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Introduction
In practice, inferences on a quantile or several quantiles of a normal population
may be more informative than inferences on the mean or variance of the

Article history: population. Some researchers discussed the problem of making inferences on

Received: 13 May 2023 several quantiles when the underlying population has a normal distribution.
Received in revised form: They described that constructing a set of simultaneous confidence intervals
20 Julyl 2023 (SCI) for several normal quantiles may be of interest in medicine or
Accepted: 8 August 2023 engineering studies (e.g. in the body weight or blood pressure or drug-drug
Published online: interaction studies or in measuring the reliability of systems). We consider the
9 June 2024 problem of constructing SCI for all quantiles of a normal population. We

propose an exact set of SCI for all normal quantiles. We also propose two
algorithms for calculating the required critical values. Then, we illustrate and

Keywords: discuss the performance of the methods with two real examples and a
Goodness of fit test, simulation Study.

Normal distribution,

Order statistics, Material and Methods

Simultaneous confidence Suppose that X, ..., X, is a random sample of size n > 2 from a normal
intervals population with mean y and variance 2. Let Z,, denote the p-th quantile of

the standard normal distribution and let g, = p + Z,0 denote the p-th
quantile of a normal population. If X and S? are the sample mean and variance,
4, = X +aSZ, is the uniformly minimum variance unbiased estimator

(UMVUE) of q, where a=,/(n—1)/2TI'((n—-1)/2)/T(n/2). The

UMVUE of V, = var(g,) = b,o? is, = b,S? where b, = 1/n + Z2(a* —
— — (5 p1/2 i

1). We propose T = p@%f) |T,| where T,, = (G, — q,)/V,,’" as a pivotal

quantity for constructing SCI for q, for all p € (0,1). We derived the
maximum value of T in a closed form and consequently, we could provide two
numerical algorithms to calculate the required critical values of T.

Results and discussion

Rosenkrantz [3] proposed a conservative set of SCI for g,, for all p € (0,1).
Rosenkrantz proposed to draw the graph of the empirical quantile along with
the corresponding simultaneous upper and lower bounds for these quantiles.
He mentioned that “the more the parent distribution of the data departs from
the normal, the more likely the empirical quantile plot will have points that lie
outside these bounds.” Although the proposed bands by Rosenkrantz are easily
computable, they are not optimal (they are conservative). Our proposed SCI
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are exact and thus these bands are narrower than those of Rosenkrantz.
Therefore, our proposed set of SCI performs better than the one proposed by
Rosenkrantz in terms of the volume of the SCI. Liu et al. [4] also proposed
SCI for several normal quantiles. Although the proposed SCI by Liu et al. is
exact, they are not for all normal quantiles. Our proposed SCI is also
applicable for several normal quantiles and in this case, our SCI will be
conservative. However, the performance of our SCI is comparable with that
of Liu et al. when the number of considered quantiles and sample sizes are
increased. Our findings are valid when the underlying population is normally
distributed; however, these results can be extended to the log-normal
populations. When the population distribution is not known, constructing a set
of non-parametric SCI for all quantiles is a complicated task. One can refer to
[4] for more discussion.

Conclusion

We proposed an exact set of SCI for all normal quantiles. We could derive a
closed form of the pivotal quantity and its distribution function. Therefore, we
could calculate the required critical values. Our proposed SCI performs better
than or comparable with the existing methods in terms of the volume of SCI.
Therefore, our proposed SCI can be recommended in practice for making
simultaneous inferences on several normal quantiles.
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@ © The Author(s). Publisher: Kharazmi University

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

TOA-TOLT 1 la LiLS

YoAA-Yoot : gLy

by sy y

Homepage: https://mmr.khu.ac.ir/

O S 2,5 9 Jboy &3¢ SS W (s 9 @399 slo oo lwebr! sbro 3L

Tooly Sdo ol B oS S1)5 dgamo

mkharati@shirazu.ac.ir :asbLI, .o\l nl 5l ol olXzils cpgle 0aStils (Lol Li3gal 09,5 ¢ Joime odimsgs .\
malekzadeh@Kntu.ac.ir :asbll, .oyl pl () a5 owgb pallymas axlys o ol8iils (ol saSiils )bl 5 aill, pole _i5g0] 05,5 ¥

US> Ao wledMb!
59 Oeizrad el ol )] Jlo 5 2565 sl Swiz dan sl 385 (lojen liebl slaosl dllas oyl 4o gy dlie :llio g4

acgoze 93 3l oolaiul bl 00y0,5 la lojen liebl slaosl Sl iz blas auloee Cya wi 6N

O, lac 5 030,85 o i Jae j0 880 linebl slaoil dcgezms slas IS (giluaid 5 28lg ools
VESYYITY el s b

VEVFIYA 16,550 b
oS 9> ge ‘51.&:&5) u_i; )| o0l 4.1\)‘ B30 uLaJ.Q.:a uL...aJc‘ LSL‘Z’°}l€ > Ja.w}m as RER QL.M.’ VESYIONY 1y b

