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Abstract

The theory of local homology modules was initiated by Matlis in 1974. It is a dual
version of the theory of local cohnomology modules. Mohammadi and Divaani-Aazar studied
the connection between local homology and Gorenstein flat modules by using Gorenstein
flat resolutions. In this paper, we introduce generalized local homology modules for
complexes and we give several ways for computing these modules by using Gorenstein flat
resolutions. We also find a lower bound for vanishing of generalized local homology
modules over a commutative Noetherian ring and we give an upper bound for vanishing of
these modules over a commutative Noetherian ring possessing a dualizing complex.

Keywords: a-adic completion functor, Generalized local homology modules, Gorenstein flat modules,

Gorenstein flat dimension.
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Introduction and Prerequisites
Throughout this paper R is a commutative Noetherian ring. We recall some definitions
from [2] and [6]. A complex X is a sequence of R-modules X, and R-homomorphisms

X
O
aﬁ(ﬂ 051(
X:"'_)Xnﬂ - Xn _)Xn—l_’"' >

such that &X&X,,=0 for all nez. A complex X is said to be bounded to the left (resp.
right), if there is an integer u such that X,=0 for all n>u (resp. n<u). An R-module M is

thought of as the complex

0 > M >0,
with M in degree zero. We denote the derived category of R-modules by D(R) and we
use the symbol =~ for denoting isomorphisms in this category. The supremum and
infimum of a complex X in D(R) are defined respectively as sup X: =sup {i€Z | H;(X) #0}
and inf X: =inf {i€eZ | H;(X) #0}, with the usual conventions that sup ¢= -0 and inf ¢p=c.
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A complex X is said to be non-homologically trivial when its homology complex is not
zero. The full subcategory of complexes homologically bounded to the right (resp. left) is
denoted by D-(R) (resp. D=(R)). Also, the full subcategory of homologically bounded
complexes is denoted by D, (R) and we denote the full subcategory of homologically
bounded complexes with finitely generated homology modules by DL(R). For any
complex X in D5(R) (resp. D=(R)), there is a bounded to the right (resp. left)
complex P (resp. I) consisting of projective (resp. injective) R-modules which is
isomorphic to X in D(R) by [4, Theorem A.3.2 P&F) and I)]. Such a complex P (resp.
I) is called a projective (resp. injective) resolution of X. A complex X is said to have
finite projective (resp. injective) dimension, if X possesses a bounded projective (resp.
injective) resolution. Similarly, a complex X is said to have finite flat dimension if it is
isomorphic (in D(R)) to a bounded complex of flat R -modules.

The left derived tensor product functor -®%- is computed by taking a projective
resolution of the first argument or of the second one. The right derived homomorphism
functor RHomg(-,~) is computed by taking a projective resolution of the first argument
or by taking an injective resolution of the second one.

We recall some definitions from the theory of Gorenstein homological dimensions
from the text book [5]. An R-module N is said to be Gorenstein injective if there exists
an exact complex I of injective R-modules such that N = im(I;—1I,) and Homg(E, I)
is exact for all injective R-modules E. Also, an R-module M is said to be Gorenstein
flat if there exists an exact complex F of flat R-modules such that M = im(F,—F_;)
and F ®y 1 is exact for all injective R-modules I. The Gorenstein flat dimension of
any complex X in D5(R) is defined by

Gfdg X :=inf{sup{1 € Z|Ql¢0}| Q is a bounded to the right
complex of Gorenstein flat R — modules such that Q = X}.

Moreover a dualizing complex for R is a complex D eDf(R) such that the homothety
morphism, R—RHomg (D, D) is an isomorphism in D(R) and D has finite injective
dimension.

Let a be an ideal of R. There are two important functors which are effective tools
for mathematician working in the theory of commutative algebra and algebraic geometry.

One of them is the a-torsion functor I, and the other one is the a-adic completion
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functor A?. We recall that for any R-module M,

. R
Fa(M):IimHomR(:—n,M) , Aa(M)ZI('_m(a_n®R M).

One can easily check that the section functor is also an additive left exact functor on
the category of complexes of R-modules. The right derived functor of a-torsion functor
exists in D-(R). For XeD.(R), the complex RI(X)eD-(R) is defined by
RI,(X):=I", (I), where 1 is an (any) injective resolution of X; see [6], [10] and [16] for
more details. Also, for any integer i, the i-th local cohomology module of X with
respect to a is defined by H.(X):= H_;(R[,(X)). Yassemi [16] defined the generalized
section functor in the natural manner. For any two complexes XeD-(R) and YeD.(R),
he defined RI,(X,Y) by RI,(X,Y):=RI,(RHomg(X,Y)) and the i-th generalized local
cohomology module of X and Y with respect to a by H;(X,Y)::H_i(RFa(X,Y)) for
any integer i.

