[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

[ DOR: 20.1001.1.25882546.1395.2.3.5.0 ]

[ DOI: 10.29252/mmr.2.3.1]

Mathematical Researches Vol. 2, No. 3, Winter 2017 1

(Sci. Kharazmi University)

A Nonholonomic Mechanical Structure for the Two-
Dimensional Monolayer Systems

Esmaeil Azizpour, Ghazaleh Moazzami;
University of Guilan
Received: 26 Dec 2014 Revised: 17 Sep 2017
Abstract

In this paper we study the dynamics of the 2D-motion of a particle of monolayer. A
geometric approach to nonholonomic constrained mechanical systems is applied to a
problem from the two dimensional geometric dynamics of the Langmuir-Blodgett
monolayer. We consider a constraint submanifold of the 1-jet space j(T, RZ),
corresponding to the given constraint condition in a monolayer space and construct the
corresponding constrained mechanical system on the constraint submanifold. Then the

equation of motion defined on the constraint submanifold is presented.
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Introduction

Physical systems are often subjected to various types of constraints. Generally, these
constraints are position, or geometric (holonomic), constraints, or velocity (nonholono-
mic) constraints. If a system has constraint equations that involve velocities or
derivatives of system coordinates, the constraint equations are said to be nonholonomic
and the mechanical system is said to be a nonholonomic system. Although almost all the
work on nonholonomic systems is concerned with the case of constraints linear in
components of velocities, but a geometric theory covering general nonholonomic
systems has been developed by Krupkova [2], [3].

An example of such a system might be monolayer systems. In this paper we present

geometric concept of the theory of nonholonomic mechanical systems developed by
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Krupkova [3] and consider the application of this theory to a problem from the two
dimensional geometric dynamics of the Langmuir-Blodgett monolayer [4]. To this aim,
we consider a constraint submanifold of the 1-jet space j1(T,R?) corresponding to
the given constraint conditions and construct the corresponding constrained mechanical
system on the constraint submanifold. Then the equations of motion defined on the
constraint submanifold are presented.

Section 3 of this paper contains a brief outline of basic geometrical concepts of

nonholonomic mechanical systems that we will need. For proofs and more details see

[2], [3].

Nonholonomic mechanical systems in a monolayer space

In this section we begin with a brief introduction to a monolayer space [1], [5] and
then describe the nonholonomic mechanical system related to it. To obtain the 2D-
motionn equation of a particle of monolayer, we define a first order mechanical system
[a] in this space and calculate the nonholonomic constrained system [a,] related to the
mechanical system [«a].

We start with the usual physical time defined by the Euclidian manifold
(T = [0,)) and we also consider the plane manifold R? having the polar coordinates
(r, @), where r > 0 and ¢ € [ 0,27 ), and construct the 1-jet vector bundle J*(T, R?) -
R x R?, locally endowed with the coordinates (t, g%, g2, ¢%, ¢*): = (t,7, @, 7, ®).

Using the special function:

o ,—t

f@=-| T

-z
we study the 2D-motion of a particle of monolayer in plane moving in such a way, that
the square of its speed decreases proportionally to the reciprocal value of time passed
from the beginning of the motion.

We denote by (t) the coordinate on X = T, by (t,r,¢) fibered coordinates on
Y =T x R? and by (t,r, @, ;@) the associated coordinates on J1(T, R?).

This particle of monolayer governed by the jet Lagrangian function L: J1(T,R?) -» R
defined by

Q% —pr°|Vler - 714+ U(t,7), (D
Us(t,r)

2
L(t,7,7,¢) =~ 72 +
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where we have the following physical meanings: m is the mass of the particle; V is the
LB-monolayer compressing speed; p is a constant monolayer parameter given by the

physical formula:

_m*q* p§
g RZ'