CJL:J g g0 dslie 39290 (igy 90 b pae> bgio g g Jhiz! Ll 5leads al )l uLa.QJD‘ sloosl

Oy 1) aaz (olgiday by, Olgien Cales 5o 00 (o3 <l (6,500 el Al By, by Cen VEY/ YT LEGH G b

ged drogi Jloy oSz 4 a2, plojes lablaiul ¢ln (o)

igols ol

(s 5 slao Lol

B3l 5255 9o
Jbey @9

Obeges Lol slaosl

sloiags o1 oo )5 5 Jloy mjei glaSair gl 385 lojen Glicabl slaojl (VF+ ) axl woly Sho 5 3500 ¢ lisS 31,5 o biocwl

XY = VA ) Ve (5L,
DS

BY NG

OB diy © oo olKails 15l



https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

AN Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

doddo

oobyls gl el b Jlo 5 g9 b drals SO 51 = 2 ojluil a4y Solad diges o X, o, Xy 0S5 3
Saiz Zy ol 085 sl Jloy gos5 phD  Saiz saims Glii G = U+ Zp0 o 0iS o5 aizmen ol 0
Siles e b e Jlo 5 amals ailes o)l ,0 blowl a4y axl, S5 o5lail 4 g ,lel (ygie 1o .l o lailiwl Jlo i 20565 oD
o)by0 plojer slablazul b g lacSais plo o)l blaiwl Joe j0 Jg.cul oo a3lo s (Go5 = 1) Jbo s anel>
S slp pliabl ol e e & V] 5 550 ST Jlie (lsieas il oo gounte sloo )15 l)ls daSaiz
S oad 8, lkiwl Olpes 5l aFY e Sais Yaere a5 Sl oad 53 Gigh ol po Wl by aie 5l Saix
ol o o ewSge O r:l—‘\() Mo YL sloSaiz b g 09l =) solal Lmdjayﬂ > ,Slos R S O}A)’T
QB35S 0l (omy 2 53 P g Jgl SOS )l Vgome (S )0 Guizmen 8 pS (oo 518 03litl 3550 punens S Slosel
i [V 5 Gl Sle sl (5)550 5ol Jlop @58 Siz slp el 03l S S5t (ol pliy 1005 5o oliiel
Gl @ 6ly el sloojl ssugr 0 [Y] Lol 5 Sils wilos,S )l @ 61y liabl 03 o il 6l (s,
pled sl @p sl Toloyod (limabol sl oSt s &y [¥] 320l Sy, azzslo y [V I 5 500,81 oy s
Va3l S alilne ylojo ylicolsl (sloo sl a5 s ges slerion [Y] 5l Sing) sl s ls 1, (0,1) o5b 4y slaie D polie bl
DS oy Slaolie pbk 55 o bl blis o k=1, .,m Gl (B — 0.5) /1 polis Jloges ;o 1) o sl
e ooliisl Al oo S9ym Jloy mies 3l ools aSiul (gasl sl (3l (5565 903T Sz Hloged gl 51 5l S,
45 A e oylal Ll iz lo p ol Sais aix lp pleen plicebl looil isle dlus 4 [F] o) Kea 4 5
Wlgi g0 O hate panilogy Olar 595 2 Toslomg)ls J adlllas jo ol Sz iz gy lejer liabl lajl
aS cewl o plodil Jbo i w395 @b sl Glojer liebsl (slool JSis aice) jo (6,500 Glallaes il aiils 5,8
3 (5] & Olgi oo St assl> iz b Saiz 90 @ 90 dnlin gl p uizren 0LS dxzl e (o] asles o ylacedddle

Sgei daxl e [V]
Soplon oo P € (0,1) sles sl G sl plojer luabl slaosl 3le alliss 4y Lo callio ) o
[Y] ).u‘)iws) LSQLQ"“‘"" U"’BJ )'Es » W) .)L?u‘ uLe).on ‘_’Lu..o.bl 6[&0}.} aS cowl O”‘ (98 6¢Le,w.u u»s) UL‘-‘&}»A}
les oo wlyl IY] 51 Sog, ogy b amalio 10 6,350,L oS g ol (6550 po )l cnlply § canl &8s
ol wiS o all P € (0,1) plas 6l Gp slp 330 plozer bl sloosl Lo by, Sl o & (rpizren
Sygo ol o a5 el mdly adl aisd oolitul j el Swix iz sl loyer blastul sl ailg se oud sl

P9 Lisu ;0 el py b dlie pl un i og dales dl Wakilw s Swe wiz gl Glejen blol

Z Quantile

2 Simultaneous confidence intervals
4 Conservative

4 Drug-drug interaction

5 Rheumatoid arthritis


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o Yy

pom 25 53 35800 I D € (0,1) ples sl G slp 335 ployon el slaosl JSCas Cugz (s3leiiing (B9,
Sl g, b ol oz hs, s 95 go 00l 7 b (28ly Jlie 90 5l ooliiul b 09250 g (golpidan b3, sl 2,18

el 0ol )] (6T am S gl iSn 50 200 ,8 se dslie (gileancd Sl eolainl L 0g> g0

Lo ws clod gl @80 loyod ylowbl slaejl )

