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Introduction

Let X be a topological space. We denote by C(X) the set of all complex-
valued functions on X. Then C(X) is a commutative complex algebra. Let
C?(X) denote the set of all £ € C(X) for which f is bounded. It is known that
C?(X) is acommutative complex Banach algebra with the uniform norm ||-||
defined by |Iflly = sup{lf(x)|: x € X} (f € C’(X)).Note that, Ay €
CP(X) where 1 € C and Ay is the constant function on X with value 1. We
denote by C,(X) the set of all f € C(X) for which f vanishes at infinity. It is
known that C,(X) is a uniformly closed subalgebra of C?(X). Note that, 1, ¢
Co(X) whenever X is not compact and C?(X) = C,(X) = C(X) whenever X
is compact.

The symbol k denotes a field can be R or C. Let X and Y be topological
spaces, A and B be linear subspaces of C?(X) and C?(Y), respectively, over
K and T: A —» B be a map. We say that T is RT-homogenous if T(rf) =
rT(f) forallr > 0and f € A. The map T is called norm-additive in modulus
if [HTUOI+IT@I lly = [lf1+ |glllx for every pair £, g € A.

In [9], Tonev and Yates characterized surjections T from a complex
uniform algebra A on X to a complex uniform algebra B on Y for which T is
R*-homogenous norm-additive in modulus, where X and Y are compact
Hausdorff spaces. They also gave certain conditions under which T is an
isometric algebra isomorphism. In [4], Hosseini and Font generalized the main
result in [9] for function algebras on locally compact Hausdorff spaces. In
fact, they characterized maps T and S from a complex function algebra A on
X to a function algebra B on Y for which T and S are surjection R*-
homogenous and satisfying

T+ Ty = IHF]+ 1glllx = ST+ 1S(@Ily
for all f, g € A, which are called jointly norm-additive in modulus, where X
and Y are locally compact Hausdorff spaces.

Let (X,d) and (Y, p) be metric spaces. A map ¥:X — Y is called a
Lipschitz mapping from (X, d)to (Y, p) if there exists a constant C such that
p(P(x), P(xy)) < Cd(xy,x;)  for all  x;,x, €X. A Lipschitz
homeomorphism from (X, d) to (Y, p) is a bijection ¢: X —» Y such the ¢ isa
Lipschitz mapping from (X, d)to (Y, p) and 1~ is a Lipschitz mapping from
(Y,p)to (X,d).
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Let (X, d)be a metric space. For a K-valuded function f on X, the Lipschitz
constant of f is denoted by Ly 4)(f) and defined by

Lix,a)(f) = sup {% X,y E€EX, x # y}.

A function f:X - K is called a K-valued Lipschitz function on (X, d)if
Ly ¢)(f) < 0. We denote by Lipg (X, d) the set of all K-valued bounded
Lipschitz functions f on (X, d). Then Lipk (X, d) is a subalgebra of C?(X)
over k that contains 1, and a Banach algebra over k with the Lipschitz sum
norm ||||Lipx, «) defined by

If ILipcx, ay = Wfllx + Lex, 0y (F) (f € Lipg(X, d))-
The algebra Lipg(X, d) is called Lipschitz algebra over K on (X,d). This
algebra was first introduced by Sherbert in [7]. We write by Lip(X, d) insteand
of Lip¢(X, d).
In [4], Hosseini and Font characterized surjective R*-homogenous and
jointly norm-additive maps between complex Lipschitz algebras on compact
metric spaces as the following.

Theorem [4, Corollary 3.7]. Let (X, d) and (Y, p) be compact metric spaces
and let T, S:Lip(X,d) — Lip(Y, p) be surjective R*-homogenous jointly
norm-additive in modulus maps. Then there exists a Lipschitz homeomorphism

@ from (Y, p) to (X, d) such that [T(F) M| = If ()| = IS ()] for all
f elLip(X,d)andy €Y.

Let X be a compact Hausdorff Space. A self-map 7 : X — X is called a
topological involution on X if 7 is continuous and 7(z(x)) = x for all x € X.
For a topological involution 7 on X the map t*: C(X) —» C(X) defined by
°(f) = f o1, f € C(X), isan algebra involution on C(X) which is called the
induced algebra involution by T on C(X) where f is the conjugate function of
f.Define C(X,7) ={f € C(X): 7°(f) = f}. Then C(x, 1) is a self-adjoint
uniformly closed real subalgebra of C(X) that contains 1, and separates the
points of X. Moreover, C(X) = C(x,7) @ iC(x,t) and ily & C(X, 7). This
algebra was first introduced by Kulkarni and Limaye in [4]. For a detailed
account of several properties of C(x, ), we refer to [5].

Let (X,d) be a compact matric space. A self-map 7 of X is called a
Lipschitz involution on (X,d) if T is a Lipschitz mapping on (X,d) and
T(T(x)) = x for all x € X. For example, the self-map = on D defined by
1(2) = Z, z € D, is a Lipschitz involution on D where D={z € C: |z| <
1}. Let 7 be a Lipschitz involution on (X,d) and t* be the induced algebra
involution by 7 on C(X). Then v*(Lip(X, d)) = Lip(X, d). Define

Lip(X, d, ) = {f € Lip(X, d): 7°(f) = f}.
Then Lip(X, d, 7) is a self-adjoint real subalgebra of Lip(X,d) and C (X,t) that
contains 1, and separates the points of X. Moreover, Lip(X,d) =
Lip(X, d, t) ® iLip(X, d, 7) and Lip(X, d, t) = Lipgr(X, d) if and only if 7 is
the identity map on X. The Lip(X, d, t)-algebras are called real Lipschitz
algebras with Lipschitz involution. These algebras were first introduced in [2].

