Uhlenbeck (OU) process was first proposed by Ornstein and
Uhlenbeck in 1930. This model is one of the most important and famous
models of reversion to the mean, which is widely used in modeling the
volatility and interest rate of assets. Jump diffusion models are continuous
stochastic processes that were first introduced by Merton in quantitative
finance. Then this work was extended in the field of option pricing by Black
and Scholes in 1973. These models are used for observed facts in asset price
dynamics, including mean reversion and jumps. OU processes derived by
Levy process are widely used in finance and economics. These stochastic
processes have jumped whose size may be random variables. The main goal
of this article is to estimate the parameters of the OU processes extracted by
the compound Poisson process. We used discrete time regression equations to
describe process dynamics and obtain other potentially useful information.
The advantage of using this method is that the regression equations provide
closed-form formulas for calculating the mathematical expectation that is
created in our estimators.

The main purpose of our work is to create a new set of original samples that
are asymptotically distributed, identical and independent of each other.
Compared to the existing methods, the method presented in this article has
advantages that can be used from the proposed model, either in Iranian
markets where price jumps occur abundantly or for more stable markets. This
article is organized as follows. In section 2, the OU process extracted by the
compound Poisson process is examined. In the third part, the new estimation
method for parameter estimation is examined. The fourth part deals with the
numerical simulation of the moment estimator of the OU process with gamma,
Pareto and normal jumps. Also, an experimental study related to real data of
Mobarake Isfahan steel market is conducted in this section. Finally, the
conclusion and suggestions for the continuation of the article are presented in
the fifth section.

Material and Methods
Given a positive number A and a time-homogeneous Levy process

{z (t ), t >0}, the OU process driven by z is defined by




v(t)=e™ (V(O) +J.;e“dz (gs)) M

where v (¢) is assumed to be independent of {Z(t)}t>0. Following the

terminology introduced by Barndorff-Nielsen and Shephard in [2], we shall
call v the background driving Levy process (BDLP). It is easy to see that (1)
is the unique strong solution of the stochastic differential equation

dv (t)=-av (t)dt +dz (), @

under some regularity conditions on the Levy measure.

The objective here is to estimate the parameters of the model using the
discrete-time observations. In particular, we are interested in estimating A and
moments of z. We derive strongly consistent method of moments estimators
and prove that they are asymptotically normal.

Results and discussion

The parameter estimation using the method of moment estimator are done
using the OU processes compound with the gamma, pareto and normal
distributions for numerical simulations with simulated and real data. We
consider some examples to show the accuracy and simplicity of this method,
then compare the proposed method with other existing methods. Moreover,
according to error analysis and reported results, we conclude that the proposed
method was in a good agreement with the exact solution.

Conclusion
The following conclusions were drawn from this research.

e The strong consistent estimators for the parameters of the model
were derived.

e  The main characteristic of this method is that the estimators are
asymptotically normal.

e Using simulated data, we show that the estimators perform well at
least for a gamma OU model, pareto OU model and normal OU
model.

e It is shown that a Levy driven OU model for real data is a good
candidate for describing the model volatility.

How to cite: Aryanpour, Maral., Nabati, Parisa. (2024). Proposed a new method of moment estimator for the arameters
of Ornstein Uhlenbeck processes with jump in the financial markets. Mathematical Researches, 10 (1), 70 — 97.

@ © The Author(s). Publisher: Kharazmi University




TOA-TOLT 1 la LiLS

YoAA-Yoot : gLy swb“) 6“@’ £

Homepage: https://mmr.khu.ac.ir/

39 o 39 b Sl LG 51 st 9 (sl ol Uy (1 33 (539l 3 59T 9 Wi g y 4l
Sb b,
BT S Ly 5l I Lo

maralarianpour(@ gmail.com :asll, .\l p! cduog )| cdung )| aio olKiils ¢ L5b, 09,5 )

p-nabati@uut.ac.ir :aebll, o pl el cdag,l Sio ol8iils ( Sk 09,5  Jgtums o2y g5 .Y

oS Ao oleSb
Slaaul ;3 bawgs oa gl sl Sadgl clias )l ol slo el )b 097 sl ooz Sbs, sallie l 5o gy dlie :llie £gi

Wl Jlo ol (i 5 il )3 los S 0 )8 okl cnl wedoe ] S e (gls

é‘f 6;)4 S>> MS ‘)lf LJ‘" B MT&SA Cewd Lm)jLMMf L)i’j) wl*u‘ » 03l 43‘)‘ le.:o)fo)ﬂﬁ .
AR ERIRA AR :wb“)aéa“)l}'

] VEY/ YO 16,555k b

ol &l B, 45 wims se lad (s3ae sl iluancd 3,5 o J1B b5l 090 oleiiny sl T 50 2

L Syl bl lo Jaw b leasl a5 Lo o¥gd 5L (slaosls « o205 0,505, G lsie 4 0,00 (6 e VRV XY Ll g ,b
Oae55 b el )l coas @31 g, 5l oolatl b laml jelaie fpay isd o G5l Jley g 5,L Ll slagss

9 50 (& 3lwgnds Slaiol 45 Lo 9¥g8 I3k (b ¢ Bolas sla S ol cow Tylgs 5 Wisd oo 0 ‘
(gels’ slaojly