In this paper, we study the generalized local homology modules which are in some
sense dual to generalized local cohomology modules and are in fact a generalization of
the usual local homology modules. More precisely, we know that the a-adic completion
functor defines an additive functor on the category of complexes of R-modules. The left
derived functor of a-adic completion functor exists in Do(R). For XeD(R), the
complex LA (X)eD5(R) is defined by LA (X):=A'(P), where P is a (any) projective
resolution of X; see [8], [10], and [15] for more details. Also, for any integer i, the
i-th local homology module of X with respect to a is defined by H(X):= H; (LAa(X)).
For any two complexes X,Y eD5(R), we denote the generalized a-adic completion
functor of X and Y by LAa(X,Y) and we define it as LAa(X, Y):= LAa(X ®kY). For
any integer i, we define the i-th generalized local homology module of X and Y with
respect to a by HAX,Y):= H;(LA(X,Y)). Since LAa(R, -)=LAa(-) , then the
generalized a-adic completion functor extends the usual a-adic completion functor. Let
M and N be two R-modules. The notion of generalized local homology modules

H2 (M, N) = IirpToriR( 'tVI , N)

a
was introduced by Nam in [13, Definition 2.1] and he showed that if M is a finitely generated
R-module and N is a linearly compact R-module, then H?(M,N)EHi(LAa(M,N )) for any
integer i, see [14, Theorem 3.6].
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Since the a-adic completion functor is neither right nor left exact, computing local
homology modules and generalized local homology modules is, in general, difficult to
do. It is therefore natural and an interesting and challenging problem to try to find a way
to compute these modules. Matlis [11] studied local homology modules with respect to
ideals of a local ring which are generated by regular sequences. Simon [15] extended
the study of local homology modules for any ideal of arbitrary Noetherian rings. Later,
Greenlees and May [8] gave a new way for exhibiting local homology modules. Finally,
Lipman et al. [10] showed that the local homology modules can be computed by using
Cech complexes. Also, Mohammadi and Divaani-Aazar showed that the local homology
modules can be computed by Gorenstein flat resolutions, see [12, Theorem 2.5].

In this paper, we extend the results of [12] in order to find new ways for computing
generalized local homology modules by using Gorenstein flat resolutions.
Let X be a non-homologically trivial complex in D(R) and Q be a bounded to the
right complex of Gorenstein flat R-modules such that Q=X. Let i be an integer. We
prove that:
i.  For a non-homologically trivial complex Y in D5(R) with flat resolution F, we

have HA(X, Y) = H;(A" (Q ® F)).
ii. If R possesses a dualizing complex, XeD,(R) and M is a nonzero finitely
generated R-module with finite flat dimension, then H?(M,X)zHi(M@)RAa(Q ).
Part i) provides a way to achieve the difficult task of computing generalized local
homology modules. Furthermore, it yields the main result of [12] by setting X: =R. As
for part ii), we actually prove a partial extension of this statement for R-modules
without considering existence of dualizing complex and, using this result, we prove that
forany R-module T, H{(M, T)=0 for all i>Gfdx T, which provides an upper bound for
vanishing of generalized local homology modules and moreover improves [12, Lemma
2.2 i)]. We end this paper by giving some bounds for vanishing of generalized local
homology modules.
Results

We start this section by the following lemma which asserts that every Gorenstein flat

R-module is Aa-acyclic for any ideal a of R. We recall that for an ideal a of R and an

R-module N, if H{(N)=0 for any positive integer i, then N is Aa—acyclic.
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Lemma 1. Let a be an ideal of R and N a Gorenstein flat R-module. Then N is
Aa-acyclic and there is a natural isomorphism HS(N)EAa(N). Moreover, if R possesses

a dualizing complex, then A'(N) is Gorenstein flat.
Proof. See [12, Lemmas 2.2 and 2.7].

Theorem 2. Let a be an ideal of R. Let X eDL(R) and Q be a bounded to the right
complex of Gorenstein flat R-modules such that Q = X. Then LAa(X) :Aa(Q), and
SO H{(X) = H; (Aa(Q)) for all i€ Z. In particular, sup LAa(X) <Gfdg X. Moreover, if R
possesses a dualizing complex, then GdeLAa(X) <Gfdg X.

