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1. Contracts

2. Inert

3. Divisor-closed multiplicative submonoid
4. S-associates

5. S-primitive

6. Irreducible
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1. Contraction
2. Valuation
3. Saturation
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http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

2b, sl ragh VAN oliasl g ke o) o,leds o ol Wf
(oilss olils pole ¢ 123)
0uiBlSe (V) Caols Gub e ol adshS (spaie 7'M S Gl 09 0uiblsls (¥) cuols Gub o] jo a5
g oad sl aSol> X = t'tS'T'M ERtM J t' €S S sl s = t'ts’ a3V s ~5 ts (o
] oo cowsan Ve o [V ] 51 A-F a5 598 acad Jlael b >
R orzen T = STIT 5 witb R oo adls jl atey 050 degamay; 395 C T usS (28 ) oy
LSy & glacaols 51 (o P ST M (90 sladgany; 8> S 5 ool QU 51 )6 JsaeR 3 M s
adsles oy a1 ol T sl cyisls WS &5 b oo el pils oalite & 5o ooyl
Sl T & cwnsly caolsM )
ST s 3P evols Mg 55)16S & cas |, P el M Y
ST &y cs |, P egols Mg g ol P csls 618 S e,s R Y
Sl sbs 55 09 w031 =P sl 358 plSo o5 T el 00,28 o3-S JouerR G R T,y aslsl 31
o Jgots i (sl

@ oo dials SOl sl sen Lelys sl sgou [Y] 5o g canl oas 8 yme cod slail> slogemss [0] o
pgmdia sl sladil> 4 popie ol puend oud [V 0 iz pd ol 0l cany p 3 g o y0 K00 Al
ol A U5 Lrl o el o gy a3 A5 L EBLS Tl g ckend S (e 5 sho ale
Sledsers Bl L M oadlss S 5 wal Qb 5l LM (285 a5 gumope (Lt 5 0 o0 (Brme 1) povde
1 b gde o d3m &,k b cod slagewgs bl wimped ol e sy o M < Mg o551 M (550
S (58 (2
Gl gzu,em 5 0iil Ry 5 Ry o pia lo ail> aiey )0 ladesgozmany T 3 T1 0opeS N iy pni
Ry oMy 5 JsoeRy o My oS (o8 izes f (T1) € Ty o ail 39250 slisSa f1 Ry = Ry
o5 2 el (Guns d-(Ty, Ty) kL) cod-(Ty, Ta) gy o My € My qsS b My Jooe s
Uu€UR,) K510 #XxET, ;0 #meEM,T,0a50 #xm € My dblze) xm € My 31
So My S My posgio bpo Ty = Ry, Ty = Ry a5 > o u™Im € My g xu € f(Ty) o5 sed <l
S jekaie (oS o Cummo M S Mg aiwgs 5ol 0 > cpl 50 000 o &3 Slagwss 5l ola Jlie VY &28
aS ol

Ry =R,R, =Re,M, = {%m EM}S Ms =M,

Slpx=m/l as cd WX EM 5l shie X € Mg 5 (izod Conl S5l5 Bu 00 f1R = Rg
ET S slpy=t/l a5 el (plYET 5l shiie y ERg s TER SI;MmEM S
BT T = S7IT g acsb R 5l slatey o0 sboasgorme ;S © T oS (5,5 Y &dd

el S (T, T") gy & M < Mg o551 M (5,90 slo gy adl> S g asl b 5l ¢,6 M 51


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

A\ b Jgke 1 4575 5 699 o g pj Ladlo Ly (55 slaacgorma ) o Jooe < (slogrms

W) u.'x.]—(T,T’) oY) S5 M < MS alfo—l Wb ob)..i;é 6@‘—8 Jj..\.n—R S5 R 9 M ocuslss S )f‘ Y
WS e, (V) ol
0O#x=t/veT ;0*y=m/u€ M
09 Sraie slpxy =M/l N xy =tm/vu €M b asb st ETMEM,U,VES &
SES 2 ily sMm=wWm aSssba s)ls 552 WES s gmM EM S oF a5 by Mg EM
Eolz = twm' = uvmg s 13 51 - Rm' N sM = Rsm’ sl acsls
z € Rm' N (uv)M = Ruvm'’
cowsts &, W ET aSloT 5l tw = 1uv s twm' = ruvm’ a=s 3 ¥ €ER X ¢l z =ruvm’
o2 58 ST 7 €T wesl oo gLl T g2 57UV €T 01 0
TV WEU(R)
a:—:—
t u 5
o5 ]
um  uwm' rvt