2 Glages Guilly g Sl soime B SE =Y (X, —X)2 /(n—1) s X = X X /N osS oy

Ol 2y sl 02 iy gl 5eSilos b Jlo g 38 b Jloy dmelr S 51T 2 2 0jluil a4y Solas aigas s

Sl saims (Lis S a5 ol ol @ 61y by o yieS b coylb Syl o Gy = X 4+ aSZy a5 o5 sios

I8 n el LI s oo ples () lpas @ = /(= 1)/2 T ((n = 1)/2)/T(1/2) 5 sligas ure

b, =1/n+ Z2(a® — 1) 3] s o spie aulbne V, = Var(g,) = 02b, @ jpa Gy il )ls a5 sl olis
. - ~ 51/2 . iy

L) Sl S )97m0 CoeS P 5l ol Hlade S sl Tp = (Qp - qp)/v;) / Holal CoweS Ll Vp = Ssz O

0,8 s 33l 1) Dz Ol e |y (Bolal LS (pl a5 0,5 a8 oo S @

M

N =10 6l o5 a5 slylo Bolas pxie U g5 laibinl Jloy aoje b (Bolas juxie oains lis Z 1 jo a5
PLN 6‘).: qp 6‘).: ULAJM uL».».o.'al 6Lmo)l4 J&w Lgl)” ‘) ) Gy ;MJ ! Z )l Ja.».w.é 9 6&‘)1 4,0
w—:-“a‘_g‘ @.‘)‘p € (011)

T = prg(%'alc) |T,|. (v)

.o}‘o).;‘snT G5 CumeS olgs> ST EBIRN
5 ol Lo (V) (59700 CameS )0 dicion laie ) o

N\ 1/2
—— (7 (affi-1)
= = 2 = —_— R
T pe©.1) Tl pren(%,glc)Tp Y, * Y,(a? —1) ’
Y, =U/(n—1) o] s a5

M)L\M u..ﬁla ‘_g|).v u.||).>Lu w‘ (0, 1) C;a)l) » )JJJM 9 4.....99.:.1 L_,}.sv.alap o> sz aS A.HS XY C—’Lﬁj‘


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

A Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

55 oad byme Ty (slizl s a5 b jslate ol sl ool )3 oy 3550 ) )T Gl blis st Cabo T (5lkae
LD, =Y(@a?—1)sCh=Yp/n By, =a Yy =14, =Z/Nn Yy =U/(n—1) o ,1,5.0)

2y Sy § &by

(Ap +Z,B,)"

9(p) = Cp+ 22D,

plo ‘\/} &b 5o sogro 4 axgi b g

max_|T,| = max /sz
p€e(0,1) p€e(0,1)

= \/ max T2 = \/ max g(p).

pe01) P pe(0,1)

Sy g Geizd () 4 pj elet s (Byme J(D) & sl

a>1ass JdsaDy =201,;9() =0 Wl

3ylaibial Jloy @i @b oazes plas @) S p* = P(=Ap/Bp) Jolae 5k b 3 2y = —Ay /By 510
@) =0 s el

limg(p) =lim g(p) = BZ /Dy (v

p-1 p—0
Ll plpD e g ol i (o
2

0g9(p)/dp = 2(0Z,/0p)(An + Z,B,)(BuCy — AnDnZ,)/(Cy + Z2D,,)",

ol el slaitind Jlg JKs ab samss ol @() aSul> 0Z,/0p = 1/$(Z,) >0 o o o5
el a6l p* = d)(BnCn/(AnDn)) 9 P akis 9o 0 ag(p)/ap

izt el G @b 3llas aeS abii P = P(—Ap/Bp) 45 s o0 45 (2) 5 (0) (W) ol 4 4255 L

B2 _ B2
D

o . *% A2
& Blae oy abali P a5 05 o 4z (0) 5 () P @ azs bl G(PT) = T EZ Rl
n n

n

S (o0 A g cnl g
1/2
T = max |T,| = /max (p) = /ﬁ+3_121_ Z_Z+(a\/y—n—1)2 / D)
B pe(0,1) Pl pe(0,1)g P)= Cn Dn \V, Yp(a2-1) :

Dgd oo JolS o) Dl xi) jo


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o Yf

auad o 1) 580 Hlojes bl sloosl olgs o (V) ;0 0als 8y%e (5 970 CanS ululp 9 ) o mlb @ azg b
Sged )l 03

oS et (Al by g S o5 ) A

P £
"Wy, T ez—1) | e

=1-—aq,

pled sl <q\p - tl—a\/;'q\p + tl—a\[l;p> Oyge ol yo el T g P‘(l - a) Saxr g =
izt @p 1y 100(1 — @)% 535 lojor lpebl loojl asgaxs P € (0,1)

el Y o bl g plojen licebl slaol a5 4y a> g5 L. OLS]

