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Abstract 

In this article we will find necessary and sufficient conditions for a fixed  point free 

automorphism (fpf automorphism) of a group to be a commuting automorphism. For a 

given prime    we  find the smallest order of a non abelian p-group admitting a commuting 

fixed point free automorphism. We prove that a group of order p
3
 having a commuting fpf 

automorphism, has a restricted structure. Moreover, we prove that if a finite group   admits 

a fpf automorphism of order 4, then the converse of Laffey’s result holds in G
1
. 
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Introduction 

Let   be a group. By                                and        we denote  the ce

nter, the commutator subgroup, the group of all automorphisms, the group of central aut

omorphisms, the group of all inner automorphisms and the ith term of the lower central 

series of  , respectively. 

An automorphism   of   is called a fixed point free  automorphism  (fpf automorphis

m) if   fixes only  the identity of    A subgroup           is said to be fpf if every 

non-trivial automorphism of    is fpf. 

It is well known that a finite group   admits a fpf automorphism of order  two if and 

only if   is abelian of odd order (see [2]). By a famous theorem of J. G. Thomson [12], 

a finite group admitting a fpf automorphism of prime order must be nilpotent. 

An automorphism    of   is called a commuting automorphism if              for all 

      We denote the set of all commuting  automorphisms of   by        It seems tha

t for the first time, the commuting automorphisms are defined,  in various rings(see [1], 

[5] and [10]). Deaconsecu, Silberberg and Walls in [3] showed that even though      h

as a number of group properties, it does not necessarily form a subgroup of       .  
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A group   is called     -group if the set      forms a subgroup of       . In [13] 

we proved that the minimum order of a non-        p-group is    . We also found the s

mallest group order of a non       p-group. Furthermore, we proved that for any prime 

  and for all integers        there exists a non-    , p-group of order   . 

The commuting automorphisms fix        pointwise. Obviously, the group of central 

automorphisms of   is contained in the set of all commuting automorphisms. The 

commuting automorphisms have certain  interesting properties close to those of central 

automorphisms. The relationship between commuting automorphisms and central 

automorphisms discussed  in [3]. Further, the authors in [4] have  proved that the inner 

automorphisms which belong to      are precisely the inner automorphisms which are 

induced by 2-Engel elements. 

In this article, we will find necessary and sufficient conditions for a fpf automorphism 

to be a commuting automorphism. We also study the following question which naturally 

arises in this regard. 

“What is the smallest order of a non-abelian p-group, admitting a commuting fpf aut

omorphism?” 

To answer this question, we will classify all groups of order   which have a commuting 

fpf automorphism. We prove that a group of order   
 having a commuting fpf automorphism, 

has a restricted structure: 

Theorem 1. Let   be a group of order     Then   has a commuting fpf automorphism if 

and only if G is of one of the following types: 

(i) an elementary abelian group of order 8; 

(ii)    an abelian group of odd order; 

(iii)   an extra-especial p-group of exponent  ,       

In particular all groups of type (i) or (ii) have a commuting fpf automorphism of order 

2. If   is of type (iii) and p is a Fermat prime number then   has a commuting fpf autom

orphism of order p-1. 

As an immediate consequence of the above theorem, we obtain the following result: 

Corollary 2.  For a given prime  , the minimum order of a non-abelian p-group,  

having a commuting fpf automorphism is 125. 

We continue by recalling a few results and notations concerning a finite group   

which admits a commuting fpf automorphism    of order 4 (see [6]). 
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First of all   is of odd order. The set of elements of   left fixed by    is an α-invariant 

subgroup of     which is denoted by     If       the restriction of   to   is a fpf automo

rphism of  , which is of order 2. Hence   is abelian and          , for all   in  . The s

et of all   in   for which           is denoted by    The set   need not be a subgroup 

of   and           We will use  these notations for the case          

Furthermore we recall that if   is a fpf automorphism of order   of a  finite group  , t

hen              
    

By using the above notations, the following result displays the necessary and 

sufficient conditions for a fpf automorphism to be a commuting automorphism. 

Theorem3. Let   be a fpf automorphism of a finite group   with   of order     

(i) If        then   is a commuting automorphism. 

