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Article Info ABSTRACT
Article type: Introduction
Research Article Throughout this paper, R is a commutative Noetherian ring and a is a proper

ideal of R. In the case where R is local with maximal ideal m, R denotes the
m-adic completion of R, Ex(R/m) denotes the injective hull of the residue

Arti(,:le history: field R/m and (—)Y = Homg (—, Ex(R/m)) denotes the Matlis dual functor.
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Accepted: 20 May 2024 cohomology module of R with respect to a). The R-module D, has been
Published online: studied in [16] by the author. Indeed, we showed that these modules treat like

10 July 2024 dualizing (canonical) modules over Cohen-Macaulay local rings. In the

present paper, the main aim is to introduce and study a concept of maximal
relative Cohen-Macaulay modules with respect to an ideal a of R. Indeed, this

Keywords: notion can be considered as a natural generalization of the ordinary concept of
Local cohomology, Maximal Cohen-Macaulay module over a local Cohen-Macaulay ring. Let R
Maximal Cohen-Macaulay, be a Cohen-Macaulay local ring with a dualizing R-module Q. Then, there

Relative Cohen-Macaulay. exists the well-known isomorphism M = Ext& t(Ext4~t(M,Qg), Qr),

whenever M is a Cohen-Macaulay R-module of dimension t. Also, we know
that there are some well-known results in the aria of tensor product of Cohen-
Macaulay modules. For this purpose, suppose for a moment that R is a Cohen-
Macaulay local ring with a dualizing module Q1 and that M is a non-zero
finitely generated R-module. Kawasaki, in [12, Theorem 3.1], showed that if
M has finite projective dimension, then M is Cohen-Macaulay if and only if
M ®pr Qgis Cohen-Macaulay. Next, in [13, Theorem 1.11], Khatami and
Yassemi generalized this result. They showed that the above result holds
whenever M has finite Gorenstein dimension. In this direction, we show that
the above result holds under the assumptions that sup { i| Extk (M, R) # 0} =
depth(R) — depth(M) and TorR(M, Qz) = 0 for all i > 0 which are weaker
conditions than finiteness of Gorenstein dimension of M.

Material and Methods
In this paper to prove the most results we use the methods of derived category
and spectral sequences.

Results and discussion

In the present paper, as a generalization of the notion of maximal Cohen-
Macaulay module over a local ring R, we introduce a concept of relative
maximal Cohen-Macaulay module with respect to an ideal of R. Then, we
investigate some properties and characterizations of such modules and as an




application of them, we provide generalization and improvement for the
results [12, Theorem 3.1] and [13, Theorem 1.11].

Conclusion

As a first result in this paper, we show that over a relative Cohen-Macaulay
ring R the n-th syzygies of any finitely generated R-module M is zero or
maximal relative Cohen-Macaulay for all cd(a, M) < n. Next, we generalize
a well-known result related to the maximal Cohen-Macaulay modules. Indeed,
we show that if R is a relative Cohen-Macaulay local ring with respect to a,
then for any maximal Cohen-Macaulay R-module M there exists the natural
isomorphism M ®x R = Homg(Homg (M, D,), D,). More precisely, for all a-
relative Cohen-Macaulay R-modules M with cd(a, M) = t, we provide the
isomorphism M ®p R = Ext§ t(Ext$t(M,D,),D,). Also, over relative
Cohen-Macaulay local rings, we establish a characterization of maximal
relative Cohen-Macaulay modules. Finally, by using the above-mentioned
results, we could provide generalization and improvement for some well-
known results in the aria of tensor product of Cohen-Macaulay modules. We
establish another main result which, by using D, instead of Qp, provides a
generalization of the above-mentioned result of Khatami and Yassemi. Indeed
we prove that if (R, m) is an a_RCM local ring with grade(a, R) = c and M is
a non-zero finitely generated R-module such that Tor® (M, D,) = 0 forall i >
0. Then the following statements hold true:

(i) Exti (M ®g D,, D,) = Exti(M,R) for all i and M ®p D, # 0,

(ii) Suppose that sup { i| Exti(M, R) # 0} = grade(a, R) — grade(a, M)
and that grad M = grade(a, R) — cd(a, M). Then M is a_RCM if and only if
Hi{(M ®z D,) = 0 for all i # cd(a, M). Furthermore, as an application of
the above theorem we could improve the results [12, Theorem 3.1] and [13,
Theorem 1.11].
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depthgM = dim R o5 ;o <055 oo JlowuSle JSams255 |, M oo bt Jgoum R &g ol 5o il
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lodsse s lor s wiy (nl (ndge (it S gladil> (g5, rizred 5 Cool Sl5T slaJgoe gains, Lo
(S axzlye Y] oy 4 Wl o 0atilys ain) cnl 3o ity Slaaiz Cqz) sl o (Ll S an b alge alie
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M ®z R = Homg(Homgz(M,D,),D,).
5,50 a8 oS e ol cd(a, M) =t L a Jlowsl & cons S y045 slo Jgow ann slp 5 Gudo jgha
il 85 0,500 55
M ®p R = Ext§ “(Ext§ " (M,D,), D).

