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Introduction

The notion of amenability for Banach algebras was first introduced and
initiated by Johnson [3]. Afterwards, Gronbaek [2] studied the concept of
Article history: cyclic amenability and it‘s hereditary properties of Banach al_gs_ebras. Many
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Published online: In the throughout of this paper we assume that A is a Banach algebra, | is a

9 June 2021 closed two-sided ideal in A, ¢ is a continuous homomorphism on A and X is
an A-bimodule Banach. The linear map D: A—X is called derivation if D(ab)

Keywords: = D(a)b + a-D(b) for all a,beA. Moreover, the linear mapping D: A — X is
Banach algebras, called a o-derivation if D(ab) = D(a)-6(b) + o(a)-D(b) for each a,beA. A linear
Trace  extension map D : A — X is called o-inner derivation if there exists x; eX such that D
property, = adg,, where adg, (a) = o(a). X7 — x;.0(a), for all acA. The Banach algebra

o-cyclic derivation,
o-cyclic
amenability,
unitization,

0-Lau product.

A is called c-amenable if every o-derivation D : A — X* is o-inner. This
notion was first introduced and studied by Moslehian and Motlagh [9].

Recall that the derivation D:A—A”" is cyclic if
<D(a), b>+<D(h), a>=0, (a,beA).

A is cyclic amenable if every cyclic derivation D:A—A”* is inner. So, by using
these notion we introduced the new notions o-cyclic derivation and o-cyclic
amenability for Banach algebras. We say that the o-derivation D : A — A is
o-cyclic if

(D(a), o(b)) + (D(b), 5(a)) = 0, (a,beA).

Also, the Banach algebra A is -cyclic amenable if every o-cyclic derivation
D:A—A" is c-inner. The closed two-sided ideal | in A has the trace extension
property if for each Lel* with a-A=A-a (a€A), there exists AeA” such that A, =
A and A-a=a‘A, for all aeA. Every homomorphism ¢ on A can be extended to

a homomorphism 6:? - ? suth that for aeA defined by G(atl)=c(a)+1. Next,

we present the results obtained in this paper. We showed that let ? be 6-cyclic
amenable. Then I has the trace extension property. Also, Suppose that ¢ has
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. . ; A
dense range on A, I has the trace extension property and Ais c-cyclic. Then T
is 6-cyclic amenable.

Recall that the Banch algebra A is essential, if A2 = A. We showed that every

o-cyclic amenable Banach algebra is essential. If o(I) &1, we can restrict  to
I and denoted it by o;:1 — 1. It is clear that oy is continuous homomorphism

on I Thus, if 6(I) &1, I is o;-cyclic amenable and ? is 6-cyclic amenable, then
A is 6-cyclic amenable.

For the unitization of Banach algebra A i.e. A#:A@(Ce, and for every
continuous homomorphism ¢ on A there exists a continuous homomorphism
o®: A* - A* such that defined by o*(a, Ae)=c(a)+)e, (a€A, LeC). Therefore,
with above notes, A is o-cyclic amenable if and only if A* be o*-cyclic
amenable. Finally, for two Banach algebras A and B and nonzero
multiplicative linear functional 6 on B, the Cartesian space AxB with norm
and multiplication

[@b)=llall+{bll,  (a,b)(a’,b’)=(aa’+H(b)a’+6(b)a, bb”),

is a Banach algebra and denoted by AXg4 B. If 6 and t are homomorphisms on
A and B respectively, then (o, ) denoted by <(o, 1),(a, b)>=(c(a), ©(b)) is a
homomorphism on AX, B if and only if 6o1=0. By using this we showed that
AXgy B is (o, 1)-cyclic amenable if and only if A is o-cyclic amenable and B