y= = =meEM,ax=——==1€T
wu wu tv

-1

a
Dgdoe b oS> g
WS 2,8 .Y
0#x=t/veT ;0*y=m/u€ M
S gl xy =my/1 See O Fxy =tm/vu €M il asls st ET,MEM,U,VES
03,88 w3FS sl Jge R (v2 g M o2 58 3l Wtm =wuvmy «5 cwa WES o My EM
m',miy € M,t' €R,s,,5,,53 €S
oS auS cds t = s1t’,m = 5,m',my = S3Mmy’ 5 wsl adghS ol M, MY oS Wgd o il
s ' ET &8ly jo ool oty glsl T 9>
0 # ws;s,(t'm") = wtm = wuvm, = wuvss(mg)
Casddy o FanE (V) Cools 5l azes 10 g ool adghS (gpate t'M ( Fuudlss (V) cools sliw L

dudd WSS, = SWUvs Sl O S WS1S, ~°> WUVUS &l
2,18 WS1 Sy 3 45 Cosl 35750 S € S a3 WSS, ~° 3 45 %l

S; _ SWUS3 __ SUS3

a=—== = —=¢€ U(Ry).
u ws; 51 (Rs)
:M)")Jl}
! ! ! 14
— um us,m m svsz t SvS3S.t Ss3t
aly=—=-=—"2—-=—€eM,ax=—"2-="—"21="2"€Tqno
S, u Syu 1 51 v 51V 1

ol (T, T gy So M S My gy )+ donis Sligpae Con a5 quin oo VY dnddd & a5 95 b


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

2b, st WAA sl 5l o) oyl b al> 1§

(o3l olSasls pole ¢, p25)
aemose 58 5 il Rl iy o0 Gloaegamen; S E T oS oo (058 wmr o (nl 508 ol IS,
T =S71T
O0#FmeEM juib cirs cd-(T, T') gwys SGM < Mg asS 6,8 Y 6,155
3l (558 Jlow AT (658 &b T cssau L) adshT spae M oM s SNZ(M) =0 51
el (558 sl LI T" (593 LIHT" i 5a) adgh T (s paie M 5 5]
S (558 &5hS i b) adshS (paie Mo M g 0l (658 Sl &IGHT (s paic Mg oML STy
ol (568 Jlomr A5 T w558 &g T e ) adsh- T (g paie M jo M o8 1 el (558 Jlemms &)l
L5z Rg o /L 5 ol (593 ,hws 3dobS (658 &J5S oo L) aghS s ac R 5 O£ ET 51
sl (538 ot 2 iUidis70 98 2008 o 5a) 2dibagms R o TolSiT el (658 Sl 2l
Ced U € U(Rs) cind e gy i, gub L ET gm' € Mg ssm = tm’ oS 5,8 ) :obldl
pem~Tu™tm' s o o T graem = (tW)(u™tm) o> tu€T,u™tm' €M &
e e S0 V> ol UL EURS) ST Lyym ~T m' amess
GET asm =tm' oS 5 el alie oY 3L 40uS 0 ol | (oS> €668 Sl > 6l ¥
T2 w357 € URS) b ool (558 o AT (s pmie Ms s ML 2 m' € M
S TES gt o 4t S o9 oo gl 5l g SSpt = SS1 02,15 SES G lp 0 51,52 €S &y
D ga b (oS> 5 TEU(S) o5 05 oo a2t el (658 Yl 8J5HS (5 pmic M 4|
oS > ADER &St = ab oS 5,3 el wlie SV Bb t0uiS oo ol 1) oS> €598 > (gl (Y
2hoels Re eall M b/l L all 5l S o8 b H/1=(a/1)(D/1) 5> ADET 1,5 A,0ET &ily ,0 a5
t=ub a5 wsb UEU(R) <G b ol (558 &J5kS (spate T 9> BES s4d 0 4zt (V) Sl asils ol
Spdyee bl ol st = b
w0l 25 slaed 5l asl cierd (T, TY) & Glog M S My g 50 40525 bLs | ol sl
Wil leleps b asl axsls alie L bSG 356 S a4 cees M ST el Qb 5 8 M oS 6,3 P o
51 S s o5 T il aals S 8555 S caed M ST imea ol iS8558 S s o5 ]
o
VY dead () o ST 4ot BSG Lips sl Jgl Caemad el ol DNV 51ADN-Y did )0 g0 oS> el
2edso Ll alie Sals jobas 55 K3 Sl 90 sl 5 conl Alia
SISNZM) =0 50l ciors cx-(T, T') g KM < Mg 055 (5,500 o
meM,t'y,. .., t'yET N EMg sl,m=t'yt',n'
sl 1<SI<k 2 glpgMg on=n' aSssba w)ls 055sNEM gty .ty ET Lolic o5