Pr {qp € <q\p - tl—aﬁ'q\p + tl—aﬁ) plad sl»p € (0' 1)}

= Pr{|Tp| Stig el lzp € (0, 1)}

(7, @rm-v) _, |

b V=1_q
v, Y(a2-1) | =« «

= < =
Py 1 < e = 7

g JolS Sl cnl

099y 99 (B dy daldl ;o 098 o dule e8> T Slyu jlade a Conl pl ojls 0gmg ) adl 5 cege Jlg

UM &‘f 5J)|.5 wﬁ.a 6)Lw4.~.w )‘ oolazw! el ool )L.m.: aS Jj‘ wa) p))‘\)))‘sac tl—a ‘5.:‘).70 )‘J.M Ml?u I
&5 5ol Dlads 4y g5 o oyl s s atnly Jogome yol)b a4 T moje5 ) o Gulal a8 0sS s el by
ool t1_g 5l oy Glgieds olgvca |y oo oy slaosls pl(1 — @) oyo0 Swiz g 8,5 oy Solas ools T

283 o0 by o) Sige (Siludnd (g jlesliinl LTy g s Jole 2 Sl S

IS Cige (gilwand Lhgy 4 lig S ) pi 598
adg golilaz 0 — 1L oSl G5 a5 5 o laslinl Jloy aoj55 5l (Bolas sols M woais edlo M (g1l 4 . SG o8


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Yo Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

AS 0 T oaose8 5 (Bolas sols M sl oY) alasl, j0 o 05 slasols (5,135l L .90 plE
el t g Sl o g0 a5 0 oad adgs Bolas slaesls 51 (1 — @) o8 Saiz A oS
5 oolizial b el ) oS 51 ooliiul b oIS Cige (g5ludund She, 4 by Crmess ooims (ylii By_g 9S 558

Pl (9228 Stz 4 by e (oilbre @568

Ja(l—a)

Pr |£1_ —t1_|Szl_— :1_)/;
¢ ¢ Y fr(ti—) VM
Al o5 Coge iy 00l e T I &5 f (L) 50 lsbisl Jboy a8 Al —y) Sax Zi—y &S
Ja(l—a)

slaools 5l 68 b g, T I bl 21y Frltevit Y Al =y bl bty g eess slbas
ged 359050 LS ey & Sz b 0yl wiilen goue slagisy o ) sl pes o5 0 T s 5l ens oy
)‘)S;M = 107 l45 \ M)?ﬂ‘ )| oolaw! l.t 1 —a 57’1. QBLQ—UQ )J.)LM 6‘).: tl—(l L;LQQM oY ULW \ Js..\?

‘_’Lu..o.bl L> tl—(l Q.JM )») 5,‘)[5 W}A 6&} )..5‘» 0D ‘_’Lm.: fu‘)a J>|»b )JQLM JB» U”‘ )Q ]

&l (il Jo1s polie) weyd A laebl b (s )0 o)l Cigo slbs JiSlas gl1_g (e ) Jgua
ST M =107 U o) a5 5l ooliiwl U1 — @ 9T wglicio polio

n
1-—a 0 Ve Vo Y- Y b Ve
ALY YIOY YIYEA ARV YIYYA Yhav YAY-
T sy [y e | el | eran | e | eran
FIFYY YIYYE Y/aY0 YIYAA Y504 N YIo-Y
gk (+1++5\) (+]+ YY) (+]++Y$) (+]++ YY) (+]++Y+) (+1++\Y) (+1++\0)
" AIY 0 Bl \Y ZARYZ Y/avy /a4 Y/FAY YIYYY
R SN IR CYRRYYS W NIRRT 2 5 W N CYRRY.N'S W AN YRS ¢ W ANCYRE VO W I YOS 4 9!

aoleo J.> 9 FT() )l oolazwl tl—a Ml}u LS‘)" P9 0“5) Cow! T é’)}-’ é.:l.a [N uLm.’ FT() '.&.*.‘5 uo)s
&% LS wz 5o € olysds CB3 b S ygo nl 53 el (g g, wiles so0e slagig, 4 Fr(f) =1 —a

D83 oz iy g ey 3l ope Lt g dwle 0956 5 (g3ae iyl 05l cawsas I, T

! Kernel density estimation


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o Y#

€ 8oL (pgn (g0e by, 4 l_g demle ¥ (g0 vk 595

(0)

ST = / el Vo) b sl eolatul b oy p K s 0 1 X £g,h adads wodds solo @ g gl 4 S o

g s e /qi(z D 55 5t o)l gl el o3l x0Tt — 1 5 S LF a8 sl)o Z2/Y,,

c(z) E9r abais lg5 o Gleuogs (pl b sl g5l azon —1 3 SGLF @),sral(l—a) Saiz odund lis

uﬁ;).la))d’ (nl)l

Sl oty 5 iy 42 L, XS sy Al el ye ol (sl 90 o5

. . Fro(x )1+ a
xf =2 - rlxe fT(xg"”) :

i=172..