Syl ] gl 3
(g ng
alyly e

6 3leiS 35l b,

S 55 (s 35 b Syl i) a8 (slo iy (sl 698 S5l apaz by SO FT) (Sl eyl T o ol

AY =V () Vsl slatagy Il

©NoIE

s R 6 © )5 ol 1 il




vy ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

dodlo

Jboy &35 5l paades ol 003l ool )8 a555 5 o ol olls o bl a5 sl ools (ylid oy28 Sladlas
Iy ol Glug (0,8 aler cod bacaadly pl .l caie Koz g YU (SaniS ¢ ooy )l 0030 )L Slusgas 5l abl o
Sluals wilg co (Sl 4 catS 5L Jow G ol pls wiyls Bolas g babe llug aScpl 4 d> g5 b ains zudes
ald laung ol Swlus (Bolar gileJaw ,lad g ygudid-8,005,)L b gl ol Sllegs (g5l Jow gl ool
Sllag 5 b by a5 s jsbas ab @il Gie 90 ol Lags (s ool sads olpriy Jaw [¥] [0 D] wisgas wil)f 1, (5o
ool b Lol 09 os Gigie Comdse iS5l G 0,3 iy 5l e 3L SL3 S8 > sl olin (oS! el o
Lawgs Jb odsl Sedgl el )| ol Cans SLSE BB xS gud 0 Solp &5 o S e IS o polie jeb & Sac pas
wiboe (eSlee 4 S5l la oo (539 5me g (n e 5 el B Slean VAT Jlo o (Sl g cpliss)
ygo d Bolas gloanlyd oy Lasl gle Jow 09, 00 55 4 ol 000 75 5 Glwss (g3l Jae ;0 00 5T jgbo 4y aS
IS Ead aiaj 5 IS nl e [Vt (Byme (25 o sl 0 (o550 Laogi L oyl 45 ain dagyy
oo Sealins )0 0 oaalive Gali> sl oo ol 5l LF] o ools puens VAVY Jlu o o 5 b lawgs &l L]
SS ) Joe (0 axslye [0] @y iy cwyp 6lp) 995 o osliial laip g il 4 ctS L alex 5 da )l

el oy lacil Jow 5l diges
dS, = S,(udt + ocdW,+ JdN,)
oolsy a3 N s lasbeul ol ol 3 W (lug >0 5 il akes e R dalaxd o Sl cwd S, o] o a8
Liwg a5 Solsl b)) sloanl 3 0gd so ai3lis 35 ojlsl anld olsie 4 a5 canl ol J,A> 0 ous b
loansl b ol V] W8 o )18 solitul 390 05,28 job 4 solaidl 5 b jgel ;0 g oo gl 5einl (5o) sloans) )
Lugi o)lge (S y0 aS5yeb a4 il Solay sle rie cunl Sen oyl ojlal a5 sz ola by sl Solas
Jenilis SVolas Lagi oy G e eizmed WS (00 )13 (2b5) e SBled (Bolar slaanl )l (S
g o Syl pliti ) slonnl 5l g oS 5 Sy slostolly 85T s Alis cul y3 gk ki
sloan) 3 anlllas 1o oo lice o Jelll et S oo 5 50 |, Mgl oe gl Al oS e | ygmly slaan) )
s))jT).g 4Ji.w.o Aol B ] )Ja.s Sy94 ».\»‘).9 LS‘LQ)""")L’ b)jTﬁ 'le u*JB‘ g]w uLo.a.O.?U J.«.w.)).) 9y U"‘ )l .\.;)L) & o

ety anl sle el )y (e callin ol ol Bos ool 48,5 15 azgd S50 ey o3| sl b 4o oyl

I Poisson



It o fa) o ylos o3 8,95 o b 5 (s lo ity o v¥

1y AnS oy (253 SVolaa 5l Als ) Jo (sl adlin S po (pgmlyy SRl anags o gl Al S|
el ol Gigy ol 3 eolitl o oS oo oolitl ;503 0gdlly auie el 1o 5T s g ail 3 Sals Caogs
Cewd 4y 3985 oo Sl Lo sla S 5T 10 a5 Lol el dclne glp 1) atas a3 b slage,d (2028 5L SYolas a5
) 6y e 5250 551 (Gla g, ples A S 00 4385 )15 4 by 45 A g Lt (00 b e e
"ol cpe Stz 35510 (i 9yl p by, 98 am Syl i)l slasnl B e el ess (sl e e
4 sl sl 5 03 (o0 (28 Loyl )y nl sl ) laenisin S S e )0 3575 Lo yslitS 29, 5 (MLE)
s Jis! JK> wly 4 MLE g, 008 anslye [#-A | 4 i cledlbl gl .l (Sio o) 15 Cigo S )l puoni
B it slahg, pell p adilgi oo S5 950 (S @l s (w3 0)l5en Ll iy p 8 45 o)l 5L
S5l L] a5 soliiul aasine @b 4,68 i 5l JKs mb coyd sl o, Kes 5 ggally Sl Hlgie 4 .digd 00
Ly b9y sbo [V o] w05 syl &> &b (6l o5 Lo il o8 (30 LwgSias (jbg, 5l osliinl b ol ISen
9 918 paass oud Zlytul (g9 el sl d b Selgl (pliis )l silp a4 diwgn Gloj gleiin;s Sl &l (e
5 e MLE (sletsg, Ygano [0V 0,5 solatal sl b atugy (oo cu i ly slalin] SaSs by, § o
Sl nliis )l anl B la el (hlSen 5 o592 098 o0 g0 Slalh g ol (pl & s S8 &b )i
SIS Gty 3l s s el il DT s Gl 1) alie slaoSg, [NV wio gl s o jgliasS gy ol 2 1,
oolitul wi oo ploul (S Sglp &S o bawg o] Sealins a5 Sl cpbecs )l an b sla el )b creeds sl b yglics
zhil sy slaanlp hug a5 1, gl cplias)l sloanld 6 melbwé 55l oo Ko 5 ol [VF] w5
sl anlp slo el eess 6l |y gmsz sla Syl (ol Ken 5 592 ‘f:" Dol ass s ks o was o
6 9laS sla 0T allie ol ,o [VF] wols )13 anlllas 390 oS po cyuilyy (slaoi] 3 lawgs oo gl Sl Sl
S8 addllae 3550 iz B9, b o8 e gl slasilp vy oad gl ysiial Sty ubias ) ol sla el sl
5 OLeSe (@) o8 (silme Djp0 4 a5 Ceul ol glo wiges | guaz asgerme Sl Lo IS Lol aasiin 955 o0
Joe 5l plgies o5 conl placyjo shls e (nl )3 ouds &) (N w9250 Sles; b analie )3 aiilygo o 3l i
2,5 ool i SlI L olalil 6l az 5 amo e &) 55 4 Cerd (i 1 50 45 Gl sl o ax a2 ke
S yo (ol diald lags ool gl Sl Sl i)l aald (sl (i o el oads ailebs 258 oy i ()
4 pge GRS 09 sy Byl 9550 (sl aa )iS 055l g 90 SR 5 05S 50 I syt )90
rizma 23lop oo oy 5 55,y Lol slain b Silsl bt wnl 8 6 pslitS o5l 4 bgrye goas (sloand
5 St Tl 0,5 oo plasl i cal 5 Sledal 4 Lo 3¥5 Il aly slmosls &) bgpye 025 anlllas S,