is 1-cyclic amenable.
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=<D(a), o(a’)>+AL+<D(a’), o(a)>+A’A
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@ 0,15 3425 A0EA" wiile (s yaie 9,0l 5l ad walgr 4 D e fog 6,900 A'=0 L A=0 ;yols 3L 1Y
Wl oo s 08, ATEA clyds paie g5 a ol D(@)=adg: () cotls walys AEA o (gl o5 55k
®(aa’)=<D(a), o(a’)>+< D(a"),o(a) >
=<o(a)-ag,o(a’) > —< ap-o(a),oc(@) >
+< o(a’) -ap, 0(a) > —<ap-o(@),o(@) >
=0,
(@re)eA" gl lples @), = 0 oo 4z 4o A? = A S 598 o ami A G 6590 pdy (Sle O
coils aeblss
D(a,Ae) =D(a) = o(a) aj, — a} - 6(a)
=(hay + o(a) - ag)+<ap o(a) >e" — (Aay +a;-o(a))—< ag,o(a) > e’
=c"(a,Ae) - (af + 0e*) — (a}, 0e*) - ¥ (a, Ae).

YT PPN CTUST . . LPENCTE TP pUES AN ) SR

potio (pl bLI | dalsl jo g 08" 0 JLdo 935!‘6 Sy 69515 5590 S Y (ke 0 pahe o)y g anlllas LJL?H
oS (oo andllae il by oud aizlo 68Y-0 > 55, b potie b B 9 A olyzds sloyer 59, 1,

A,a°€A 2 sl |, AXB 5,50 Cralol> B (s, 0 a0l oo Jas Sl g B g A slgsds #UL > g0 sy
oS 5o A 1y 5 e s Sl ©pd ez Jlesl L A€C 5 b b'eB
(a, b)+(a’, b’)=(at+a’, b+b’), A(a, b)=(Aa, Ab),
[I(a, b)II=lla]|+[[bl
S o A o DOEB 5 a,a°€A 12 o1y 1) 5 po ( Jyere G50 0rb sl 4 1>
(& b)(a’, b*)=(aa’+0(b)a’+0(b")a, bb").

s¥-0 G alol> g ools lis AXg B sl L1y ol pes 13 AXB 5158 Gyalol> g, 1, wpo ol azili
aalgs o o o5 AL > S 0 AXg B YL 0 oo iy Jloel b ol o 098 oo odeli B,A Lk sl
e e (sl [A] 5 bsgs VAT L 55 b sl sl i s ol 2 s (1 45 el 55 4 p3¥ .t
Ly Y-0 oy g0l puend (IS FUL sloy a1y 8Y Lawgs ool iy a5 o [7] s )ame YooV Lo jo aalsl jo 0

Dged (e
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lio ool jo 13 g 05 dalss 55 yd len V-0 palol> il 0=0 azsliz wjite bawg oo ci e o 50
slael g5, Slow S 0 s B=C qups 118 Sleopdle 40105 o0 105 0 B g9, 50l 50 o> Sl 1,0 0 500
o pabol alply ab salss Las Al ez jlo luSs plas 4 -0 Cpalol> oo Cll (nl o oSl adly bk
sz 25 Se By adibgs any Jlows) G A S 05 (o 500k 0Bl (o0 UL sl Loy luSs 5l serens 5Y-0

AxgB
DeB 5 Q€A jolic o5 55; aslys Lisb o S B L= e s (slab s p5b w anily o AXg B Lo aiy

oy adly ey S0 AT X BT S5 0o L (A Xg B)' Bgo slad asl gbul> B g A 1> g0 0 514
2.5l puslys (8, b)e Axg B o 5 (F, G)E(A Xo B)' » sl 5
<(f, 9), (a, b)>=f(@)+g(b),  I(F, g)ll=max{Ifll, llgll}.
slel,(0,1): AXg B— AXg B il Ll S s ()lg5 o olST il el 50 T:B—B 3 60 A—A sl
Sg0d iy 5 alals LDEB 2 5a€A
<(o, 1), (a, b)>=(c(a), 7(b)).