M=ty ten 5 Rg ot = ] weil


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

"Wy b Jgke 1 4575 5 699 o g pj Ladlo Ly (55 slaacgorma ) o Jooe < (slogrms

Uy € U(Rs) g i oo i pui 3o 5 0 # 81 (85 630') €M 92 Up = 1 wms 15 sl
a5 Cowsd

t; =uuglt; €T 4 0% (uy “th)th-tin' € M.
Sl a 3 oo st Uy € U(Rg) 0 # (g t))th -+ L' € M cims 35 oig0 Jlael

0% (up Mty tin' €M gty =uuith €T
&S slasgSa Wl o cowsas Uy € U(Rg) ypare 1 ST <k jo gl aigy opl aslsl b

n=upy'n' €M t; =uuiyt| €T

Ayl Ty leol 550 olgt 0ol Bae b g M yolic a5 090 o0 0y Sxlya >
Glpam EMasm=tity - tpm g ail 658 b &3S sraic 0 FMEM 0SS 5,5 N8 o
A (698 e &JgFS Kea oty oM’ o1t ER M o
axs 0 3 M=5S(ty - tm') LT m'EM,SES 4y m =sm’ a5 s ol
ol alie s ot gl olils € U(R)
2l s (T, TY) oy SO M S Mg oS (5,5 .0Y ddd
ool oI T @ i M olE Tl odl T s s Mg 35 5 (o031 S b e g il 0l 51 6,6 M 5100
il S 55 S a4 cans Sl g Slo)l JuilS L T cas M lEGTSNZM) =0 51
b axals S 4525 T @ s M 5 ol
(il Jaleps b ol amsls ol &5 L) sl amsle LS &m0 T a4 cod g ol OB 5l g, M STy
Syls 1y Caols cpen T & Cond 55 Mg g 515 1) ol ol 55 S ay s o5
Slem =51 §HmM’ Jio o3l LS UM 58 gl ST 510 FMEM S 5,5 il
M oS 23 il ) el oo o ol (ool dyjosm T SG Gl canl adsh-S a5 M ums olis coul 315
N0 o gl el m =ty N S ol T S5 lyls Mg o M Jls el adgh-S (6 paie
eeib il 1 SISk o glp g Mg onmn' aSgsbay w)ls 052 MEM gty .ty ET Lolic
b 546 M ez a5 0S4z ) WladohS Kea M glat; V8 oJ plu M =t tn g R ot; = t]
ool adghT" M oo Lol (il gdato v 0 6 p 3ol hgou Elol aad 5 g aidolas vo b (09 adsl glosl dan coonl
VWL Jleel b lolie (M j0) cd aldsh T aOVY 6,133 plo a0 g ol adob-T o un=n',
Sl oS> 5 cal M 31 &jos-T S M = b o G o 3100 hems R jo o B 048 o ames (V)
sl 03
IS A5 T 4y cos Mg g ol axsls WIS 435 S & cad M SIS NZ(M) = @ oS 55 Y
TacaiMass 55 oSepayls s &5 T aycas M 518y aias gl o8] sl asls
olid el (B e 0l S &350 S a4y cand M 51 DAY £0a8 sl ol0T o)l JlailS & 5o