Debon Trle ez i o Al JI5 aalsl ol Dlolpriy

! Maximum likelihood estimation



Vo ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

S o U‘“"ﬁ" ..\...'l)s buwgi oul C‘M‘ Sd gl UALMMJ)‘ Mbﬁ A

el Dl lsie @ 058 o gl Sl {V (1), 1> 0} oS o ygulyy okl bawgs o Syl cplis )l anl s
Lyl 08,5 oo Gy Bolar Jadlays dlolas
dv (t)=—Av (t)dt +dz (), )

D58 ool o ) Syl oplics )l ol Swoly Sg a5 ol gl A g ol (o0 Z(B) 5 Jis V(+) o] jo a8
&g &b el 2 ead @i G laoilail 5@ i gy sl Z(0) = 0L 5 0 (ygulsy sl d S 2(0) orpizpen
4 J(.,b) oo ly Ysosns 3 oo @59 &b 5o k8 850 el b ] j0 45 05 se atie J('ab) sl
ALl Cute 5 ite polie Wl so 45 (6o abl gy J () diels 45 0S5, 05 e atbys J (1) &g
Aol b sllas v (£), £ 20} anl b sl axslas sgzy A alasd 0 2 (1) (gl (5395 olas, s a5 e sl
b (oo JolSS 0 (Jyome Sl
dv (t)=—a (t)dt,
V(1) oo #, Z(1) 48 899,9 slas, o a5 floj o el (oS 5 olSiws cpl (Gle) p (i) Aiwg Saolind a5
Osls 3l3 b Billae (5355 slaslas; 90 ol 058 gm0 1, T (1) s b (Bola yite S bl (s loha

Wl g Ao Slgz slls (V) dolee dawgs ool cay o SUdgl opliis | ol )8 szl e sl

v(t)=e” (V(O) +J‘;eﬂ“‘dz (is)) ™

0P e e aB bl Sl pliis gl anl 3 (i laie s (V) dolee 0,5 publem oolaiwl dloles ol 51w ol 5l
b i b 8, (1 = 1,2, slas, lagles b () sl sl sl o sals N (A1) acs
Alwg (Solal pxie o by o3l 45 0uiS o (2,8 Wl (ol el s jo 0l S, alasd 0 Z(AE) oy o5l i oS
A0S b g8 e 4385 a5 2SS b Ygmne Syl it ald ol J (1) ome @i &L

oS oo s 3L £ =0A, B =12, N sla abisd 1o V(1) Slaalie Alis g5l gl oy

N (At

)
Z(An2 D e
i=1

weols qudles (V) doles (ol 5 ol



1Pt ool o lais ot 0,93 o 5l 5 slo ity s v#

:efi(nH)A (V(O) +J:n+l)Aeﬂst (/'LS))

Vn+]
=y, [ e B () (¥)
=e ™y +Z (/l(n + I)A) —Z(AnA),
QT 0 as
N (A(n+1)A)
Z(An+D)A)-Z(AnA)= D e“ .
i=N (AnA)+1

o alie @5 SISy s S Sols s lge N(A(n+1)A) =N (AnA)=k « st

N(AnA)+K
nlply Wleas 23565 (0, AA] o3L o S &ygo a4 sl Jitas Solas slo o 5l ko] 4 0 b &g
oaalinZ(Al) )90 4 euly (Lol anld ples b oS e amly slaanl s 5l oo (SO plsie @ olgie |, Z(A1)
LSWU Lgl.a:u.;).’ Z(ﬂ(l’l +1)A)—Z(ﬂnA) w..‘)‘é 4.‘>5.) (-]l J.JLO.A )Q) eti_lAJi st u,u).) C’,‘Lﬁ:o)‘.\;‘ L> Lol cé;
aS 65k a0 wsyls 13 (BA,(M+1)A] o5b g, a5 wiwn Z(AL)

P(Z(A(n+1)A) =Z (AnA) =0) =e™*, ©
Wy dalgE 55 Sigea B b Xx#E0 gl
RS (a/lA)n A A 1
f(X)—;e ZATJ.O .[0 ﬂ(x,sl,...,sn)wdsl...dsn

St tled sy STam 50 5l oolisl (S s el D €T S8 s S, (X,8),008,) o 50 85
deol o0 Gyl 5l 04 08y oLl (goas sla by, 5l eoliiwl b sl g G aiten p,8 il () 1) cenl lgio

255 apalme 5 Oy50 4 Wlsioe 1) 4 Z(A(n+1DA) = Z(And) o,
E[Z(A(n+1)A) =Z (anA)] = E[N (24) ] x E[e” ] xE[J, ] ®)
:a/leI:Ae‘Y_M ids xE[J,]

=a(l-e*ME[J,].

