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One of the structures that is notable in dynamical systems are strongly
continuous semigroups or Cy-semigroups. Concepts like hypercyclicity,
transitivity and recurrency are defined for them. A Cy-semigroups (T;);»o on
a Banach space X is called recurrent if for any nonempty open set U of X there
exists t > 0 such that T, 2(U) N U # @.

Mathematicians in recent decade defined some newer concepts like subspace-
hypercyclicity and subspace-transitivity for C,-semigroups. We want to
introduce the idea of subspace-recurrent for Cy-semigroups and by this, extend
the concept of recurrent C,-semigroups. Also, we are interested in
investigating the properties of this type of Cy-semigroups.

Material and Methods

In this paper, we introduce subspace-recurrent C,-semigroups and investigate
their properties. Also, we state some sufficient conditions for subspace-
recurrency by using open sets and dense sets.

Results and discussion

We prove that subspace-recurrent Cy-semigroups exist on both finite
dimensional and infinite dimensional Banach spaces. We show that if a C,-
semigroup contains a subspace-recurrent operator, then it is a subspace-
recurrent Cy-semigroup.

We define subspace-recurrent vectors. Suppose (T;)¢sg is @ Cp-semigroup on
a Banach space X and M is a closed subspace of X. A vector x € M is called
an M-recurrent vector for (T}):s( if there exists an increasing sequence (t;)
of positive real numbers such that T;, x — x. We state that if a Cy-semigroup
has a dense set of subspace-recurrent vectors, it is subspace-recurrent.

We show that some conditions for a C,-semigroup leads to its subspace-
recurrency. For instance, suppose (T;) ¢ is a Cy-semigroup on a Banach space
X and M be a closed subspace of X and Y and Z be two dense subspaces of X
such that T(Y) € M and T(Z) S M such that

)T,y > 0,wheny €Y and t — oo,

ii) Tyz —» z,whenz € Z and t — oo.

Then (T;)»¢ is subspace-recurrent with respect to M.

Conclusion
The following conclusions are obtained from this research.
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e The set of hypercyclic Cy-semigroups is a proper subset of the set of
subspace-recurrent Cy-semigroups.

e The idea of subspace-recurrent for Cy-semigroups is an extension of
the concept of recurrent C,-semigroups.

e Subspace-recurrent Cy-semigroups exist on any infinite dimensional
Banach spaces.

How to cite: Moosapoor, M. & Shahriari, M. (2024). Subspace-recurrent C,-semigroups and their properties.
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