! Functor
2 Canonical modules
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! Kawasaki
2 Derived category
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! Cohen-Macaulay with respect to ideal a
2 Cohomologically complete intersection ideals
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! Directed index set
2 Flat Base Change Theorem
3 Independence Theorem



1FoF (090 0 ylas p00 0,99 « Sb 5 slo 4095 .

ol A gazeo S5 [y, 0.84] aad 4 ax g b Gygo opl 50 ail g pgal Jeoem R SO P oS (5,8 (Vo

oS o 4 ol 35240 {F]-}]_EI aile Wae oalite ol sla Jgiam R 51 (sl o0lgils ol o ey | puiiins

jel

i# 0,0, WHSHF ®rDy) =0i%# 0, jE I » il [18, FY()] a5l oolinal L ol ol

I'“'i)“)
HSY(P ®g D,) = limHS™(F; ®g D,) = 0.

jel

ool b Jl= Exth (P @r Dy, D) d # 0 sas o el a5 ayo olie [VF, Y] ames 28,5 15 4y b ol b

el 39250 25 ) sog @y sieb 4ty [V, YA S35 5 [V7 )+ FA] 4

E}%: = Extp (TorX(M, D), D,) = Exth 4(M,R).

o3 5y b 42, WG EYT =09 # 0 o sl o Tor&(M, D) =0 45 o g > 0 15 sl 052
s s EXty (M ®pg Do, Dg) = EXtR(M, R) (3,5 i sae 0 slp pls Sy 5,54 = 0
ol 1 gemmo sas o sl [V, ¥.Y 0] and 5l ooliceal L 13 o] cwsaSy Jsaom R 3 R (y53 45 oS azgs aolsl

M ®pg D, # 0 was s ol a5 Exth (M, R) = Exth(M,R) ®g R

S5 R asl 5,8 4 grade(a, M) < cd(a, M) < cd(a, R) slosglust 3l ooliiwl b a5 oS ax g5 wub lal (¥
Josde S5 M o5 o8 Jlb aisboe b sae 5 grade(a, R) — grade(a, M) .cwl a_RCM «il>
5 () o)l5S 5l esliral b JU EXtR(M,R) = 0 4,15 i # grade(aq, M) ;o sl o250 ol po o3k a_RCM
o)l Se rizmes HY(M @ Do) = 0.0 # cd(a, M) gmo sas 0 slp 85w ol [V8, YY) s

Dgdoe Jol> [V, ¥.Y] a5 () 6,155 5l eolawl b ,95 3

sy g1y )l alie (plitd S ol g Wge alite aol Jyuem R S M g (rnoge il G R 08 (658

4> 0 sae o slp a5 wies e s [V, Ve, 50V] o135 5 [0, V) 0] ams (g cpl jo (095 oo [V]
VAl a4 a5 b aizman 5 0bl e R ail> gl Gl Jyaum R S Qg eyl 4o 45 Torf (M, Q) = 0
Al oSe was e ol 5,535 sup { 1] Exth(M, R) # 0} = depth(R) — depth(M) o5 ol [¥,

! Third quadrant spectral sequence



) or Szl 6 Jolo 9 JloeusSlo (oo JCo- 1255 (5lo 3o

e M Jgue opliis $ am Ly o7 sup { ] Exth(M, R) # 0} = depth(R) — depth(M)

BJ'ML’ JjJ.O_R t_iaM 3QR d)La.a.o dew o‘).o.méuu’.’.‘o}a ‘5”&4*0%554.01}&’ (R,m) .\Juo)_e .;,Y )Ss'b.
e 9 SUp { | ExtiR(M,R) # 0} = depth(R) — depth(M) 45 sk ail g olite
Gl F oyl Lo 551 Jsoe o> 65 o ool QE(M) yn = dim R o5 55 J> . pdr(M) =
50 6l sz mimed ol JlopeSle JISe- 5055 QE (M) Jsoo Y.Y S35 4 a3 g5 b o jg0 ol o b M
o 1> 0 o sas o gl e el 5, Exth (QE(M),R) = Exti™(M,R) 25,5 d > 0z
2 Sy ames s Exth (QE(M),R) =0
RHomg (Qf (M), R) =~ Homg (Q5(M),R)

5 ol JlonSle JSom 255 HOMR (QR(M), R) Jpoam R roizmon 5 33500 ) b Jsoie o 3tn i )
& 225 b ool ol Extip (Homg (QF (M), R),R) = 0 )5 i > 0 o sl [Y, YO ] a4 a5 L 1
2y sz S Y, ALEYS]