Maine Results
In this paper, we obtain the following results.

Theorem 1.1. Let (X, d) and (Y, p)be compact metric spaces, T be a Lipschitz
involution on (X, d), n be a Lipschitz involution on (Y,p), A be a real
subalgebra of C (X, t) which contains Lip(X, d, t) and B be a real subalgebra
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of C(Y,n) which contains Lip(Y, p, ). Suppose that x, = {x, 7(x)} for all
x€X,and X; = {x;:x € X}, 3, = {y, n()}forallyeYand ¥, = {y,:y €
Y}. Let T: A — B be a surjective R*-homogenous norm-additive map. Then
IT(1x)| = 1y and there exists a unique bijection @:Y, — X, such that if y €
Y and x € @ (y,) then |T(F()| = |f(x)| forall f € A.

Theorem 1.2. Let (X,d) and (Y,p) be compact metric spaces. If
T: Lipr(X, d) - Lipg(Y, p) is a surjective R*-homogenous norm-additive
map, then |T(1x)(y)| = 1y and there exists a Lipschitz homeomorphism ¢

from (Y, p) to (X, d) such that [T(f)(¥)| = |f (@())| for all f € Lipr(X, d)
andy €Y.
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w3 (X, d) it ctS ST X 2 X il 00,88 Sy slad Sy (X, d) oS o8 Y
Slhas g 51 Xp = Zp Sygocpl 0.%,Z2E€X gl Lip (X, d,7) Jolos a5 0l C(X, T) jmpy SO A
Fr(A) € F,(4)


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

1P+ o lg 0 lais (0 0550 ‘Lf‘éé) sl ying 3 AS

Fe(A) = F(A) oo X =T(Z) LX = Z Sygo0n] 0 X = Zp 9X,Z € X 1S 0 (0,3 ol 1y g
el S350 po3) e F(A) = Fp(A) 18 Fy(A) = Frpy (A) o527 Fr(A) = Fry (A L

lad 3 Zp 5 Xp sloacgarme Fo,u8 X N2y = B Byso00l 5. Xp F Zg 5%, Z € X 0iS o0 58 S|
a5 5kt 3518 3525 U aiile (X, d ) Sy (518 po Ll =T 5L acgazme o oS oolml (X, d) 03,25 S e
t EX o Glil 4 aSs,sba )5 0525 gy ELIPX, d, T) &b VY Jaars bz, SX\U 52, S U
Jx &5 a5 el woly G () =0t EX\U o sl s gx(x) = g(z(x)) =1 0< g, (D) <1
o Gx € Fp(A) aS ol o5 92(2) = 0 s s 2 € X\U a5l 5l ool F(A) ) sge
Sl g el 8 colsS o Xy = Zp KT F(A) € FL(A) 3145 wlosls plis oplple Fr(A) € F,(A)
g0 JolS
X,ZEX oS 5,90 0bl F(A) =F,(A) s amss Xy = Z; X, Z €EX SIEY o 1045 o)ls avgi iS5
Fr(A) € FL(A) puil axsls cusl 35 X = Zp 50,5 Cows sl
009 (X, d) p it ctS p S TIX 2 X cail 00,08 om0 slad o (X, d) oS (22 0Y o
o1 f € A\{Ox} sx € X s1.clLip(X, d, T) Jolis a5 aslb C(X, T) slady; o A

lF O+ Ifllx = inf LI FT+ Rl llx:h € 1IfllxF (A)}-
oo o 3 Ifllx =1 a5 f € A\{Ox} 53X € X oS o 5,8 ol 5l
E={lllfl+ lglllx:g € F (A}

5 Gl 09290 INf E oS o <l

|f(x)| +1 =inf E. (¥,\)
o510 g € F(A) 31 el i slael 5 b acgorme S E a5 095 oo i 1y € F(A) a5yl 5

lfCII+1=1fC+1gCI < I 1f]+ 1glllx-
0203 o 3 € > 0 oS 53l E ool o), SO |f ()| + 1 oplple
Ue={zeX:|f(D| <If()| + e}
&b Y o) b X € Ug g sl 5L (X, d) oy slad 50 o8 sl X (6Ll -T asgormen; S0 Ug &gl 5o
59e() = ge(T(x)) =10 S ge(2) 12 €X ja (Il & 4S5 9ba 310 3525 ge € Lip(X, d, 7)
oK1z € Ug 51.9e € F(A) o5 el moly .ge(2) = 0z € X\U; ,» 3 &
lf@I+1ge@I < If@DI+1<If+e+1=[f()|+1+e
KTz € X\Ug 51
lf@Dl+1ge@D =1f@DI+0=f@ADI <|fllx =1<|f|+1+e.

Z €X o sljl 4 aS ailosls ylas e

If @] +19:@)] < If()]+1+e€.
S oo ams (X, d) 0 X So,28 9 X p|f| 4 |gel Jloie - idi> ol Stwgn 4 ag5 b oplplo


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

AV ] Sl U gudediced (Al U gz o Ly ($lboy S o ra2—po i sl T

I1FT+ 1gel llx < If )+ 1+e€
1
f“"i)") soq..:LA.‘;l)l JYM‘ d,.la ”,fl”X = 1
11Ol + 1 =inf{llIf2] + lglllx: g € F(A)}.
A5 ool Gl
IF N1/ COl+ (I fllx = mELlf N 1]+ 1gl llx: g € F(AD}.
sl of = Nfllxfir Sepl a4z b oy