Proof. See [12, Theorem 2.5 and Corollary2.8 i)].

For proving our main result, we need the following proposition.

Proposition 3. The following assertions hold:
I. The class of Gorenstein flat R-modules is closed under direct sums.
ii. If M is a Gorenstein flat R-module and N is a flat R-module, then M®zxN is a
Gorenstein flat R-module.
iii.  Assume that R possesses a dualizing complex. If M is a Gorenstein injective
R-module and N is an injective R-module, then Homg (M, N) is a Gorenstein flat

R-module.

Proof. See [9, Proposition 3.2] and [3, Ascent table I a) and 1)].
In the first two parts of the following theorem, we give several ways to compute

generalized local homology modules of complexes.

Theorem 4. Let a be an ideal of R and X, YeD5(R) be two non-homologically

trivial complexes. The following assertions hold for any integer i:

I. If Q is a bounded to the right complex of Gorenstein flat R-modules such that
Q=X and F is a flat resolution of Y, then LAa(X®I§Y)zAa(Q®RF ), and
50 HY(X,Y) =H;(A (Q®&F)).

Moreover, if R possesses a dualizing complex, then the following hold:

ii. Assume that M is a nonzero finitely generated R-module such that either it is flat
or injective dimension is finite. If F is a bounded to the right complex of
Gorenstein  flat R -modules such that F=Y and YeD,(R), then
LA (M®LY)=M®gA'(F), and so  H'(M,Y)=H,(M®gA (F)).
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iii. Assume that X, YED_,(R). If E is a bounded to the left complex of Gorenstein in-
jective R-modules such that X~E and I is a bounded injective resolution of Y,
then LA"(R Homg (X, Y ))=A’(Homg (E, 1)), and so

HY(R Homg (X, Y ))=H;(A (Homg (E, I))).

Proof.

I.  Note that (Q®gF) .=1l,ez Q, ®rF;., for any ie Z. Then, by Proposition 3 i) and ii),
every component of Q®gxF is Gorenstein flat R-module. Therefore Q®gF is a
bounded to the right complex of Gorenstein flat R -modules such that
Q®gF=X®X%Y. This implies that LAa(X ®{gY)zAa(Q®RF) by Theorem 2.

Now, assume that R possesses a dualizing complex.

ii. By Lemma 1, every component of A'(F)is Gorenstein flat R-module and by
Theorem 2, LA (Y)=A (F). Now by using [12, Lemma 2.6] and [4,orollary 2.16],
we have:

(M®KY )=M @KLA'(Y)
=M ®k A'(F)
~M ® gA'(F).
iii. Notethat Homg(X,Y )eD-(R), because
infRHomgp (X, Y ) >-idg Y - supX

by [2, Corollary A.5.2] and also by [6, 6.15]

RHomg (X, Y)=~Homg (X, )~ Homg (E.I).

Set s:=min{i € Z|;#0}, u:=max{i € Z|L;#0} and z:=max{i €Z|E;#0}. Then for any

integer i, we have

Homg (E.) =@ ¢Homg (E,.1,),

and also if i<s—z, then Homg(E,I),=0. So, by Proposition 3 i) and iii), Homg(E,I) is

a bounded to the right complex of Gorenstein flat R-modules which implies that

LA (RHomg (X, Y ))=~A"(Homg(E, 1)) by Theorem 2.

We need the following lemma for finding another way to compute generalized local

homology modules.

Lemmab. Let a beanideal of R and M a finitely generated R-module with finite flat
dimension. Assume that N is an R-module and F=---—F, — F; —F;—0, is a bounded to

the right complex of Gorenstein flat R-modules such that F~N. Set T:=M®®gHj (-).
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Then for any integer i, we have
LiT(N)=H;(M®gHj(F)),
where Hj(F)=-—H(F,) — Hy(F)) —>HS(FO)—>O.