S ol plail b 5@ syl g 55515 () Wole Sl oslinl b gumy i 4o



v ol Syl Ly iy [y 5lo oyl (Tt (599 6ieS” 059 50 iyt g 4T/

LQ).S-&‘)[Q O)ST).? Y
oS oo a0 bﬂJ};‘.’ Sl Tl A=Y ion 0 0S8 el Ceond 90 0 |y dalllas 0550 ol (iSn (pl o
s o358 518 (om 3 3590 1) 50551 1 (0] Kk g 08 o gl yFtl (S Slons D j90 4 A (6l 50510 o G
6L®)§~))5—‘){4Y*Y M)épajsnwuouob s))‘}c‘?ﬁ)di 6‘).:0?9.4 Lgl.m)fo)ﬂﬁﬁt.;l.gl)c.\.& ﬁ‘)‘;é)gTﬁ
oals &5l Lng)fa)Jﬁ 30 8P o v b o oo Hlid (ulgs )0 e o W}Sbja sl el b glp 1) (5 skas

A yialyly 0591 ) Y
oSSty (Vo Ve Viy ) sl s iz jlo 0 o (X 0, X s Xy ) 08 (653 oS (on gl el 1 Al ol
plo

X,=e X +Z(And) ~Z(An-Db),  n=1-N.

o3 oS etlss s 01, Z(AA) ole Z(AnA) =Z(A(n=1A) sl & wuS 5 spms sl
Z(/m)iz(/lnA) ~Z(A(n-1)A).
a5 (8l gite b e Wi e X, (Jle gz ) 050 b b b 4 Wil o0 ZO) oS 0 (gl a3 a5 LT

oS s

‘((n—l)A,nA] @Lo) 0,99 Js.b ) GMJ); &= =\SU.>| l.w Cn] JQ[&A U”‘? Sl eiiA )L\.O.Ala).t‘); ”;7 Jm)b 4.‘>93
ol patte S i ol 453,05 e yho Jliml b1y (6,50s e o 5wl anili ey € Jlazs o2 L

1 N . N *)
R —Zlog(arg max, Znﬂ]{r:m), if max, anll{r:r”} 22
A= |
—Zlog(ﬁl), otherwise
Wil 0 ) Dygo 4 (Suendgs V=S digad g Sl 7 dasin B [r:r,, ol as

N -1 bt byt

L 2 X XX, X))
P = N =2
ZHZO(X” _X)




1FoF 3l 0, lais o 0,99 o 8l 5 (b yiitrg o YA

= N
X=X, /(N+]) ,

Oor 09 0,80 50 Plas Jleszl ¢ Jsl ol midgi oz 4 plei oo 1) el 0als Sl () O jse 4 ﬁt aSol Jdo
N

5,10 3929 Sl (F) dlolas jomaAX, anll{r:m >2 Q@ by e oS (ol o @ dged ojlail ol oo LY @ ) Kes

V=S 15 05 Geess () dolas pgd Cand b lg5 oo LA S)ls 8439 Gop o9 0590 o L.:}.m aS gloj «pgo

dloe p) Syge 4V, (Shaendgs>

B Cov(v,,V, 1)) B
=
Var(v,,.,)

—AA

Pr 5 Zesl Lo VA TUSS 52 5,1 b illas Jons bl j) 50 Geb v, cdly 0 2l oy slp Saps0p S P 5
Dgd oo Sen o 4 VAl dgodil Glidlas 3.l

WS o 3o ) ooyl 0 el oal g a3 (F) o S ﬂ,):;.ol)l,g )fa)ﬂﬁ 1,V auasd
PA=A=1-[1+(N-De “J1-e )™ )

lim,  P{i=A}=1 )

N-ow

Ssysba aibs =€ 1 (M=DARA] sjie 090 0 Jip Ko Johs o2y Jlinl tolay
bocad gy n=Lo N Gy (0 =DARA] o5 j2 0 i o Jla> Jlis! plply n=1,..,N

. . w —alA\N
aSlise nj Dyge 4 0y5e S iz Aoy y2 50 G Sy Pl sgzy et 5 (1—e )

Ne—aM(l_e—aM)N—l
1_[1+(N _l)eﬁMA](l_eiaiA)Ni1 l.w Sl );‘).v U"J)" u?u.\) 0)5.) 3& Jﬁ‘u\? 05.‘>5 JL@.«&‘ (_}’.'.‘)"L"’
3 : a . L _,—AA e B
310550 93 Jlam (Shn 9 0)99 99 Pl 2929 Sjge )3 (ulplo ol 7 =e L Bl ooy g 0y90 0

alie jlaiie ghls 7yeis Ty 510,50 99 aScpl Jlaiol a5 S oo 4z g oo S)b e

ol s PA=2)=1-[1+(N =De ™ J1—e ™) N ians o ol yao by il @™ 5l 8 o500

A law‘ )J‘)J r‘l,...,l"N

M P(A=2) =1 wamo o as 4 alay,

N >



va ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

oo auagey 4ald J (1) Gh i 2355 45 (53,150 (6l el led (M) olne ol Ko &5 598 4naB 10 45 (1S o oL
iols sl A lply s S5l p [v-] ohKen 9 KI5 4 [vv] Ol g cpudiim8,905,L wlo

/ioz lmax{lan_l—lan} Q)

A 1snsN

a5 s yob 4 wiols @l 1, Ay € (0,4] [NV] oK 5 S5 il opdle

—AaA

P(A,=A)=1-(1-e ") .