IFCOI+1fllx = inf (L IFllxlfil + Ifllxlgl llx: g € F(A)}
= inf{l 1]+ | Ifllxgl llx: g € Fe(A)}
= inf{|l If] + |kl llx: h € lIfllx F(A)}.
g o JolS SL ol iy
S aNiY DY 5T X DX 5 esg 00,88 Sy slalad (V,p) 5 (X, d) oS (58 £.Y andd
o T:A—> B gculLip(Y,p,n) ol a5 asb C(Y, 1) Gd> > S0 B el Lip(X, d, 7) Juls
5o oy DYy = Xp GUSy Lgwsd Sygoinl 5o il Glheyad )0 aex —p Ses -RT gl cslSs
ITOOD = 1f @] of €A o sl s X €D(yy) 5 ¥ EY 51 a5 by
2 oo ploil B8 i o 1) Sl
el ey 0 LS T 5 T(0x) = 0y ) o

2Ty = 2l TCOxDI Iy = lIITO0x)| + T |ly
= || 10x| + 10x] Ilx = 2l 10x] Il x
= 2||0xllx = 0.
T(0x) =0y W IT(0x)ly = 0 a5 a5 soslomsl !
ST f €A S
ITHONy = LTIy = LT+ 10y ] Iy = TGO+ ITOx)] ly
= 1f1+10x| llx = 1 1f1+0xllx = 11 1f11lx = lIfllx.
oydce JalS ) A5 Sl g ol C1giSy o bbb T by
-T(fy) € :Fy(B) a5 (S 9bods g o0 SL A )°fy S Yy E Y »ullaly P‘f
S sbar o980 28 LIip(Y, p,1m) 0 hy o G [1, Lemma 2.1] sb Yy EY o5 o8 gl
ol 0 S b, (W) < 1w €Y \{y, 1} »» sl &5 hy (¥) = by (n(3) = 1


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

’f’r‘ﬁ)%a)uiﬁaﬁjjdt‘;déé)‘juw’}k M

lnyll, = 1= [hy @] = [A, OD].

hy =T(fy) Sisysbas o)l 5925 f; €A wb wS ol T A > B oy Ligy hy € Fy(B)
s58g0 JoS Y 68 2Ll s T(fy) € Fy(B) el

Sppecnl o T(f) EFy(B) 5 f €A a5 sl oo M(f) aen S1al By 5 Y €Y s 55.¥ o8
sl 03,88 (X, d) yo a8 ol X (gLl -T @b acgorme 3 o By
M(f) of €A o ol & Sl 5l T(fy) € Fy(B) aSis 5bas o500 il fyy € A o ¥ o5 ik ila s
ol 5By g il DLl sl el 00,88 (lad S (elag Soyie b X g el il 00,88 degaze S,
T(f1), . T(fn) E Fy(B) aSiysbas fi, oifn EA sN EN (55 (o3 S o ooliul aline Syl
wols codleas b € B a5 el wils b =TTo1 T(ff) mepose 18

iy = o0t = [ Jirgont =TTl = [T, o

o Skl [hlly = [R(Y)] a5 coclml !

- 1_L_=1|T(fj)| =1

= liAlly.
Y

()l = “_[ T(f)

j=1

ol el GBS o5 Ll T 0 o5
Ifllx = ITHOlly = llklly = 1.

Sygocnl iy X € Ny M(f;) S oo leol If ()| = 1 456 jsbos 095 0 dly X € X 0 soslon] 0]
X 0 fi Swgm A1) < fillx =1 oS oolm! a5 X & M(f}) 4S5 5bas s,l0 0925 [ € {1, ...,n}
MA@ <1z €V 2 sllasx €V aSsysbar o)ls 0925 (X, d) 0V 5L acgorme S 45 0iS ol
5 el (X, d) S yte sl o 5k 6Ll T acgome AU X €U o900l ;5 U =V UT(V) uvses 8
tZ €EX o slil 4 aS s b sgis il gy EA pb VY Jauasg L |fi(2)| <12zZ2€EU 2 sl a
KTz €U 31.94,(2) =02z € X\U ,» ¢l5l a5 go(x) = gx(r(x)) =1.0<g,(2) <1

gD+ i <lgD+1<1+1=2,
&1z € X\U 3

9@+ i@ =0+ i@ <1+ i@ <1+ fillx =1+1=2.
5 X 2 1gxl + il ot i ol Stwsn 4 a5 L ge (D + | (2| <2 2 €X o Sl 4

Btaoyud o ez =5 T aSepl @ a2 b cplplo gl + |filllx < 2 05800 ames (X, d) 0 X (5o,

l""-’.)b !

T @l + ITUDI ly < 2.


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

A ] Sl U gudediced (Al U gz o Ly ($lboy S o ra2—po i sl T

bW EY ol (Ko B,k
IT(g )W) + IT(FHHW)| = IT(gx)(W)| + [h(w)]

= 1T+ || [T(H)w

]

= Tl + 1T | [IT(H)
j=1

Jj*l
<Iir(golly + 1T | [IT5)I,
j=1
Jj*l
= llgallx + IT(RW)]
= 1+ IT(RW)I
<1l+1
= 2.
s e (V,0) ¥ (55528 5 IT(GIHIT()] oo~ i 8 Sy 55 ol
T (gD + 1Ty < 2. (¥.)