o MEM § UEU(Ry) 45 col UM & jg0a Mg paie o oo )l S L350 T a0 cons Mg aupo


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

ok, slaiagn IWAA bl g 5l o) oyleds o al> A
(o3l olSasls pole ¢, p25)

sm=t1-tgn S sl Jus L T 4 cews Mg o 0FMEM o 2o olas ool S
09> NEM gt; ET\UR) s m=1t; - txn N0 o o5l ' € Mg 5t € T'\ U(Rs)
bl ssbee T L b Fae K5I ab Yl oIS les (g )ls 2925 Mo M glacyiza-T Jsb 2 (YL 01,5
el YU LS S o Mg oM loaysou-T' Job sl YL oS les ny
JulS L T a e M OE o ply sl aslo S, 525 T a4y s g 00 QU 5146 M 5 Jl> Y
35S e MO J sl 1 oo s IS L35 T s s Mg 5 S a4y coes M (Y) i ol 55l
LSE S yMEM &5 X=MIS Jio Mg ool paic 2 peos oo lis Jbo aiiws ol T 4y cos Mg
So glpm =5"M' il 51S W e M ez o)l i ool BT S o ,So-T i
oS cel 35 L S/ EU(Rg) gx = (S'/s)m' 9> SES o sm' €M i adoh-S jaic
RUELEONL (TP
So Mg o X ol 30T 12 51000 o plo Wl el adghS (6 paic XEM S o 6,8 ol les 5l
Y 5,15 517 o sl oslatal b g (V) ide oldl aules a5 598 o zl,5el Job plea LM o X (6l ayjou-T
aps T g M o aps-T' S plpeas (2l 4355 nl omized Sl Mo X (6l (il 4520-T S5
ST sl awsls cou,So-T e LT 90 X 81 culple aies cou ,So-T' Suss b Mg, X lol
o5 U(R) € U(Rs) (o7 08 <83) ol cu ,Som T ,S0cS b asilys oo 99 onl ()5l slaay j25
M o X sloasos-T LSS (5,8 WS cpl Lol (0o o ai |, Mg L Rg jo 090 o0 M LR jo 04
Sl Sy &35 T ay s Mg oS 09 oo azeis (a8l ol 51 g sl

0S8 ol Sy &S U e, u-S e L0 FEMEM » pas plis Wb cul o
an g N ol slaay o T NSl basb M ol &jp6-S gom = 87 -+ Spn’ ym = §1 -+ S
Jio o3l & 325 T 90 bagglas nl o bog ] sl

M = 8y o Sty X gM = S§ - Sht] ot

oyl ool sloasjos jo g wladghS ol M g M lp) wd T\S oot gty a5 Wl o cowsay
STl azal cou,So-T 558 &528 50 (taal M ol glaa 2T LUS, ply (058 0l S jolie Wiy o
T o oolplo ol (28l a5t €S 098 o amis g Tt = 51 €S a5 cen 7 € R oK1 57 ~ £ M
Sy St = US{ Moo g kb = k' ey oSV 5 08l S5 b 5751 S LS e b 35 R g3 (S,
S\i};a—s 90 A (0 g n' = (uy - uk)n Sgudi oo Az (el QU 3l €418 M o> R o U pdoiyg,ly yolie
S o plad LSS &3m0 8,590 50 1y (1) Ol ol aities o, 6-S Kacse LM sl
oleps T ceas MO 5156 oo 51l B0 &5 6l 398 sl alie alite &350 ol 2l
ol sl (oleqid T @y caed Mg g ool (o3l Sty e ML aS 555 oo ami 358 sl SLalST (3 sy
S s olas b s

m =Sy SN gm = sy - S,m'