el T J wls osims s fr (L) a5

T ri55 aols 45l Lo a5 cctls azgs b sl |x§f) - ng‘”| < €4S 0uS 1211, pgs plE losls pgms plS

al Olg S lyls s L Fr(t) = 1 — @ doles s ol (509m0 g dimg onls
loas e 5 o) o oS ol T I8 5 jsd @l 458 Y p2ps™ 65,50 sl

Fr2)(0) owmen 5 g2 (1) = (\/ t?2(a®?—-1) — a)_z 591(t) = ( t2(a2-1) + a)_z SIY o

oST il (golyl amy0 SO b oSl IS g9 @b sams L

jwﬂ _(afy-1)°

ae " y(a*-1)

[ (a5 - 1)

2o | _W)y fr,dy; t>

— = | [, ®dy; t <
Fr(t) =«

s(n—1)/2 Gl el )l b Ll ase5 gl dolas pse opl g ol ¥y Bolas e S C?UfYn(') Sl

los Camdtr by i Fr(t) 5l o8 aa LT J&s ob ol (n — 1) /2

Gl el gl az s K b Sl 65 ais syl Z2 aSul 5 Yy 5 Z dolas sl puiiie Ml 4y 4z 3 L LS
M)L) t> 0

Fr(t) =Pr{T <t}


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

A\ Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

2 _ 2 [e) 2 _ 2
=Pr{Z—+m—1)<t2}=.{ PT{Z—+M<H} fr, ) dy
0

Vo Ya(@®-1) 7 y y@-1) 7

2
. —1
:fo Priz? < tz—%—_lg v fr, ®)dy.

/ a? e . e il . 2 _ (ayy-1)? .»
t < az_l;lﬁow&mQ\y@gou@‘ﬁ)plwsjmwlg@t —m%bd)‘l

. _ - a? _ .

&5 &b 3l sl JTT JB b ol ozl y 2 g1 (D)elSSTE > 2= 515,01(8) S ¥ < ga(0) ol
S o oSS 1 LS ) 09l 48,5 giie ) i eaeld Sl eslaul L E a4y cos

LY goae m,gsdl 5l ooliwl L () Jgoz D1 — @ g cgline polie glp b oo dwle polie ¥ Jgox

At ) gz polde 4 SO Y Jado polde 058 0 00y0 aS job ylen 00 0 Gwlei |, € = 107 sla>

€=107% glas LY gouc vyl jlooliwl b1 — @ g7 glicio polio glypti_q polie ¥ Jouo

n
1-—a ) Ve V0 v . X Voo
A ¥/VAA Y/OY) YIYSY /YA YIYYA YAy YAV
NEW FIFYY YIYYE Y/AY0 YIVAY Y/SOA Y050 A
AT AYAR NERE LAGE Y/AvY 22N AT ¥IYYY

ool alyl ylo jod ylaob! sdo il glas w5 .Y
dnglio oad apl)l wax (he, b1y (LB slagby, mls 5 s (adly Jle o bl svel Consdy gl Caand (ol o
k3 slagt; 99 9 wax by 0lee cwyp 4 Jlozl 4 patsue gileand SOl esliinl b cpioren eled o
2300
by a5 Cewl maly i0,S bl oy e Swiz wiz sl plejes Gliebl slaojls [¥] Ol 5 5 ) Jlo
g o anlys 1T —a Plos iig Sl Sigo ol o ol oolatwl b6 55 ol Saix wix glp b ol

ol ol I8 ) p 0550 |y Cedl S0 SO j0 anle YT B0 0ligi VY (0,59l e ) G 039 o) Sen
Sl led] 5o 5 5ud el ol Camsds oy T5LiS VED 5 VV/FA o 5 a0 (ligms Jlame Bl g pailie anlllne

1 eibniz


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o YA

slSwz sl pleyes Glaabl glaosl axlllas )y .0iiS o Coxd Jlo g @ je8 3l eols a5 aas oo jLid walgl aS
Saiz 5l S 30 0lie yj9 a5 Sy a5 wis )5 ly )5 g g Laiiws aBle 550 2o,y AVID VO YO Y/
ol o 4y ol S 01585 (59 aBLSl laneds) Cuwl aua 0 AY/D 51 i b g (039 05 olereds) ol do )0 Y/
wls toos = 2493 o o = 0.05 511 = 120 (sl oas ools Sledbl ulul ozl amsls 55 Sy Lol
yob sles el oads LI Y Joaz ;0 L6 5 g g, 9 oz eolpiion ig, (se, A0 lejen liedsl slaosl
O 5 5 lawgi oud byl ool Jsb 5l oS oz (eolidany by lrojl Jsb wgdige 003 ¥ Jgur 5l a8
'JM ’aLo.t 6‘;4 uLu.o.'a‘ 6L®o)b AL o0 s ‘JJ‘ o 6.)[.@(.”.»4 u,us) as ‘)J) S (-,’J.E.o.o Sy90 u.t‘ <\.».J| ] ]5))4
sloosly Jsb i pt o Sz aix (sl b S 5 5 g, s A5 m ) leped sk dnalr slo
& Cel (nl o ookt (g, Cuje g walsS LSea gl (hg, b avalie )0 55,5 oS Lo oleiing (Ll
ST —a (LS ylaob! mhaw g ols ploxil blazwl Ll 4 gzl Glojen jolay 1) a5 olgs o Saiz sloss ,o sl