ls T o9 Blhae 08 )3 groz —p 5 ay az g b Sos B)b |

2=1+1] = |lg«) + If O] < Nlgsl + Iflllx = NT gD+ TN
ol Ny M(f)) # 010 5 € Moy M(f)) G ol S8 Lo sleal cnlpli )l (2815 (YY) L ol
6l 4 a5l b By e o)l alite S1ysl cusls {M(): f € 4; T(f) € Fy(B)} oolgils
S By 005 (o0 4 el atan (X, d) o 515 0 5 cesl X GbL -T acgorman; SO M(f) of €A
05,85 (X, d) 13 By aiS coclom) (X, d) 1o X 5,85 el iy (X, ) 15 45 el X 6Ll =T segamons
Sge JolS Y olE LSl g ol
o Ay Sygocnl 5 f € Fp(A) o5 wisl S M(T(f))as STasl Ay s X €X oS 55 F o8
sl 02,85 (Y, p) 0 a5 ol ¥ bl -1 b aegozma
Sl el (Y, ) S50 slaad 0 00,08 g5l acgazme So M(T(f)) of € A jaslil Sl w4255 Liglay
b f1, v fn € F(A) s NEN (a5 5,8 .05 o oolinul aline STxal cools 5l Ay oog 5l L]
oS sghigmons Gl a g f €A S ol o f = ljz1 fj poose )3 Nj=t M(T(f))) # @ o5 oo
3,5 3575 $Y € B 5530 4 T(f) E B aSiplasazg b | fllx = 1 &5 wis olon] o) of € Fr(A)
o ITONly = 1 llx pots sl colasy pp Ll T ooz IT(Dly = [TH D) S5k


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

’f’r‘ﬁ)%a)uiﬁaﬁjjdt‘;déé)‘juw’}k q.

D300l 3 SIS iz S S5y E M (T(fj)) g € {1} o il 4 oS e oL T (D] = 1
e Y & M(T(f})) oS, sbas 35500 il ol € {1, ...}

TN < ITOly = 1Ifllx = 1.
degazme So 02 o 4B Y s N(Y) bli 2 T(fy) Siwgmy ¢ 25 L TR O] = [TEID)] 05z
W EV ol gy €V aSisysbarogdgo cdl V asle (¥, p) o jte sliad 5o 3k 5Lk =T
IT(ROMW)| < 1.
W EV o il ak(y) = k(1)) =1 aSs,sbes o)l 3525 k ELIP(Y, p, 1) b 0.Y of & azgi L
Ba AT el o Logs k € B as cudl maly. k(W) =0 :w EY\V 2 6l 30 < k(W) <1
KT w EV S T(g) =k S5 5ba o)ls 5929 g € A abi aiS ool

ITHI W]+ IT(@OM)] =TI+ k(W) <1+ [kw)|<1+1=2

JKTaw EY\V 3

T+ IT(@ W) = TR W) + k| = IT(f)(w)| + 0
<ITWIly+1=llfillx+1=1+1=2.

Siwsm s (Y, p) 0 Sord v aag Lo [T+ IT(@OW) <1 wEY o olila

5 S ol TGN+ T ly < 2 oS o a2 Y [T+ [T (@] ok - i o6
Al +1glllx <2, x.")

Sblad|fill, =1 5 €{L .. n} o ol & 8ol 4o b sl Gl 108 53 roz =3 2385 K T 1

Z € X pulilaas wS acbnl (2] S [fi(2)] 2 € X jailyl aas ols las olss oo

If@I+1g@| < 1D+ 1g@DI < I 1Al + g llx-

ZE€X il aaS S oant (V) ez bonlple

If()]+1g9(2)] <2

IS ol ol

If1+ 19l llx <2, (¥.5)
oz pp s (WH g b el X patugy jlade- > o S [f] +[g] 5 ol os,a8 (X, d) 0 X105
oS o0 ams T yogs sllaejad o

HTOI+IT@I |y < 2. (¥.0)
s S5k

T O+ Ty = ITEO O+ IT@W] =1+ [k()I
=1+1=2,

STyal cools ay azg b el (36 Ny M(T(f))) cnlale ool )35 Lo slesl g 5)ls 28035 (V,0) L oS

S el ¥ gl N asgazma; SO M(R) th € B jo lil @ a5l 5l el (il Ay o5 00,5 o0 a2 olite


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

A ] Sl U gudediced (Al U gz o Ly ($lboy S o ra2—po i sl T

Y Sopud el i (Y, 0) j0 85 el ¥ Gl 1) degorma s o Ay o5 o0 4 ool iy (Y, 0) )0
Sedise Jol5 ¥ a8 Sl ol by sl 03,28 (Y, p) 53 Ay w5 ol (Y, ) 5o

T(F(A) S Fy(B)olSTw EAy s x EX 51 .0 5

s5isn am W € Ay Sl 5| f € Fr(A) oS 253 05> Sl sy W E Ay 5X € X (oS 2550
o el 23Sy pp LI T Ly AT = IITOly = Ifllx = 1ol w € M(T(f))
Sydse JolS 0 65 Sl al b T(f) € Fy (B)

T1 (}"y(B)) CF(A) oTx € By s yEY 51508

fEA cppoi o f € TTH(FY(B)) oS b oS> il sl X € By 5y €Y 05 5 5:5lay
fllx = o= -x € By Lus Ifllx = IFQOL 5 ITONly = ITEY O] = 1 calntes T(F) € Fy(B)
el 307 o815 f € F(A) alole If (1) =1

T(F(A) S Fy(B) osTX EBy 3 yEY 51V o
ol 36 Ay 255 ol T 65 f € Fo(A) oS (o6 mizmen X E By s YEY o5 55 1la
ol ey Wy = Yy S oo ol T(f) EFY(B) b o5 3o g W EY & jgoinl o W E Ay oS 558
e gone 45 0iiS ol (V) P) 03,8 S5 0 (slad o Wy 5 Yy (Fo,08 Wy N Yy = B oS ol oly o500
Wnswy CW gy, SV oS sbay wiss o il (V, ) Sojo slas o WV bl - 550 slo
O<k(V) <1 VEY o (ljl & aSi,sbas o) 3925 kK ELIp(Y,p,n) &b Y o b V=0
S iz WE YNV Sipl g azsi by K(V) = 0w €YV 1o il 5 k(y) = k(n(¥)) =1
S 55y 3,3 0525 § E A mbi a5 S el 1A = B Llig, k € Fy(B) a5 el moly k(w) =0
Slawst g€ Fulh) wSolnl s o5 g € T (F,(B)) W5T(9) € Fy(B) o T(g) = k
sWEW sz IT(@ly = IT(@W) =1 sl T(9) € Fy(B) w5 ol 0 65 W € Ay a5
A5 [T(@OW) =1L s T(@W) = k(W) =0 oy W EVNV 05 0 axs WNV =0
sl T(F(A)) EFy(B) oy T(f) € Fy(B) cnlpls Wy = Yy song ool S35 Lo slesl Gy 5l
NOW I TR QN 4