Gl fin iy aS 5 S 0 lee j0 olev ced |y ﬂ“o Je ol el /ALA{ML;);;@;Q)ST){ J%ﬂ,o (el 3,50 opl jo

2,5 Jlesl

Woleo ool 6 A sl A 55,510 a5 sl (55 a5 o3 ouiS e s D 5 @ 515 S5sSz 3,30 55 i ol 5o
6)5L-M§ ws) wb‘fbsa L‘;‘f 03 43‘) Lgl.(b;b)s]).: ‘Jl:> u.)‘la‘jtuw)b ]»5‘.\9 wb‘fﬂsw‘ 6)5L~».5

Y (A)=X, —e™X

n-=12

; [ Y,()=0
o i Y, ()0

w2, (F) 5 (F) &Yolrs Lulul
P{Y,(A)=0}=P{N (AnA)=N (A(n—DA) =0} =e**,

orlple

7(/1)=iYn(/1)/N,

n=1

N
I{Yn<ﬂ>=0} = ZI{YM)=0} /N,

n=1

sl pualgs (F) g (1) SVolae wlal 5
E[Y (A)]= E[Z(AnA) - Z(A(n—1)A)] = a(l—e ™) E[Ji].



1P ¥ gl o yloiss o0 090 o 0L 5 slo itg

N

Z(I{Yn(ﬂ)=0} _E[IY,,(A)=0]) =0, )
n=1
N
D> (Y, (A)-E[Y,(A)]) =0, A
n=l1
9 sn ) Dyge 4D 9 A Gl 5)slaS Glas sl 4 e a5
A 1 -
a(A) = _Zln I{Yn(ﬂ):o}s (v
Y.(2)
ElJ )= Ov)

Ca-e ™)
- o0 W g 08 paest b ol polasl A a5 S yg0 40 el oo 00ls polas S ygo Al @iiS o 28 ] yo AT

iaedl il b 9 @ Sln ) py 6T 50 5 0 iRl A e o 0,510 LA el
1

&:_ﬂln[m(i)ﬂ)}’ (\f)
(%)
E[J]=—2") ()
i A _iA
(1-e™)

it () gt 5 Js sltizns § = Ve N sy V,(A) 5Ty 10y oo psben A 353 o5 ool 3l
Ly ey 395 25l AL S 58,90 sl Jb ol b0 IS @ (il 40 Glgiom ) (635 50 0 4 el iy
Sl 655 yo > apd 3 osliiasl b 1, golis gl eyl so dolol o o azsl it 11.d slo wiges ;o0 Y, (A) s

S o0 ST AVD) 5 (VF) SYolaw Lawgs 0als ools dLm)fo)Bi)e

R N
limy,, EL1,, ;1= By 15 limy, ETY, (D))= ELY, (D],
xeR? o slp g
lim, ,, P{YN(T,, ;  —e" Y (D)-a(l—e™)ELJi]) < x}
lim, ., P{NNTy 0 =€ Y (A) = a(l—e ™) E[Ji]) < x}
2b ) dual aiile (00 4 NV digas 031l o 5035 L) 0ol &3l sl 575,51 55 cuilome Slooguas 45 oS o b V=Y o
(T{Y(/b:m ) I7(/72)) Sly 635 yo 0 andd pl plo aile o (Bl puss (y90s 05d oo oe.}i..l?i LA 58y > oo s

il gsgs Wlgi g0 (y53S]



A ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

RYV- VSN IUY 74 [ SEORVERNT YV

AT (I—e Y2 ae ™ SIY - ¥ anad

IN 0 =€, Y(A)-a(l-¢ ™) ELJi) —— N(0,%)

Qb ooz Syge 4 il lsS e il o a8
5 _ P(1-P) —Pa(l-e™)E[Ji]
—Pa(l-e™)E[Ji] a(l-e *)E[Ji*]/2
.1% — e*ﬂaA 5

VPP JON [v#] a4 1l g

e sladse b glmiel Gln o Jlo al b S obml @,0) sla 53515 sl 1) 6350 4> 4nd8 B s o3l (55T
el ol J ()& 1, b welsl o oS pasie | J () mip ob wb wp slaSel,
i) ol Ky Syl il 4y bayye ol dle ol 45 ) wedlys swyp J(X)=1—e (x> 0)
@ Wl o 5 995 oo Lol LlE-CSLlgl cnliss )l ol sl Lo gl jii a5 oS olas b wl .ol L=yl
&b V(1) ~T(a,b) a5 V(1) WS-yl plisi)l anlb slp b e 55 Seidgl cplits] slaanlp Koo glgi

g g0 00l 5 alayl) lasgs v(t) SE=

a_a-1
b X —bx

@ e (x>0)

f;/(z)(x) =
E[Ji] :% ool J(X) =1=e™ aslnil 5l ceslels b5 T(a) = j: e’y ldy o1 s as

oS ooy g3 c;)j,aqu)b ;0)9—‘).3 (V) doleo 4y az g b ol by

b=a(l-e ™)/ Y1)
il esloauds oy i (V) 9 (VF) Vol o a5 LlE-SCadgl cpliis )l ol 3 5 (21,3) 6Lm)fo)5]ﬁ Sl ¥ -V auad
JN(a-a.b-b)—L—N(0.%,)

il ) Oygo 4 By bl g ple ol yo &S



1FoF 3l 0, lais o 0,99 o 8l 5 (b yiitrg o AY

1-F) _ b 1-F-FAdA
(AA)’P, AN PAaA
b 1-B-RiaA b’(1-R) +b2(1+e’M) b

" JA  PAaA (AP, a(l-e™)  alA

20:

255 Olyien ) @l 45k fa sl el L ilo

_ 1 1 T,
a(/l) :—Zlnl{y (4)=0} =a— ﬂAefl”A & + 21Axf2 &

%)

e . B P 2 —dar f
Cdls pulys o)ls I3 e s Ly ey o= Xp 98 =1y 1)z —€ ol e as

- 1 1
\/A_f(a(/l)—a)——m\/ﬁgﬁm(\/f\_f%)

N >

- ~ 1
.0, 0 b don Lo i ol o as VN (al—a)z—/m—_M\/N81+ol el (V-Y) anad S 5 b
e

1
S Ol — 5 ks fa ool b adl

aA)i=e ™) _a(p __a@hk’  adi-e™)

b(A)=—"r & OV
“4) Y (A) a a*(l-e ™)’ x; ?
_ ,—AaA _ _ _ ,—AaA
)o(\?)domd)l&iil?lg.o)b)\)éa(lTe)5 Y (A) o X, 3&=Y (/1)—61(1—6) ol o as

b2
a(l—e ™)

_ d
bt o VN (@A) =a,b () =b ) —3 N (0,5,) 9ls his plyigoe Y- 0 jlaslizl .0, = 0 ol

N —>o

o5 IN 6D =b)=——— N &, -

= (WN &) 40, oo Y=Y acad bl » g (V)
a e

N —o

el s Gy ol @iy s> VN (@(A)=a,b()=b) 5 IN (aG-ab—b) «ul & w5

_ d
e JolS St amsi 3 N (@=a,b =b) —3 N (0,%,) sl

N >



AY ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

Al SO Jls Glgie a0l pasd s Sdgl sl slaas 3 Ko glgil 4 lgy oo |, Y-V aid a5 (08 o Lol 0L
s S L 0 0gd e zlBal gL sl b sled LS e gmly sl b G g a5 1) Syl )|

oo ¥ ¥ b aline °u:iJ(x):j;‘b(lﬂ)-b-ldz, x>0,b>2
JN(a-a,b-b)—<—N(0.%,)

el 5 Sygo a4 il lsS s Sle o o aS

(1-P) (1—e™b  bb-1)
(JAVP, C(AAYPR(-1) A
Yl a=e™b b1 BG-D'U-R)  (b-D'(1-e*)b 26'(b-1)
(AN’ B(b-1)  AA (aAA)' P, 2a(1-e ™) (b-2) alA

ol 3 el el iz Jeld Hloy Wlg e D 45 0o peand (53150 4 fiin | 095 @l puilgi ge (B5b
2 s qualys @l oy sla b sl 1) oae mls Jle Glgie 4 .canl LY (A) 51 6 mias sl jglics 4 & j90
S-S 93 S¥olas 5wl oo abgyye Jloy mjsi slere Sl 0:Sile Jols oS ol (gams 55 o S b >

b adalys a8 S 15 4y (5,5laS sle S 51 plyie 4 ¥, (4) 6l s
Goue s .Y

wil 2 g0 sla by WS oo )8 talesl 390 by 5 95,4 Ll sla sty b Sadgl (nliss | aiul )3 ggs a 25w ol 5o

..\.;.ll)é 6““)"-“‘)[1. Qb o L cuis ..\.u\ysa ..\.;.ll)é e Gt (_gL(au‘b).& as L,;ll.'> 30 Wi Cudie ;S.,.;Jsl u..l.,..m)l J5|

9 sk Bl g (Sl s i 4 by g B o1 ys a5 s (D,0,) ©jge 4 Jbop i b Syl s )
w3 Dy s bl py sl Sl (b cnl slp wnibse Jbo s

. Y(A

()

Loal-e ™)

I Pareto



It o fa) o ylos o3 8,95 o b 5 (s lo ity o A¥

P PELOD-TAY
(N_l)d(l_e_m) 1

2
ol 3 Oygoa V() Jgl jolesS g0 o] o a8

E[Y (D]=a(l—e ™)E[Ji]=a(l—e )b,

Var(Y, (1) =2 (1= ) B 1= 2 (1= )0 +57)

D+ wiges ol bl Ve e olaS o el o La] el cilises polie oS 5 iz sly o0 (slags jludacd
Ll cool (GMM) 4l o (551088 0551 (bgy bt )50 5l ()l o0 ially oS 5 Sloslats Wigd oo 51,55
VooV gk 5 55,k b ol S8 sl b8 slain sl TV Jshiz 50 gl el 155258 o1 Jlxs Gl
o3l gooe s &) gl a8 Lol 5l el S5 a5 o3 el o @) lns Gl 2 o Kils) Jloys sloist (sl
gy 5l ekl b lesss el oaid Gy pai lie 1581 05 30 o5 )b Bolar e adel g el ool colainl (e 53l

oS 0 9 1y ol 0y Oyge 4 g)ly oS
ol @is @b iyl (Bolai jiie adg 6l pailgioo o Conl Vg 0 (o (POl ite y2 @5 @b 3 el oo
e 8 U ~U(O,l)g,‘:;»l},:.i.;~ soolas pae b ply