.Sileo

GOleiony gy (wlwl 2 330 101390 (39 Sy H ke 1 900 D lo o lubl baejl g ls .Y Jouer
OB 9 9 g o

S0 eoleiday (s, Ol 9 5l (o)

la o, Obabol ol o3k Job Obabol o3l o3k Job
Goozs | MFF QNN | YNYY | (A-YAQNYE) | VAP
Gozs | O NYENAZEY [ IVYY [ (V-NYA D JAYY) | -/V-Y
QY-8 AYAYS) | <IVYY | OYNY AY/AYD) | +/V-Y
OYIVEY AFARE) | VAYY | OYAYA AF/210) | VoAV

q0.75

qo.975

ol 0390s @) Jloy @iy clbSaix sl lalSabsl ekl glaojl acgeme [¥] 5l Sy, ¥ Jlio

9 Slaalie ’a‘—k ‘5».».)).1 o)LoT J.:LM o ‘k == 1, W, n 6‘;: ‘(k - 0.5)/Tl )JQLM )lés.oj ) »bl.e‘a.m.u ).uljgu.wg)
FLENNLY <° OL"’ 5‘ ] oo)S ml.> P‘—(k - 0.5)/7’1, LSLQ‘S“\""’ 6‘)3 o..\.o“ Cewddy uLo).o.Cb uL».a.o.L:‘ L;LQQ‘)S u,u.)LQ;
s et 3 b aiten Sl qie Il Wools aSil ga3l Cz E5ln (255 a3l ln 0ol (sbg; logad ol
Jboy go555 5l osls il oo gy lojed liebl slagy S I3l Sen Sloalin oo slao,lbl 5145 & )j50
bl Gy b solenian (hgy dmlio 5 g pis 4 (o8ly 0310 dcgerme G sl meolsS o0 Coond (] 55 LS (o0 S
ooly (a1, [v] iad) Sl VFA axino [A] ool ad T Y Joaz sboools .oujlo o 501 ,S0ug, lawgs oads
YI¥A Jle Blyzl L YV bools 1Sl conl gSunilyailes Jolgw 1o aily oo £ 5l am 00l (5w boj 4 22,
iales Cmizen g Slaslin plk 55 oyl blis ok =1, ., 1 Gl (kK — 0.5) /1 polis o, b [Y] el

Gorm Jby gy 5l bools a cewl aid 3 asecs VY maw jo (Jlog slaSais ol lies floebl slagl,s


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

4 Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

oy 00 3 lasbiw] s 5 slao,lel (gl 50l g, g dsa golaiion lojen luebl lagl ST ) JS [0 0SS
‘_yus) Q?’“(SA oodlive ) Jiu )| as )5Joul.o.£b Cw! Y/QV\C )J‘)J 4.)3..0.) 44 LQ‘J" t0.95 )L.\AA aS ol JSQ Lel 'n)\l loadds
o yalol) ez Glilo goleiing by, a0 sk S oo )] ISy sy 4 o (650,00 slag],S goleing
o) 232X 107 o sl il Samy, by Js ol 181X 1072 (el cewsty luebsl slaosl Jsbo
sip = 1 90y o aladi iz aes o plid b gy eizres el (00l ] wpas (g, il V1AD Joles ez
Nz gy 0 e 55 nlply s pad (LS 1) gedge (nl JlSaws; Ghsy (Js wies 75 ool sbml slagl,S

s Jbo 5 2395 glylo Wools a5 wiS o dogr 301 Sowsy g, S5

Sl yailis Jolgus 50 aily Zgo F7 5l am 00l 6y Lo sloools F Jguer
AUEEO | VY | YYAY | XYY | VAOA | Y/AZA | #N0F | AIYAY | F/AYY | Y/-AY V/AYY
O/OFY | SITO0 | F/NNVE | Y/-aY | $/-0A | Y/-QY | Y/-¥Q | /AN | o/ | «/YeY | Ve/¥VA
YIORQ | Y/EVE | YI-YO | £/-0F | YIAOYA | VIENY | YIVAZ | OIYAY | O/V- - | <[AF- YIYVY
YIVYY | YIees | YIAYY | $/VA8 | YN | YI-YA | F/-9Y | Y/-2F | OIYEQ | O/AOF f/7a4
YIAY« | OIFOV | Y/APA | YIVAA | Y/ZAQ | VIAYY | O/FOY | V/A-A | YIYFe | VY- f/yva
VIOAY | V52 | £IFA« | FIONY | Y- AN | Q/EYE | AIADA | VIYAY | <NO0 | VYD a/- 0¥