B, = {x,7(x)} &1 x € B, sy EY 51.AoE

ol T(X) € By 0,05 o a5 By 90 L -T 4> L X EB sy €Y (5 Sjiiglay

x; = {x,7(x)} € B,. (Y.%)

X IU Ll ~T aegorman; o colpls Ze N Xp = @ 52 € By 50000 10 2 € BY\{X, T(X)} oS 553
cil fr ELIp(X, d, T) s P J s azg b zp S X\U 5 X; C U el 3 (X, d) o a5 550 iy


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

1P+ o lg 0 lais (0 0550 ‘Lf‘éé) sl ying 3 qy

w€X\U o &l a5 f(0) = fo(1(0) =1 0 < fr(W) S T UEX o gl & aSsy5bes 35 o
ol T(fy) € Fy(B) oS o] Y o8 X € By &Sl azgi b fy € Fi(A) a5 el mols f(w) = 0
s 1@ =10l Z€By 1, fi € F(A) mpSe a8 o5 w255 L J> fy €TH(F(B))
e s 28z, S X\U Lasz € X\U 1
B\{x,7(x)} = 0. (¥.,Y)

Sydige JalS A ol Slsl g By = {X, T(X)} S0 4B (FY) 5 (V) & a2gi L
YEY o1 088 oS caws P(yy) = xp Spgo |, D1 Yy = Xy ol a5 amssa |y o) ol o s A ol
X €EB,,
ol ogwgs XEBy s Yy EY 51 0 a5 D(yy) = xp ©jp0n oais iy D1 Yy > Xy ctlSs A o8
S 20 () = O(wy) Sspsboas Y, W €Y 1S 28 ol Sy s K @ amsoo oLt Ll ol
aS oolnl ol T(f) = h aS s sbas 055 0 8l f € A b5 ool Logy T: A = B a5yl 51 h € F, (B)
1255 b plpls X € By @ oy 3k D(yy) = X S psbas X €X oS (o5 f € TTH(F(B)) a5
Sl @ a2g b Jo X € By S ion a5 Xy = P(Wy) 50l 51 f € F(A) o pSoo 4 7 6l o
1255 L Sl Fy(B) € Fy(B) oolpl h € Fy(B) oy T(f) EFY(B) oS okl V o5 of € Fi(A)
el S 4 S P ey Wy =Y S o0 ams B

3 Y EAy oS o8 ool b Ay F o5 G X EX S 5,8 el Loy P s o lis >
D pls Yy EAy Sepl & asgi b of € F(A) oS o6 ZEBy Spgoryl 0 2EX &5 O(yy) =2,
w3 P alS 5b Z €By sy EY &Sl 5l ulple f € TTHF/(B)) 185 T(f) € Fy(B) o5 ocln
el gy D133 D(yy) = X ol ple Xp = 2 oyl FBF o 5l 13 5 Fr(A) € Fp(A) o f € Fr(A)
A I JE T WOT

oS 28y his 5 his [ ETF(A) Cipon! 0o fFEAT>0x€EDP(Y) YEY o5 55 N o8
T(f) € rF,(B)

Sf =g Sysbar ssiee 28l g € Fr(A) &b oy5oinl o f ETF(A) wiSoo 258 Il il
T(g) € Fy(B) mylo ¥ o5 ko o . X € By 13 5 By = X7 595 0 4 # o5 3ub X € P(3y) a5l
W5 T(f) ETFY(B) o T(f) =7T(9) nlple T(rg) =71T(g) wS okl T 555 Ken -RY
el )18 po)

N3 T(f) =1k S5 500 s9i 00 <ib k € Fy(B) ob nlple T(f) €1F(B) oS oo 25 Sl

e . . — 1
rv-.i)‘°T oo QS“’-“"R-F 4 dzg l*.sﬁ‘ €A S ygoin! 5o fr = ;f e s

P SANE VRN S
TR =T(5f) = 2T( = Trk =k


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

Al peied ol b i s (G p (s Ligy (Gl yld 40 ro2—p i sl T

o2l wdleas T(f) € Fy(B) oS o] a5

ol =1l = U7y = ekl = lkly = 1.
LIACOI < ANy = 11 10D <1 ool 3 wils gz w8 253 ()] = 1 S oo ool
(X, d) 55k bl -T acgame o @5 0 4B T(X) 9 X 0 frr (Siwgm 5 [ (T = 1 ()] 4 2295
P Gx &b OV s b (2| <12 €U ol 4y x €U a5 ysbe sgdpe il U asile
5 59x(0) = gx(T(0)) =10 < g,(2) S 1 Z €X ja (ljl & S5 5ba 595 0 il Lip(X, d, 7)
s Cb(y,,) =x; U X E d)(yn) 09> -gx € F(A) 5 el moly .gx(2) =0 z € X\U ,» )
o1z € U 31 T(gyx) € Fy(B) oS solm! V o5 cnlply X € By, ass
IfF @D+ 19D <1+ |g: (D <1+1=2
o551z € X\U 51
@+ 19D = 1@+ 0<Ifllx =1<2.
2l H 1gx] Jaie - i b Sovgy a ez b ol [f (D] + 192D <22 €EX o slila
e (X, d) o X Soyus X