AXg B 55, !, Bupen S pols byi co (bl cpl jleslatul L g T 90 (o5 (S5u e (0,8 b oasll o

s i by (Sole 4 Ojge cnl o sl B g A 55, coi 5 a4 atugy e S50 en T 5 0 asslin syl

ML ML} bCB J.b 6‘1.! ;‘ Ja..QS 9 ;‘ w‘ AXGB &9y d.u.uj,u (5~.>u).o.lb g_i: ).4..) (G, T) 4§ O}M <° o0dsd
oS oo o |y o dms Cand ol SaS 4 (B0T)(D)=6(D)

S T 50 S (28 oMl a4 wiil B gs) (o0p0 b (Sli 05 2l jiz 90 B s A wis (2878 0,138
S50 o O&le-(0, T) AXg B a0l 53 00T =0 a5 awday sl B g A gy, i a dgn o
AL G50l 0KLe T B 5650 iy oleg A Rl L 5 )l

nie-T Dy B > B* 5 5,90 520-0 Dyt A o A* 15,50 iy Sk (0, T) AXg B a5 a8 5,5 sl
aals L DEB 2 g @8€A o sl |, DI AXgB =5 A" X B' cul ojge opl o il gy
»38,2°€A o 51y Dy 5Dy slo Gris olss 5 (258 4 4255 b S o0 5k 50 D(@,0)=(D1(a), D, (b))
w2 s b,b’eB

<D(a,b), (a(a’),7(b"))>+<D(a’,b"), (a(a),1(b))>=< D1(a), 5(a’)>+ < Dz (b), 1(b’)>
+<Dy(a’), o(a)>+ < Dy(b"), o(b)>
=0.

Cuils paaly> bb7,yeB 52,87 XEA olgsds polie (6l 1) 10l (o0 3220-(0, T) o D opdle &
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<D(a,b)-(a(a’),1(b*)), (x,y)>+ <(o(a),7(b))-D(a’,b"), (x.y)>
=<(D1(a), D2(b)), (a(a’),7(b*))(x,y)>+ <(D1(a’), D2(b)), (x,y) (c(a),7(b))>
=<D;(a), o(a’)x+0(b*)x+0(y)o(a’)>+<(D1(a’), xo(a)+6(b)x+6(y)o(a)>
+<Dy(b), ©(b*)y>+<D,(b*), yr(b)>
=<D;(a)-c(a’)to(a)-D;(a’)+0(b’)D,(a)+0(b)D,(a’), x>
+(<D4(a), 6(a’)>+< D;(a’), 5(a)>)0(y)
+<Dy(b)-t(b*)+1(b)- D2(b%), y>
=<(D4(a)-o(a’)+to(a)-D;(a’)+0(b’)D;(a)+6(b)D(a’), D,(b)t(b’)+1(b): D,(b")), (x,y)>. (1)
S 5 S5 Sk
D((a,b)(a’,b’))=D(aa’+0(b)a’+0(b’)a, bb*)
=(D,(aa’+0(b)a’+0(b*)a), D,(bb))
=(D,(2)-6(a’)+o(a)- Dy(a’)+0(b)D;(a’)+0(b*)D, (@), Do (b)x(b’)+t(b) Dy (b)).  (2)

(FLQ)EA" X B* aiile (6 pais g 35k (o0 35220(0, T) 5 D o8 5 o a5 (2) 5 (1) oy, aslin L 1)
oo DEB 5 Q€A olgzds paic g0 o slp a5 5,5k a8 ls 3924

D(ab)=ad{{ (a, b)=(c(a).x(b))-(£.2)-(£.2)-(5(2).t(b)).
e oo 4z D,YEB §8,XEA olysds jolic sl ol nls

<D(a,b), (x.y)>=<(£g), (x.y)(6(a),x(b))> - <(£.2), (6(a),x(b))-(x,y)>
—<f, xo(a)+0(y)o(a)+0(x(b))x>+<g, y(b)>
- <1, o(a)x+0(y)o(a)H0((b)x> - <g, T(b)y>
—< (o(a)f - Fo(a), wb)g - g(b)), (x.y)>

2o DEB 1o 5 €A o ol a5 c8 5w oy o D alalo 4 x5 b g0l

D;(@) =a(a)-f — f-o(a), Dy(b)=1(b) g — g-t(b)
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