— Rosenkrantz
r—==— Our method
o Order statistics (]

Standardized order statistics
-2 -1 0 1 2 3

-3

0‘.0 012 0‘.4 O‘.G 0‘.8 l‘.O
p
Lusgs ool a3yl ylojed ylebl oI, b olpod F Jouzr 50 suud 8 yluibuw! wiludlice (o 5 sboo Lol ) S

(oo ba3) 5301 ,5Cmg ) (09 9 (e b)) GOk 09

5 gy Jleiz! Blad 511 ead al)l ayas yhgy o Slee (gjluwdncd 3l oolainl b pyjlo auad cad ) 50 ¥ JLio
el 325 g iludnd e oS dslie Ol )Sen g 5 9 581 Scs) Ly ool ALl (Bg) 95 b e Lawgite

oobyls g uSibee b Jlo i au95 51 T o3lail 4y slaigas conds ools 1T — @ ol Lol mhas 9 T diges pox> sl

seSur N ogly sy 100(1— @) gljes plaebl Glaosh (35, 4w 2 6lp wyie w85 07


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o v

Oloyer liabsl slaosl jo Saum 1 opl pled LT aSl ams 0gi 0 JoSis 0.5/, 1.5/, ..., (n — 0.5)/n
Jsb (gwain bwgio n) 1/M Glg5 4 ouds ol laoly Jsb wpalols (rizmen gdie S (3 b aiiun
Slai o 5 350,85 b NSIM 358 al> o 05 (g0 4285 L5 0 by, S5 o Glaieds (s ol (slaejl,
5 by Jlaml Gl osln plyea s oad JSs plojen pliebl glaoil jo ol Sz 1A gl
=0 Gl iloand @mls wgie wl)l (g, Ol e egie lsiea (g, Soead S Sl Sk
ol ons &1) 8 Jsa> s Nsim = 10000 , 1 — & = 0.95 . = 5,10,15,20,30,50 02 = 1,5
§ M Al Aol (2 Kiloo ke 4y 00l drsloms Slapo bawgio 5 (g Jloil 091y &5 Col medgi 4y 03V
dinly analz uilly Jladie 4 Gidgy Jlaiol 0y5lp az 8 08 )8 L 50 sao 1) ol e oS 51 s o5 900 1
2 anelr Guilly Sl S s SasS e 95 Gl ple el anly asely (b )ly Jlade 4 lapare Lawgie (g S
GASe by Jleimt ghls 5l Sas ;) Ghgy b anslie jo oads ayljl waz (g, (5555 Bl 5l aS ol S5 4 p3Y
Gl Sgy Gha) b demlie 50 dpaz (Bg)) 000 (65565 e bawgie (ulply 5 Cenl 1= @ cosl el o @
ol &l)) by s ol Sz wiz Gl plepes Glaebl laojl JSis & aieaddle o5 Sloj (Sl 335 (259,
Jlei] sls o ) apaz g, el ol lisabsl i b ply i Libsy Jlaisl sl o Sas 5 5 bawss
DAz gy 4 S (558 o bansgie s G Kem g 5d (g, Sl onl o 1 g (g aelsx 1T — @ Jilao i

B = Slbojond alyl asus gy 9 3l Souwgy (sl )0 9 9ud (L JIg5 0 ySlos A lilo (gl (g5l L .0 Jou
2wl Nsim = 10000 1 —a =0.95 n =5,10,15,20,30,50 0% = 1,5.0

la by, Siudgy Jlei>l o5 5 b ) pn Lagie

02 | n | OSes g g | 3lSaeg, | wae | Lo g g | 551 Shuy, e
N DATE </AAY | -/90F APARFA FIVY YIefyY