£+ 1gxlllx < 2. (Y.A)
S (0 A7 ool llan 08 1 oz - CBIS ST a5
T+ T @y = T ]+ 1gxlllx- (Y.%)
g es 4205 (Y,) 3 (Y,A) 5
T+ 1T (gllly < 2. (Y. )

o2l 1Y T(fy) T(gx) € :Fy(B) sYEY ooz

T+ Ty = [T+ T =1+1=2,
Gl 35 CliS g f € TF(A) 1V s fr € Fr(A) by sl 35 Lo glesl g w0l La8L5 (V) 4) L aS

Bebioe JolS Ve a8 LS
AT =1fCO] of €A 2 sl a el X € () 5y €Y SIN o
W T(f) = Oy mls ) o8 Gebo oSSl of = 0y S1X € D(Yy) 5¥ EY oS 52 1ploy
IT(HOI =10y ()] = 10] = [0x ()| = If ()I.

b oogecnl o (ks 2 [T # If ()] Seysba s5s il fEA0x} b o5 25
ITEYDI<IfFGILIfF G < ITEH) DI

p2lo O o b of € A\{Ox} Sinl @ a2 Lf Q)| < IT(H W] oS o0 55 1oz

lf O+ 1Ifllx = inf {llIf] + |glllx: 9 € lIfllxF (A} ¥\ )


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

VFoY qo lgs 0 ylois 00 090 o Ob ) slo yirg 3 QF

s9e 2l g € IfIxF(A) b (AN & a2y LIS S+ Ifllx < ITEYD+ 1fllx 052

S5k
If1+ gl Hlx <TG+ NIf lx- (Y. \Y)
ol f 1 G €A gl llaojsd o maz - T a5yl ||
T O+ Ty = HFT+ 1glllx- Y.\
3950 4z (YY) g (YY)
T O+ ITDIly < TGO+ I lx- AL

T(g) € IfllxFy(B) mnS o e ¥ = lIfllx 12V o5 59 € fIxF(A)  ag5 L,
o= AT = lIf llx S ool ol
T O+ Ty = [T+ IT@ODI =T+ Il

Syl adls (V1 F) b as

polo W of € A\{Ox} 5 el 819iy 05 B3- T 52 IT(F )] < IfF (O] oS0 0% S

ITflly = IIfllx > 0.
00X o a4 azg b il T(f) € B\{Oy} oS el o0
ITEYD) [+ ITHly = inf {IIT| + [kllly: k € 1Ty F, (B) }: (Y,\0)
<ib k € IT(HOIyFy(B) &b V0 4 a2t ITHO@) |+ ITDly <IFCO+ITHOly 052
4SS 5bd 958 0
TG 1+ 1kl Ty < IF O+ ITly- (Y.V%)
Seplaarg bk =T(g) a5, sbas 058 0 il g € A pbb aisS ool K EB s T: A = B o4 Ly
o9 € IT(OlyFe(A) o5 ol V- o5 T(g) € IT(HIyFy(B) 5x € P(yy) yEY gEA
4 900 <8l gy € Fr(A) b w5 ool nl g € [IfIxF(A) ol ITDly = Ifllx & a5 L
T oog ez =piaa2s bonlple gL = [Ifllx slgllx = 1fllx wls -9 = [Ifllxgx S5k
el (Y8 sk =T(g)
T+ 1gl e = T+ kllly = 1T+ TWOIIy < 1FCO+ ITOly
= f@+Ifllx =1f G+ gl < I1f ]+ 1gl llx,
wydige JolS VY 8 Ll [T = [F O] wls fEA jo sl & ol ol Saa yué a5
AT (1) = 1y Ir e
3X € CD(yn) oo X EX &S X = CD(yn) 2o 8 Yy EYy Spsoinl 0 Y EY (S 53y
PR O RPN WERRY
T = 11x()] = [1] = 1.


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

10 ] Sl U gudediced (Al U gz o Ly ($lboy S o ra2—po i sl T

ol [T = 1y Wl 5,y €Y ol 4 sl sils ooz [T(L) D] = 1y (¥) colple
SOWIJETR S Gt

XEW(Y) s Y EY f €A o sli 4 aSs sbar ail (pswss el G Wi Y = X 5 550 o8
Yy 2 ¥ =@ ool o [TOYW = If ()] artl asls

Sy [ EA S 53 Y EY 132 X €X &5 X = W(Iy) meroe 5 Y €Y oS (585000

Dygoinl 3 28 0525 )5S he Cusls a2ly [l Y 68 Gk oS o)l a5 T(f) € Fy(B)

ITHOlly = 1TH)D)I = 1. (YY)
ol e b fEA; x €EW(yy) Yy EY asil )l
ITHWI =1l (YA
Ol ol ClgiSy 03 LS T ) o8 4y azg5
ITCOly = 1Ifllx- (Y9

4 X glosls (s s X € M(f) calple llf llx = [F (O] g5 o0 425 (TN 5 FAV) (P D s a2 g5 L
Al & azg b Jlo X € By oS ecln] By iy yes T(f) € Fy(B) o5 o) sles SM(f) ase Sl
sobige a5 W o ogmss s X € W(yy) 51D (1) = Xp wylo @ iy w225 L ol By = X ol
Spbise i sl 3 Y €Y s ol 4 551 sk Sl & 2295 L W(3) = @) = () = %
wdise JalS anid SLil g conl )3, WY S s Yy W =@

i sl o 3lhead 3 e —pp Kes -RY Glig slacisl ksl £,Y add jl sslitul b Sl
Blae 33 53 (5550 (25 5 Lo Sloe OIS (nl oo oo (LA § oS (o0 e 1) 00,28 S e 5L 2 et
< T:Lipr(X, d) = Lipg(Y, p) 5 sl 05,238 e glalas (Y, p) 5 (X, d) o5 55 V.Y apdd
it 3 lean S o | T(1x)| = 1y @ ppo0nl 55 il sl jod ) (roz =p 5 o Kon -RT gling el
vy €Y 5 f € Lipr(X, d) ,» slj) & a5 ysbas 35500 22 (X, d) « (Y, p) 5l @