(ii) If       then   is a commuting automorphism if and only if          

                      for all             

(iii) If       then   is a commuting automorphism if and only if   

           
            

  

  for all      

The next result from [8], is useful for many computations. 

Theorem (T. J. Laffey) If        and        then                    

As a consequence of the above theorem, we obtain that if a finite group    admits a fpf a

utomorphism   of order 4, then the converse of Laffey's result holds for    

In the following result we find the structure of a finite group having a central fpf autom-

orphism. 

Theorem4.  Let    be a finite group. Then   has a central fpf automorphism if and only 

if   is an abelian group and     is odd or         where   is a group of odd order an

d   is the Sylow  2 -subgroup of   whose invariants are 

         
                    

 

                                        

where               and         for all     

 

Proof of the main results 

Thoughout the paper we use the standard notations from [11]. In particular, if  

      then           and                 
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Proof of Theorem1. It is clear that if       then every abelian group of order    admit

s a commuting fpf automorphism. Suppose   is an abelian group of order 8. It follows fr

om [7, Theorem 4.2] that   admits a fpf automorphism if and only if    is an elementary 

abelian group. Hence we get the group (i) in the theorem. Thus we may assume that   is 

not abelian. If   is a non-abelian group of order      then it is easy to show that  

                   and           . Hence   does not admit a fpf autom

orphism.  

Let   be an extra-especial  -group of order          If   has exponent     then 

                   (see [9]). Hence   does not admit a commuting fpf 

automorphism. 

 Now we may assume G                                         , 

the extra-especial  -group of exponent     In [9] we defined     , where         

and             to be the automorphism of   sending   to          to       and   t

o    
   

 We also proved that                                which is a 

nonabelian group of order        . In particular                and          

     . 

If     and            , then         Hence   does not admit a commuting 

fpf automorphism. 

Finally, we may assume that      Let            be a primitive root 

modulo     and let            . Then   sends   to       to     and   to    
. We 

shall prove that   is a fpf automorphism. If             where              

then        if and only if           
         

 Hence modulo      ,               Recall that        is an elementary abelian 

group. Hence       and     u.  Therefore       and     
   .  So        

and       Thus            and    is a commuting fpf automorphism of    Hence 

we get the group (iii) in the theorem. 

It is clear that the groups of type (i) or (ii) have a commuting fpf automorphism of 

order 2. Finally, assume   is of type (iii) and         
   is a Fermat prime 

number. Let               where   is a primitive root modulo    Now by Fermat's 

Theorem          so it follows that      
        and      

          but         

       

and hence            
. Therefore                for some         
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 This implies that      
         

 
    and      

            

  . Thus  

     
       ,  for any          

 Moreover,          for any                 Therefore          and this c

ompletes the proof. 

We continue by giving the proof of Theorem 3. 

Proof of Theorem3. (i) If      , then   is abelian and                  

  If      , it follows from [11, 10.5.1] that              for all x in  . Therefore                

                    It then follows that                    and therefore 

         

(ii) Let     and       Then, by [6, Lemma 1] there exists     and     such 

that        [6, Lemma 4] implies that             

Now if        then 

                                              

                                                             

                                               

                                                   

                                                             

To prove the converse, we have                          

Therefore,                            So we have 

                                             

                   

This implies          

(iii) Let       Then            
   for all    in    So we have               

    

 Therefore         
       

  and we obtain 

                   
                  

Finally, we turn to the proof of Theorem 4. 

Proof of Theorem4. To prove if implication, let    be a nontrivial central fpf 

automorphism of    Then   acts trivially on     But, since    is fpf, we must have 

     and thus   is abelian. Therefore     is odd or    has a unique 2-Sylow subgroup 

    Hence       is odd or           where     is an abelian group of odd order. 

Now since   is a characteristic subgroup of         is a fpf automorphism of      Hence 

according to [7, Theorem 4.2],     has the desired invariants. 

To prove only if implication, since    is an abelian group of odd order,     has a fpf 

automorphism     Now [7, Theorem 4.2] implies that     has a fpf automorphism     

Define        given by                 for      and       then    is a fpf 

automorphism of        
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Obviously, according to Theorem 4, a finite group    has a central fpf automorphism 

if and only if    is abelian and         or               
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