B QAL <JAYY | /0¥ Y/-vf Y5 YIYOF

VO -/4¥4 <[AYY | /20¥ \/QVY YIV-Y | VYOO

\ Y. </A0Y <JAYY | -/q0Y ARAR! V/A<A \/fPY
Yo </A0Y </AY¥ | -/20¥F VoA VIYAS VAYA

g </a¥F <JAY- | -/20Y <JAY - VYO < |AOY

N < /A0Y <JAAD | </A0A YIFAD YOIYYY | Yo/

\e. </A0Y <JAYF | -0V f/ovyY ZIAN- INARAY

VO </20Y </AYA | -/908 AN /a0 Y/aff

8 Y- <[A0Y <1AYO | -/A0Y AVRRRY ¥y | YWY
Y. <A0- <1AVY | /200 Y/ Y/-a% | YIOFY

O DATE <JAYY | -/200 VIAY'S AARTA AR



https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

¥ Sy &g sSTuiz (§l 580 Hlojes  Liab] sloojb

Llod 5l 551 S0mg, Lawgs ool 4l oy, 0 S (550 9o Wiz (B 9800 0salin B Joux 5l 45 jsbiles
OhlSen g 9 awgs onds ol)l (g ) o0 U1 457 pobosles .ol /A0 conl Glirebl mhaw 4 (S35 5 o> Lansgie
9y b ol Dol oy, cal wdl yiin Vel digel e oS Gloj (Jg Cenl 0 Shee (n e Sl (s5leannd o0l 5o
Obeyed slablozul gl IS sbgy Hlecas |y ssam Bgy olei oo ol pln 0,0 poe awgie blod 5l eads ]| a0
oRIP gy e Lawgio il oo (Rl sl (wil)ls &5 (Sle dged drogi Jloy Al Sh slaSaiz 4 g2,
Sl lgas Dl s s 4 Dl psh) W18 (oo DS iedgy SVLi>load SIS &5 jsben (Jy b

(Ce!

& S5 domeid Y

Shre bla el coz cnloads Gl oy dssle sloSaiz sled gl 380 lejen licedsl slaojl allas cpl jo
Og>g0 L}«JB) 99 9 N> U"’B) 6[.%»))))[5 ‘G’ﬁ‘j JLA 99 L;Lmoob )l oslazul l.t IR ‘_;)M ‘;‘)IS (S’me“"")}i” s)Lu Sy940
Ll jlogrge gy b awazr oy, (silwaned jloslitul b rizres 0005 anslie S0uSh b lagty, 9 wod g pis
Slojl acgazme oS ol nl Y] (ooleiiny g, 0 o daaz B9 Cu o it dlin o ansgite 5 2y Jloio|
V] g, b dlio )5 cnlply aitn (67205 o (sllo calplir 5 o [Y] g, B8 2 ssleiing lojen (Ll
ald 0y s 8 5l ol Swiz iz @ a2y Hlejes bl peolesy Bro 51050 oo dogi (golpiion (o,
o9y b s3by sl e Lawgie jlade Bl jl sz by, 42,5 39 o0 dnog [F] lags ot sleity (09, el
oy Cage by e il blasul Cga aBle 390 S ain sl 5 Cenl Vo 3l i dges e a5 Sbej ol [F]
Jilas liabsl o oles b olegon blial Wlgi o o lged 48Me 3,90 slacSaiz slass j 56 a8 Conl 5l wyor
3 Gl Jlo i 365 6lylo aralz a5 Jloj 4y g5 oo 1 ookl Cwsdds gl oS Cewl S3 @ oY b a1 —a
ool JSis wans asein dssl> mjer a5 Gloy (Jg (aiee oy ajer slhls bools i &I 155) ols guess
Gloojl 3,Shes sy 5 Ay ol 45 i o gl el Sp il Sz alad gl ds plojen Lol
anol> @595 145 058 oo ylo qie opl 50 S dnzlie [¥] @) Jlo it anels> clls j0 00 al)l lojen licals]

i e Lo 8 ol Y goljl az o b 5 ause aile wgd Jloy 4 ooy

References

1. S. Chakraborti and J. Li, Confidence interval estimation of a normal percentile, The American
Statistician, 61(4) (2007), 331 - 336.

2. Z. Zhang and S. Nadarajah, On confidence interval estimation of normal percentiles, Japanese
Journal of Statistics and Data Science, 1(2) (2018), 373-393.

3. W.A. Rosenkrantz, Confidence Bands for Quantile Functions: A Parametric and Graphic
Alternative for Testing Goodness of Fit, The American Statistician, 54(3) (2000), 185-190.

4. W. Liu and F. Bretz and A.J. Hayter and E. Glimm, Simultaneous inference for several quantiles
of a normal population with applications, Biometrical journal, 55(3) (2013), 360-369.

5. AJ. Hayter and S. Kiatsupaibul and P. Napalai and W. Liu, Simultaneous Inferences on the


https://mmr.khu.ac.ir/article-1-3332-fa.html

[ Downloaded from mmr.khu.ac.ir on 2024-06-26 ]

Vo1 o) o plosis o0 0,90 o 25 5 (5o yitg 3o vy

Cumulative Distribution Function of a Normal Distribution, Communications in Statistics -
Theory and Methods, 44(24) (2015), 5136-5145.

6. L.S. Segbehoe and F. Schaarschmidt Fand G.D. Djira, Simultaneous confidence intervals for
contrasts of quantiles, Biometrical Journal, 64(1) (2022), 7-19.

7. A. Malekzadeh and M. Kharrati-Kopae, Simultaneous confidence intervals for quantile differences
of several heterogeneous normal populations: With application to vitamin D supplement treatment
on colorectal cancer patients, Biometrical Journal, 65 (2023), 200083.

8. P.J. Bickel and K.A. Doksum, Mathematical Statistics: Basic Ideas and Selected Topic. Upper
Saddle River, New Jersey 07458: Prentice-Hall, Inc; 1977.


https://mmr.khu.ac.ir/article-1-3332-fa.html
http://www.tcpdf.org