ITOIYDI = If (@)D

T Sygorpl o amib Y Sla cllogs Y 2 Y g X b Slee cilogs T X 2 X o5 o5y
g sl (Y, P) 5 it w55 o Lip(X, d, 7) = Lipr(X, d) el (X, d) 5 i S
Lip(X, d, T) 3| Glas,as ,o rex —pp oKen -RY Loy csls S T Lip(Y, p, ) = Lipr(Y, p)
4y o9l oo il @ 1Y o Xp LSy aswgs 5 [T (1) = 1y wiS aslonl £,Y s el Lip(Y,p,m) &
ITEYNN = 1f )] of € Lip(X,d, T) 12 syl & oTx € D(y) 5Y €Y S asis 5
wls oSt X € X asxy = D(yy) ¥ €Y Slass o bl X T ctlSings g siles


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

VFoY qo lgs 0 ylois 00 090 o Ob ) slo yirg 3 Qs

®(y,) = (x, 7(0)} = {x}.
el D(Vy) sie s X Y EY (] 1085 oS o iy @) =X S0 L, X 0¥ 5l el Jlo
wlo f € LIPR(X, d) ;2 5Y €Y ;o sl ool e
ITOIYDDI = If ()]

w2l Oypoinl ;5 (V) = QW) S sbas Y, W EY (8 (o5 ol S a0 L P oS 05 o 2uls S
Les Wy = Yy 55 ool ol @(1) = P(Wy) polo @ iy & 4255 b cnlile {0 (1)} = {o(W)}
el LA S QI Y = W o plplh el Yy Slea ol 1 {y} = {W) e el L4 D

Sl P Yy o Xp g Loy X} = 2xp € Xp Sjponl 10 X EX oS 53 @ g Logy ST 6l
3= D(yy) sl X 2T o0 Sld wazg b Jo xp = D(1y) a5 sbas 398 e LY € ¥ i
el Ligy @ cplple X = @ (V) 0 (ool @ iy 5

Y RAP S b Y €Y oS (o3 ol (X, d) & (¥, p) 5l dtogy <l o @ s oo i Jl>
oS 50 e ym gy Dyt |y fp(y) X = € el ol aigy

foon(@ = d(z,0() (z € X).

W fpir) € LIpR(X, d) 5¥ €Y 152 S0 (@(1)) = 05 f(3) € LIpR(X, d) 0500 0s8 ol

PERK
ITFp0) D] = |foin(@))] = l0] = 0.
i sas WS ooolml V0 T(fip(y)) (Swsey wiloas ol € > 0 o5 23 T (fo0)) (V) =0 ey
Tp(W,y) <8 SIwEY o ljl aaSssbas o)ls 05>5 8 viile e
IT(fo)) W) = T(fo0) O] < &.

Sygoipl 0 pW,Y) <8 sSsbaWw EY (oS 5,8

IT(Fo) W) = T(fp:)) W] < &. Xy
4 29 00 4 (VY ) 5 T (fp3)) () = 0§
IT(fom)W)| < e RAR)
el 0 S,k
IT(Fo) W] = |foon(@m))].  vyo

195 [foon (@W))] < & sse ams (7.¥1) 5 (VYT
d(eW), o) = |d(eW), eM)| = |fpin (@W))| < .

ol (X, d) 4 (Y, p) 5l g <l SG @ 1 wgr 00 (2,9 olgsdo Y €Y o ol dtisgn Y 10 @


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

v ] Sl U gudediced (Al U gz o Ly ($lboy S o ra2—po i sl T

X, d) & (Y, p) ) &5 cosl (pgmgs ctlss o 1Y = X g ol 00,88 So e slad o (Y, p) a5l
el (Y, 0) 4 (X, d) 5 atsy el o @71 X 5 Y a5 558 o0 aomts ol dngy

b ails iz w8 258 ol (X, d) 4 (Y, ) 5 et ctl G @Y = X as o oplis S
cil f € Lipg(Y, p) b Y a5l ¥ 5l syie ¥ s (Wi} Sors ()i slaallis [4, Lemma 2.3]
sl s (V) p) Sy lad o lim yy = lim wy, =y o # wy M EN o (il & a5 ,9bas wigd s
5 fle0) = d(@0n), 9wn)) - f@(Wp)) =0 mEN 5

d(e(), e(wy))
< .
P (Yn, Wp)

M)lan EN )-“6‘}‘ 4@ Cﬁ‘ﬁt‘:’
IT(F) ) — T W)
Lo (1) 2 : };(yn ,an)c -
- T )| = IT) (wp)l
B P (Vs W)
_ FleGw)| = If (e w))|
P Yy W)
_ (00, ow)| — 10|
P (Y, wy)
_ d(eGm), o(wn))

P (Vn, Wn)
> n.