ﬂ)a :u,xe[ﬂ,oo),

X

1-(

(ﬁ)“ =l-u=u ~U(O,1)
X

2,5 35 Qlgse 5 Dyze 4], (L) gy Bolad (sle it g

L ia
x, =pWw) *,u, ~ U(O,l),i =12,..

oo o3l (1) olae 1 eils Cdie Sled p Lad )y 9 LS slagtp b Sl cplits )] slaaial oS (pl 4y 4z g b
590 ssbae 4 Jloy slagstn b Sealsl bias ) slasild lp P-) Johaz) by, 4w o 50 A 355 lp oS
e b e iled oo b cdle ol jo 15 eeS oo eolal (F) doles 1 (VoY Jolazx) (Bgy 90 o 0 A galyb
B e bww 4 6la 50,515 )50 aed 10 el LSS Jglax ded 40 g, dw gl A o0 =l onlply st
plo o @b Owest gy ool &1l gy ol oads ools Las VoY Jlasx o soue bl bawgh 4S5 jeb jlen aisS oo
4 (MEAN) 00 03 (oS (ySoloe LS 4 o0l a3l 39, 10 .05 o Joe GMM 51 s Lo ctolej] Slanass oyl



AD ol Sy iy iy 15 sl yiolyly (5l (59ledes 049 b it g,y 451

bl o 3l 1S oy oS o <A iSasS polie gl (@) e ,0 GMM & s od @) s, sblze
Sl S 09l oo gl S e Gemlsy wul S S b a5 Selgl b a8 G oS )l az s el Faspte
L1.d Suil slaaiges slass g 0,10 o5 sl anld pl A S8 Jlada gl ol plo wol (Glo fiad §) Jiao goi
e sy 503 Gyl 3l 398 ce GMM LIS il Caels gl jobo 4 cpame 0)90 S o 45 _olbdigas caS” olox
28 oledisei WS o adg gt 11 Gladiged lply @)l (65,80 sloby Syl bt anl g A S5
- o8 aile sl s 5l (6 kw40 (Jl ool Lol ails 5,068 S5 GMM . g, 098 oo el «asein 0,90 S
s ,Skae 00 ) g, g el o 4 il e 3l ol Slibs 4 la iy ez wJle ool 6,58

