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Introduction

Let R be an arbitrary ring and N be a right R-module. A right R-module M is called N-
retractable if Homgz(M,N") # 0, for any nonzero submodule N' of N. This is a
generalization of the concept of retractable modules. The aim of this paper is to study of N-
retractable modules, where N is an arbitrary right R-module. One of the most important
results of this paper is the characterization of rings that have a module such that each module
is retractable with respect to it. Also we show that the class of N-retractable modules is
closed under direct sums and direct products.

Material and Methods
In the preparation of this article, the articles and books related to topic "retractable modules”
have been used and some of the results of these articles have been generalized.

Results and discussion
Here we present some of the obtained results.

Proposition. Let M be a right R-module and {N;};¢; be a family of right R-modules. Then
foranyi € I, M is N;-retractable if and only if M is (@;¢; N;)-retractable.

Proposition. Let R be a ring. The following statements are equivalent:
(a) R is a right max ring with only one simple right R-module, up to isomorphism.

(b) There exists a non-zero semisimple right R-module N, such that every non-zero right
R-module is N-retractable.

(c) There exists a simple right R-module N, such that every non-zero right R-module is
N-retractable.

(d) There exists a non-zero right R-module N, such that every non-zero right R-module is
N-retractable.

Theorem. Let R be a ring. The following statements are equivalent:
(a) R has only one simple right R-module, up to isomorphism.

(b) There exists a non-zero semisimple right R-module N such that every non-zero finitely
generated right R-module is N-retractable.
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(b") There exists a non-zero semisimple right R-module N such that every non-zero cyclic
right R-module is N-retractable.

(¢) There exists a simple right R-module N such that every non-zero finitely generated
right R-module is N-retractable.

(c") There exists a simple right R-module N such that every non-zero cyclic right R-
module is N-retractable.

(d) There exists a non-zero right R-module N such that every non-zero finitely generated
right R-module is N-retractable.

(d") There exists a non-zero right R-module N such that every non-zero cyclic right R-
module is N-retractable.

Proposition. Let R be a ring. The following statements are equivalent:

(a) There exists a nonsingular right R-module M that every not singular right R-module
N is M-retractable.

(a") There exists a nonsingular injective right R-module M that every not singular right
R-module N is M-retractable.

(b) There exists a nonsingular right R-module M that every not singular injective right R-
module N is M-retractable.

(b") There exists a nonsingular injective right R-module M that every not singular
injective right R-module N is M-retractable.

Conclusion
"Retractable modules™ which was raised in 1979, has been generalized in this article and

valuable results have been obtained that are closely related to other algebraic concepts.
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