el (X, @) 4 (Y, p) 5l i) 2l S5 @ gy 0yl (235 T(f) € Lipg(Y, o) L o
Gob a3l iz oS o3 el (X, d) 4 (Y, p) 5l i <l S5 @71 X 5 Y pms o olis Jl>
c3b h € Lipr(Y, p) ab s X ssbe X 5l s9ae X 0 {Zp)ne1 s (Xntn=1 sbeallss [4, Lemma 2.3]

limd(x,, x) =limd(z,, x) =0 x,#2z, MEN ,» Gl 4 Sosba Kb
n—-oo n—-oo

sh(97H(zn)) = 0. h(e0™ (xn)) = p( ™ (%), 9 2 (2n)) M EN ;o sl &
P~ (xn), ™1 (2) S
A 27) "
Sysba 098 o 2l f € LIpRr(X, d) ab oS el T: Lipr(X, d) = Lipgr(Y, p) culK oog Loy
e oM EN a glila b T(f) =has
If(xn) - f(Zn)l > If(xn)l - |f(Zn)|
d(xnr Zn) N d(xn: Zn)

Lixa(f) =


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

VFoY qo lgs 0 ylois 00 090 o Ob ) slo yirg 3 aA

If (o072 Ce)))| - |f (0072 z0)))|
B d (e, 70)
_ T e @) — [T (e~ @)
d(xn, 7n)

_ [h(e™ )| = [R(e7 )|

d(xn: Zn)
_ ol (xn), 971 (z)| = 10|

d(x‘nr ZTL)
_ (97 (xn), 97 (z)

d(xn: ZTL)

>n

e Poalply e (Y, 0) & (X, d) 5l e sl o @71 g )l 8L f € Lipg(X, d) L ol
Sydige Jol5 il g el (X, d) & (Y, p) 5l it (50 jlaen
(X, d) p i) csS  ETX 2 X il 03,88 S e sl (Y, p) 5 (X, d) oS (255 ALY Gy y2i
S a3l C(X, 1) hio iz Se A oS 558 eizpor il (V, 0) 5 i ctS SGMY = ¥
S T:A = B el Lip(Y, p, 1) Jols o5 0L C(Y, p) ii> y2 05 S0 B el Lip(X, d, 7) Jols
3929 Pr Yy > X G (pigmgs ¢ #Y 40dd & a2 95 L aill llaejod )5 (rez -5 (Sen -RT (slagy sl
39 St 02ty @ el T = [f ()] x €P(y) sy €Y f €A jo lil & a5 5ba 5l
oesbioe Xp 4 Yy 51T @ atcly g cuslS 1,

S RROWRT SR RIEIC A Ve PREM Rt el
s (X, d) p i < S TX 2 X o Sjte slalas (Y, ) 5 (X, d) oS (58 ALY 4l
s <l LIp(X, d, 7) Jols a5 a2l C(X, T) iz o5 So A sl (V, p) it ctSp G2 Y =Y
Glog il S TIA 2 B oS o8 cpizmen .l LIp(Y, p, 1) Jolis a5 0k C(Y, p) y> o5 o B
o kS o odleas aib T & il pgwgs cotlss P1Yy = Xy il 3llayad jo gaex =p 5 (Kon -RT
fEApsadlax €P(yy) sV EY S T(Ix +f) =1y + T(f) mib azils f € 4 j»
ol a T x € D(yy) s ¥ €Y 31 s T(HW) = f(z(x) = FO) L T(HB) = f(x)
T = f(x) p o LIp(X, d, T) jo f e - > o5
pls g EA ol ST 428 s b X ED(Yy) 5 ¥ EY oS 280y

IT(@ ) = lgx)l. X0
o )5 G = Lyt f sy (D) & s b ol I+ f € A ppoial o f € A oS 30
Ty + HO) | = 1x + HEI = 11+ F@I. X%


https://mmr.khu.ac.ir/article-1-3376-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-04-11 ]

A peied ol b i s (G p (s Ligy (Gl yld 40 ro2—p i sl T

~No

ol T(Lx + £) = 1y + T(f) b oo 4 2255 b S0 Bk
11+ T =|(1y + T)) )| = IT(1x + HO)I. RRTS

Sgud oo aeid (V,YD) o (V,YY) 5l

I1+T(HOOI =11+ f()I. (Y,Y5)
e g =f Glp (YY) @ azg b Ko Bk
TGO = 1f ). (Y.,YY)

LT(Y) = f(X) S mnSr 4 Glol 4 (VY 5 VYA ¢ 25 L T(F (), f(x) € C sl )

S o Jal5' 1, 2t G T () = f(x) = f(2(0))

References

D. Alimohammadi and S. Daneshmand, Generalized peripherally multiplicative maps between
real Lipschitz algebras with involution, Khayyam J. Math., 7(1) (2021), 1-31.

D. Alimohammadi and A. Ebadian, Hedberg's theorem in real Lipschitz algebras, Indian J. Pure
Appl. Math., 32(10) (2001), 1479-1493.

M. Hosseini and J.J Font, Norm-additive in modulus maps between function algebras, Banach
J. Math. Anal., 8(2) (2014), 79-92.

A. Jiménez-Vargas and K. Lee, A. Luttman and M. Villegas-Vallecillos, Generalized weak
peripheral multiplicativity in algebras of Lipschitz functions, Cent. Eur. J. Math., 11(7) (2013),
1197-1211.

S. H. Kulkarni and B.V. Limaye, Gleason parts of real function algebras, Canadian J. Math., 33
(1981), 181-200.

S. H. Kulkarni and B. V. Limaye, Real Function Algebras, Marcel Dekker, 1992.

D. R. Sherbert, Banach algebras of Lipschitz functions, Pacific J. Math., 13 (1963), 1387-1399.
8. T. Tonév and R. Yates, Norm-linear and norm-additive operators between uniform algebras,
J. Math. Anal. Appl., 357(1) (2009), 45-53.


https://mmr.khu.ac.ir/article-1-3376-en.html
http://www.tcpdf.org