RHomg (RHomg (Q (M), R), Qg) = QE (M) ®% RHomg(R, Qg) = QF(M) QK Qg
I llae oS g S yd 2,38 b J TOrR(QE(M), Qp) = 0 sl axslo i > 0 o gl a8 oS oo Sl
Gdimg(M) <1 GdimR(QE(M)) = 0 o5 255 o0 45 (M) gt sl [¥5 VY] o 00 5 L
oS col oline L ae lls WS e oo sup { | Exth (M, R) # 0} = depth(R) — depth(M)
il oo olzel M lits § say a5 coul 59250 SUP { i| Exth(M,R) # 0} =0 L,

oy Jem 529 dil> S5 (59, ams o lis aS VY, V0V ] anad ;05 50 YU js sa o)Ll SHLasg b
e 5295 M olST sl caline (pliisF ow b wge alite Joaom R SO M 51 Qg Gjlete Jgoo b ol o R

o on ot |y el o255 M @ Qp 5571 5 551 e

5 2ol Josom R Sy M5 Qg )l Jooo ol o 4y (rd90 (JSam 058 ail 5 (R M) 08 (53 9, 6,138
o 6l owimen s sUp { | Exth(M, R) # 0} = depth(R) — depth(M) 5 sk wil Wge aliwe
L5 5 55T ol (UlogSle IS 058) IS 525 M o2 j50 ol o TOrR(M, Q) = 0 i > 0 s s0e

ol (JloguSlo Jom055) Jem 255 M @ g 51



1FoF (090 0 ylas p00 0,99 « Sb 5 slo 4095 Y

b omizmod 3 Sl R il (sl Sjlae Jgoo o R @R Qp = Qpp Y, Y10 (C)] 40 @ 4255 L oS g izl oo
Exth(M,R)®zR = <o 5,5 5 depth(M) = depth(1\71) 5 depth(R) = depth(ﬁ) sleglas 4 axgs

15 055 lgiss 1 5 el olS dil Sy R S o3 walioes TOTR(M, Qr)®g R = TorR (M, Qp) 5 Extl (M, R)

Lol ol grad(M) = depth R — dim M a5 6 5 a5 oo ol JSom3265 R 552 cpizan Qg = D
oiple 8 p 5l Ol¥ s S 295 R 92 izmen IR m

10.

11.

12.

13.

14.

15.

5 oo JolS (V).0,Y anad 5l oolazul

References
M. Auslanser, Anneau de Gorenstein et torsion en algébre commutative, Séminaire d'algébre
commutative, 1966/67, notes by M. Mangeney, C. Peskine and L. Szpiro, Ecole Normale
Supérieure de Jeunes Filles, Paris, 1967.
W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge University Press, Cambridge, 1993.
L. W. Christensen, Gorenstein Dimensions, Lecture notes in Mathematices, Springer-Verlag,
Berlin, 2000.
L. W. Christensen and H-B. Foxby, Hyperhomological Algebra with Applications to
Commutative Rings, https://www.math.ttu.edu/~Ichriste/book.html.
L.W. Christensen, H-B. Foxby and H. Holm, Beyond totally reflexive modules and back, In:
Noetherian and Non-Noetherian Perspectives, edited by M. Fontana, S-E. Kabbaj, B. Olberding
and I. Swanson, Springer Science+Business Media, LLC, New York, (2011) 101-143.
K. Divaani-Aazar, R. Naghipour and M. Tousi, Cohomological dimension of certain algebraic
varieties, Proc. Amer. Math. Soc. 130 (2002), 3537-3544.
E. E. Enochs and O. M. G. Jenda, Relative homological algebra, de Gruyter, Berlin, 2000.
S. H. Hassanzadeh and A. Vahidi, On Vanishing and Cofinitness of Generalized Local
Cohomology Modules, Communications in Algebra., 37 (2009), 2290-2299.
M. Hellus and P. Schenzel, On cohomologically complete intersections, J. Algebra., 320 (2008),
3733-3748.
M. Hellus and P. Schenzel, Notes on local cohomology and duality, J. Algebra., 401 (2014), 48-
61.
D. Jorgensen and L. M. Sega, Independence of the total reflexivity conditions for modules,
Algebras and Representation Theory, 9 (2006), 217-226.
T. Kawasaki, Surjective-Buchsbaum modules over Cohen-Macaulay local rings, Math. Z., 218
(1995), 191-205.
L. Khatami and S. Yassemi, Cohen-Macaulayness of tensor products, Rocky Mountain J. Math.,
34 (2004), 205-213.
M. Rahro Zargar and H. Zakeri, On injective and Gorenstein injective dimensions of local
cohomology modules, Algebra Colloq., 22 (2015), 935-946.
M. Rahro Zargar and H. Zakeri, On flat and Gorenstein flat dimensions of local cohomology
modules, Canad. Math. Bull., 59 (2016), 403-416.



Y or Szl 6 Jolo 9 JloeusSlo (oo JCo- 1255 (5lo 3o

16. M. Rahro Zargar, Relative canonical module and some duality results, Algebra Colloq., 26(02)
(2019), 351-360.
17. 1. J. Rotman, An introduction to homological algebra, Second ed., Springer, New York, 2009.