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

N4 b Jgke 1 4575 5 699 o g pj Ladlo Ly (55 slaacgorma ) o Jooe < (slogrms

T'Jsb s 0 F X EM ol sloayios-T Job 51k =k o550 wish 0 mE M o5l &3-S 4o

sloaos-T o)l 6l L oSl euno (las Ipr (V) 5 Ir(X) cssa L, 0 #F Y € Mg (o5l slaay o5

45 g on azs M sl S de ol slaarj25-S jo ol sl & n'yn !
kl + lT(Tl,) — lT(m) =k + lT(')’I.)

YL o Mg jo el LT oyog LSO wlil o &8ly o L) T s Mg o9 loleps SLS o Koo Byl

Lpr (%) = 1p(X) oyl XE M s yanl adghS paie o (sl a5 05 0 0038 (el 10 o) s Slas a5

ot lpr(m) = lpr(n) = I (') G sies n3uos)ls R 0 S jolie sz iz en

k'+lpm)=k"+1,(n")=k"+1;(n") =l;(m) =k+1;(n) =k + 1) =k + /(M)
Dy o leol as > k = k’:v;fs.s)oj

&lw

1. Agargiin A. G., Anderson D. D., Valdes-Leon S., "Factorization in commutative rings with

zero-divisors 111", Rocky Mount. J. Math., 31 (2001) 1-21.

2. Anderson D. D., Anderson D. F., Zafrullah M., "Factorization in integral domains II", J.

Algebra, 152 (1992) 78-93.

3. Anderson D. D., Valdes-Leon S., "Factorization in commutative rings with zero-divisors"

Rocky Mount. J. Math., 26 (1996) 439-480.

4. Anderson D. D., Valdes-Leon S., "Factorization in commutative rings with zero-divisors 11",

Lecture Notes in Pure and Applied Math., Marcel Dekker, 189 (1997) 197-219.

5. Cohn, P. M., "Bezout rings and their subrings"”, Proc. Cambridge Philos. Soc., 64 (1968) 251-

264.

6. Costa D. L., "Unique factorization in modules and symmetric algebras"”, Trans. Amer. Math.

Soc., 224 (1976) 267-280.

7. Coykendall J., Smith W. W., "On unique factorization domains", J. Algebra, 332 (2011) 62-

70.

8. Mooney C. P., "Generalized factorization in commutative rings with zero-divisors", PhD

thesis, University of lowa, (2013), lowa City, USA.

9. Nagata M., "A remark on the unique factorization theorem", J. Math. Soc. Japan, 9 (1957)

143-145.

10. Nikseresht A., "Factorization in modules and splitting multiplicatively closed subsets"”, J.

Korean Math. Soc., 55 (2018) 83-99.


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html

[ Downloaded from mmr.khu.ac.ir on 2025-12-29 |

[ DOR: 20.1001.1.25882546.1398.5.1.8.0 ]

[ DOI: 10.29252/mmr.5.1.107 ]

b, Gl e WA oliasl o ke o) o)les O ol Y.

(o3ls olftdls psle 4 29)

11. Nikseresht A., Azizi A., "Factorization with respect to a divisor-closed multiplicative
submonioid of a ring", Turk. J. Math., 41 (2017) 483-499.

12. Nikseresht A., Azizi A., "On factorization in modules™, Comm. Algebra, 39 (2011) 292-311.

13. Zaks A., "Half-factorial domains", Bull. Amer. Math. Soc., 82 (1976) 721-724.


http://dx.doi.org/10.29252/mmr.5.1.107
https://dor.isc.ac/dor/20.1001.1.25882546.1398.5.1.8.0
https://mmr.khu.ac.ir/article-1-2627-fa.html
http://www.tcpdf.org