nls aales (6 g

Ll o b Seadgl oplieis )| ol 3 A i ol sl Bs) 99 amglie ) Jou

Parameter | True Value Our Method GMM
mean= std mean= std
A 0.1 0.1026+0.0017 0.1297+0.0267
a 2 1.9917+0.4603 2.6629+1.4794
b 0.5 0.5278+0.1198 0.4552+0.1812
A 0.3 0.3056+0.0088 0.3334+0.0548
a 2 2.0028+0.3009 1.3610+0.3074
b 0.5 0.5101+0.0748 0.7661+0.1489
A 0.6 .6347+0.0438 0.6648+0.089
a 2 1.8771+0.2887 0.9947+0.1256
b 0.5 0.5450+0.0839 1.0205+0.1257
A 0.9 0.9634+0.0947 0.9747+0.1183
a 2 1.9483+0.3330 0.8732+0.0850
b 0.5 0.5279+0.0896 1.1560+0.1148
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Parameter | True Value Our Method GMM
mean= std meanz= std
A 0.3 0.3008+0.0127 0.3070+0.0221
a 1 0.9926+0.1971 7.0275+3.807
b 0.5 0.5263+0.1251 0.0912+0.0471
A 0.3 0.3024+0.0106 0.3195+0.0549
a 2 2.03354+0.3032 1.336140.2403
b 0.5 0.5028+0.0772 0.7714+0.1326
A 0.3 0.3053+0.0087 0.3547+0.0851
a 3 3.001+0.4286 0.7010+0.0958
b 0.5 0.5100£0.07421 2.1832+0.3311
A 0.3 0.3040+0.0078 0.3731£0.1253
a 4 3.9763+0.5553 0.8732+0.0850
b 0.5 0.51521+0.0681 4.0977+0.8560
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Parameter | True Value Our Method GMM
mean+ std mean+ std
A 0.3 0.3046+0.0078 0.3070+0.0221
a 3 2.9374+0.3929 0.3007+0.0122
b 0.1 0.1037+0.0566 0.0566+0.0074
A 0.3 0.3046+0.0121 0.3731+0.2144
a 3 2.9632+0.4239 0.3385+0.1294
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b 1 1.0344+0.1598 8.6692+3.4188
A 0.3 0.3051+0.0086 0.1755+0.3793
a 3 2.9809+0.4352 0.1282+0.1549
b 2 2.0541+0.2931 17.8705+31.0512
A 0.3 0.3053+0.0087 0.0749+0.3706
a 3 2.9388+0.3789 0.0211+0.1413
b 3 3.1125+0.4034 3.4760+83.1673
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Parameter | True Value Our Method GMM
meanz= std mean= std
A 0.1 0.1355+0.0596 0.1092+0.1186
a 3 2.8708+0.4850 2.0881+0.0883
b 6 5.7754+0.5508 1.3515+1.2698
A 0.3 0.3041+0.0438 0.2802+0.1808
a 3 3.0309+0.3982 2.1530+0.0896
b 6 5.9772+0.4200 4.0504+2.4529
A 0.6 0.6056+0.0389 0.3935+0.2238
a 3 3.0904+0.3964 2.1690+0.0882
b 6 5.9562+0.3390 6.8995+3.0527
A 0.9 0.8854+0.0721 0.5246+0.1941
a 3 3.2415+0.6511 2.2085+0.0646
b 6 6.1181+0.5496 8.9463+2.6558
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Parameter True Value Our Method GMM
mean= std mean= std
A 0.3 0.3339+0.0891 0.2308+0.2661
a 2 2.0661+0.3304  |2.0716+0.0695
b 6 6.0423+0.9743  |2.8092+2.2430
A 0.3 0.31294+0.0438 | 0.3764+0.1511
a 4 3.9634+0.5144  |2.2508+0.0594
b 6 5.9461+0.2867  |6.2204+2.0582
A 0.3 0.2952+0.01972 | 0.2872+0.1698
a 8 8.0654+0.9063  |2.2568+0.1129
b 6 5.9965+0.0960  |8.3948+4.2129
A 0.3 0.3013+0.0248  |0.2034+0.1990
a 10 10.4446+1.9133 [2.2148+0.1293
b 6 6.0084+0.1140  |7.9797+5.8796
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Parameter True Value Our Method GMM
mean= std meanz= std
A 0.3 0.3174+0.0471  |0.0368+0.0283
a 6 6.1173+0.8604 | 2.0188+0.0325
b 1 1.0001+0.0275 | 0.1490+0.1322
A 0.3 0.3145+0.0724 | 0.3251+0.1718
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a 6 6.008+0.8072 2.2557+0.0961
b 2 1.9930+0.0577 | 2.4987+1.1463
A 0.3 0.2980+0.0283 0.3131+0.2091
a 6 6.2266+0.8170 | 2.2500+0.1081
b 4 4.0158+0.1045 | 4.9896+2.7113
A 0.3 0.3019+0.0270  |002807+0.2362
a 6 6.3408+0.8598 | 2.2894+0.0735
b 6 6.0445+0.1522 | 8.9363+3.6096
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Parameter | True Value Our Method GMM
mean= std mean= std
A 0.1 0.1068+0.0146 0.1034+0.0218
a 3 3.0547+0.5758 3.1184+1.1107
b 0 0.0075+0.1926 0.0228+0.0860
by 1 1.0005+0.2067 0.5452+0.1848
A 0.4 0.4040+0.0244 0.4145+0.1402
a 3 2.9989+0.4010 3.2266+1.1607
by 0 0.0081+0.1076 0.0277+0.1135
by 1 1.1748+0.1420 1.0779+0.1477
A 0.8 0.8+0 0.8978+0.2498
a 3 2.9668+0.3407 2.8943+1.0529
b 0 0.0091+0.0787 0.0099+0.1343
by 1 1.4076+0.1279 1.5590+0.1413
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Parameter | True Value Our Method GMM
meanz std meanz std
A 0.6 0.6109+0.0384 0.6113+0.1100
a 1 1.0235+0.1352 1.0331+£0.2194
b 0 0.0383+0.1846 0.0305+0.1086
by 1 1.2952+0.1240 0.7774+0.1032
A 0.6 0.6050+0.0301 0.6434+0.1618
a 2 1.9736+0.2306 1.9518+0.5236
b 0 0.0127+0.1105 0.0386+0.1428
by 1 1.2953+0.1513 1.1040+0.1277
A 0.6 0.6042+0.0556 0.6204+0.1921
a 3 3.0227+0.4054 3.2469+1.2280
b 0 —0.0034+0.0913 0.0013+0.1492
by 1 1.2652+0.1240 1.3282+0.1302
A 0.6 0.6x0 0.5505+0.2122
a 4 4.1846+0.4551 5.366112.4448
by 0 0.0106%0.0679 -0.0326%0.1904
b, 1 1.30443+0.1163 1.5812+0.1443
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Parameter | True Value Our Method GMM
mean= std meant std
A 0.6 0.5893+0.0343 0.6198+0.3952
a 2 2.01354+0.2541 2.6924+1.7505
b -2 —2.6422+0.2137 —2.2335+0.8796
by 1 3.2063+0.2668 3.3657+0.6059
A 0.6 0.5975+0.0493 0.5770+0.2300
a 2 1.9655+0.2778 2.3788+1.0429
b -1 —1.2706+0.1910 —1.0444+0.3892
by 1 2.0703+0.1921 1.8833+0.2921
A 0.6 0.6223+0.0681 0.4690+0.2135
a 2 2.0339+0.2620 3.5026+3.2431
b, 1 1.3228+0.1953 0.8508+0.4627
b, 1 1.5250+0.2420 1.8886+0.2254
A 0.6 0.6244+0.0908 0.1227+0.2309
a 2 2.0482+0.3028 11.1170+47.8199
by 2 2.6718+0.2950 0.3203+1.2199
b, 2 2.5010%0.3062 3.015040.5057
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Parameter | True Value Our Method GMM
meanz std meanz std
A 0.6 0.5979+0.0176 0.6118+0.0720
a 2 2.0041+0.2046 1.9906+0.3048
by 0 -0.0041+0.0599 -0.0019+0.0558
b, 0.5 0.6208+0.0643 3.3657+0.6059
A 0.6 0.6089+0.0273 0.6079+0.1537
a 2 2.076040.2941 2.19125+0.6780
by 0 -0.0105+0.1222 -0.0081+0.10831
b, 1 1.2862+0.1075 1.0960+0.0904
A 0.6 0.6088+0.0474 0.6953+0.3298
a P 2.0114+0.2663 1.18863+7.0532
by 0 0.0211+0.1986 0.0640+0.3540
b, 2 2.5916+0.2597 2.303840.2474
A 0.6 0.6119+0.0760 4.6118+15.2546
a 2 2.0565+0.3347 4.7778+15.223
by 0 -0.0330+0.2856 0.0587+0.3292
b, 3 3.8182+0.4949 3.4622+0.6677
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A a b

3.5203 0.6293 1.9067
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