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Introduction

Littlewood-Paley operators have essential roles in harmonic analysis due to their
applications in PDEs and other fields. One important such operators is g}'{. It is well
known that g; function originated in the work of Littlewood and Paley in the 1930s .

In 1961, Stein introduced and studied the following higher dimensional (n>2)
classical Littlewood-Paley g3 function:

1
dtdy |’
t n-1

g,(f)(x)= ”Riﬁj VRt y)F

X—y
where P.(t,y) = P, *x f(y), Pe(y) = t™ P (%)denotes the Poisson kernel, and

7= (22,

0y,’ 0y,” " oyn’ ot/
It is well-known that the weak (1,1) and weak (p, p) boundedness of the classical
gj{ with Poisson kernel were studied by Stein and Fefferman, respectively. As

g:{depends on A, its (p, p)- strong boundedness on R" also depends on the correct
relation between p, A and n. In 1970, Fefferman showed that gj is strong type
bounded of (p, p)on LP(R™) for 1 < p < oo and 1 > max {1,% }

Theorem.

If A > 2, then g; is of weak type (1,1);

If A > 2, then g;is of strong type (p, p)for 1 < p < oo;

If 1 < A < 2, then g,is of strong type (p, p)for /31 <p< oo,

Now in above definition of g:{, if we replace Poisson kernel with Littlewood-Paley
function, considering Laplace-Bessel differential operator, then we can establish the
new generation of gj{. Inspired by above Theorem of Fefferman’s work, we will
recover a relation between n, p, v, and A to verify its boundedness and
unboundedness.
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Material and Methods
Let X =(X,,..X, ,X,)=(X"X,)eR"; Rl ={x eR" |x, >0}. For a
. -1 .
fixed parameter v > 0Oweset S ={x eR" :|x |=1}and
n-1 2v
S ‘V =Ln71xn dx.
We consider the Laplace-Bessel differential operator

n-1 2 2
AB:282+ 82+2_v 0 . v>0,
ko OX, \OX, X, OX,

n-11

on RY}. Let L, (R%) be the space of all measurable functions on R’} for which
p _ p 2v
JLFOOPdux)=[ FOOP xdx,
is finite with d 2, (X ) = x 2"dx =x 2"dx dx,..dX ,.
Werecall T 7 is the generalized translation operator which is defined by

F(v+1) i
T yg(X)Z—Qlj0 g(x’—y’,\/xg_gxnynCOS¢+y§)Sin2vf1¢d¢.
FeIre)

The translation operator represents the ordinary (Euclidean) translation in
r_ n-1

X =Xy X, ) R

The Fourier-Bessel harmonic analysis is adapted to the generalized convolution

f@g)=[,f (T g0))yrdy, xRl

In this work, we define gy ;operator on R associated with Laplace-Bessel
differential operator explicitly, by

gaaf () = (fooo fRi (#—yl)

where B, (x,t) = {y € Ri: |y — x| < t}, . (x) = t= "2y (%)

A

e @ fFOI?

1
y2dy dt)?
[By(x, )], t )’

Definition.

We say that a scalar-valued radial function (with respect to last coordinate of ) on

R?% is a G — Littlewood-Paley (corresponding to generalized shift operator) if the
following three conditions are satisfied

wel,(RD); [ wO)x)"dx =0,

+

lw(x) |<C (14X ) "2 for some >0,

T 70T () — AV YT
(1+|x -y |)

|y—y'|<%|x—y| forsome «a > 0.



https://mmr.khu.ac.ir/article-1-3233-fa.html

Results and discussion
Inspired by the work of Fefferman and Stein, we define gg_,loperator on R%

associated with Laplace-Bessel differential operator. Moreover, we establish some
Lemmas to be used through the proof of main theorems. Then we present two main

theorems related to boundedness and unboundedness of new operator gg ; in new
manner.
We show that gp ; is bounded on L, (R%})for 2 < P < co. Moreover, we

investigate that g, 5 is unbounded on Ly, ,,(R}) for 1 <p < oand A < % + :—Z.

Conclusion
The following conclusions were drawn from this research.

gg'l, Littlewood-Paley operators associated with Laplace-Bessel differential
operator, is unbounded on Ly, (R}) for1 <p < oand 1 < %+ :—:l.

g;,l, Littlewood-Paley operators associated with Laplace-Bessel differential
operator, is bounded on Ly, ,,(R}) for 2 < P < o,
The boundedness problem of gp, ; is openfor 1 < p < 2.
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