Proof. It is easy to see that T is a right exact covariant functor from the category of
R-modules and R-homomorphisms to itself. First, we show that every Gorenstein flat
R-module Q is T-acyclic. Let P=---—P, — P, —P;,—0 be a projective resolution of Q,
and i be an integer. We have

L T(Q)=H;(T(P))

=H;(M®gH{(P))

DHi(M @y A'(P))

CH(M®k A'P))

=H,(M ®L A'(Q))
UMk A'@Q))
~Tor(M, A'(Q))
“o,
where (a) follows from the fact that the following two complexes
HG (P)=-—H§(P,) — H(P;) —H;(Py)—0,
and
A'P)=— A (Py) = A'(P)— A'(P)—0,
are isomorphisms (see e.g. the proof of [11, Corollary 4.6]), where (b) follows from the
fact that the a-adic completion of every flat R-module is flat (see e.g. [1, 1.4.7]), where
(c) is due to Theorem 2, and finally (d) is by [12, Lemma 2.7]. Hence, every component
of F is T-acyclic. This completes the proof. Indeed, recall that if T is a right exact
additive functor from the category of R-modules and R-homomorphisms to itself, then
for any R-module N, the left derived functors L;Tof T at N can be computed by using
left resolutions of N which are consisting of T-acyclic R-modules.
The second part of the following lemma partially improves Theorem 4 ii) without the

existence of dualizing complex.

Lemma 6. Let a be an ideal of R and M a nonzero finitely generated R-module.
Assume that N is an R-module and i is an integer. We have:

i) If N is a Gorenstein flat R-module, then H? (M, N) ~H; (M ®k Aa(N)).
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ii) If F=---—F, > F;, »F,—0 is a bounded to the right complex of Gorenstein flat
R-modules such that F~N, and if M has finite flat dimension, then
HIMN)=H;(M ®g A '(F)).
Proof.
i) [12, Lemma 2.6] and Theorem 2 yield that
LA (M®YN )=M ®KLA (N)=M ®A (N),
and so H* (M, N) ~H; (M ®% A (N)) as desired.
ii) Let P=--—P, — P, —»P,—0 be a projective resolution of N, and i be an integer.
We have
HA (M,N)=H;(LA"(M ®N))
“H, (M®k LA'(N))
=H; (M @kA'(P))
OHM @ A'(P))
DM @ Hi(P))
“OH,M ®g Hi(F)
OHiM @ A'(F)),
where (a) follows from [12, Lemma 2.6], and where (b) follows from the fact that the
a-adic completion of every flat R-module is flat (see e.g. [1, 1.4.7]). Isomorphism
(c) follows from the fact that the following two complexes
ARy A'(P) = A'(P) > A (P)—0,
and
Ho(P)=++-—Hp(Py) — Hp(P,) —HG(Po)—0,
are isomorphism (see e.g. the proof of [11, Corollary 4.6]). Isomorphism (d) follows
from Lemma 5. Finally (e) is obtained by using Lemma 1.

The following corollary improves [12, Lemma 2.2 i)].

Corollary 7. Let a be an ideal of R, M a nonzero finitely generated R-module with
finite flat dimension and N an R-module. Then H:(M\N)=0, for all i>GfdgN. In
particular, if N is Gorenstein flat, then H{(M, N)=0 for all i> 0.

Proof. Let t:=GfdyN<co. Then there is a bounded to the right complex of Gorenstein flat
R-modules of the form

F=0—F,—F,|—...—»F,—>F;—0,
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such that F~N. By Lemma 6 ii), H:(M, N)=H; (M ®g A'(F)) for any integer i and this
completes the proof.
We recall that for any ideal a of R and any complex XeD-(R), a-width of Xis
defined as:
width(a, X ) :=inf (% ® X)

We finish this paper by the following proposition which gives lower and upper

bounds for vanishing of generalized local homology modules.

Proposition 8. Let a be an ideal of R and X, YED(R). Then

i, infLA (X®KY )= widthg (a, X)+ inf Y.

ii. Assume that R possesses a dualizing complex and XeD_(R). Let YeD!(R) be a
non-homologically trivial complex such that either its projective or injective
dimension is finite and GfdgX <. Then sup LAa(X®I§Y )<dimR+sup X+ sup Y.

Proof.

i. By [2, Proposition A.4.15], we have X®kYeD5(R). Also [7, Theorem 2.11] and [2,

A.4.15.1] imply that:
inf LA (X®KY )= widthg (a, XQKY)
=inf(R/a@k(X®KY ))
>inf(R/a®kX)+inf Y
=widthg (a, X)+ inf Y.
ii. By [12, Corollary 2.8 ii)] and [4, 1.4 and Theorem 3.5], we have
sup LA (X®KY) < GfdgX+sup Y <dimR+sup X +sup Y.
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