Us(t,r) is an electro capillarity potential energy including the monomolecular layer

function:

ut,r)= p{[——r +—(|V|t)r +—(|V|t)21‘3 +—(|V|t)3r2 +—(|V|t)4

2 6
IVI + 1413) 2|V|t).}

45 rf(r

vi]e
According to the Lagrange theory on fibered manifolds [3], to every Lagrangian
there exists a unique Lepagean equivalent, denoted by 6, where A is a Lagrangian on
JX(T, R?). The Euler-Lagrange form defined by the Lepagean equivalent depends only
on the Lagrangian A. Therefore it is referred to as the Euler-Lagrange form of the
Lagrangian A, and is denoted by E;. Now, we shall find chart expressions for the
Lepagean and the Euler-Lagrange forms.
In fibered coordinates (t,r,@,7;¢) on J! (T,R?), the module of contact 1-forms
(denoted by Q'JY(T,R?)) is locally generated by the forms w' = dr —r'dt and
=de — @'dt. Put A = L dt and denote L

oL
Hl—Ldt+Ea)+%a) (2)

accordingly

1 2|V|t
6 = (3 m(#2 +7297) —proVle T i+ UL ) de

2|V|t
+ (mi‘+ pro|Vie r f‘z)wl +(mr? 9w’ )

We define a first order mechanical system [a] on the fibered manifold J* (T, R?) - R X

R? represented by the 2-form with respect to (15)

s5pr*|v 2 2pr3 |V|? 2 ou

a:d9,1+F:<Tm“<p2— P Ir.le +2 ||r.te —)dr/\ dt

w2 2|Vt St (V] 2|Vt vz 2|Vt
2pr*|V)%e T r*|\Vle r 2 r3|V|2te T
P > dtnw' +| 22 = P > dr A w?!

7 7 r

2\vit
2prS Ve T . 1 . 2 2N 7 s 2
+ |\m—-——— |dFrAw + Cmr ¢)dr Aw* + (mr®)d¢ Aw* +F. 4)
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This mechanical system is related to the dynamical form with respect to (11)

where
2vie 2vie 2vie
~ 10pr*|V]e T 4ptr3|V|2e T 2prt|V|%e T ou
E, = rY — , + - - = + =
T T T or
o 2wVt
_<m+ 2pr II‘/Ie T >T‘,
72
and

E, = —(2mrr'+ mr?g).
We consider the nonholonomic constraint Q given by the equation
.o 1
fltrore)=1M? + (@ - =0, (6)
which means that the particle's speed decreases proportionally to % In a neighborhood
of the submanifold Q
of of o
rank(; , £_> = rank (2r,2¢ ) = 1. (7N
Let U c J (T, R?) be the set of all points, where ¢ > 0, and consider on U the adapted
coordinates (t,7, @, 7, f),wheref=¢ — g, g = /% — (7)? isthe equation of the constraint

(6) in normal form.
The constrained system [a,] related to the mechanical system [a] and the constraint
Q is the equivalence class of the 2-form ( with respect to (18) )
ap = A} o' Adt + By w'AdF +F+ ¢y (8)
on Q, where F is any 2-contact 2-form and ¢, is any constraint 2-form defined on Q.

Calculating L = L o ¢ and calculating A3, By ; by relationships (19), (20)

L(t,7,@,7,9)=L|t71, 0,7, l—(1'”)2 )
t

Then

= m., mr? (1 2lvie .

L= ;rz +T(E—r2)—pr5|V|e T - 4+ U(LT),

Us(t,r)
and
) oy 2IVIE 114 iy 2IVIE
o 2 .2 _mf*r 2 _ 1opr tiVice r 4prat|Vice T _ 2pr [V|ce 6_U

A, =mrg® +2mrr " ” + . 2 e
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) . 2|V|t
o 2 mr 2prot|Vie T
By, =m@?—1)— "+

th 75-3
Reduced equation of motion of the constrained system is as follows
[A1 + Byir]e J27 =0, )

where ¥ = (t,7(t), @(t)) is a section satisfying the constraint equation f o J'y = 0.

Lagrangian systems on fibered manifolds

Throughout this section we consider a fibered manifold m:Y - X with a one
dimensional base space X and (m + 1) —dimensional total space Y. We use jet
prolongations m; : J1(X,Y) > X and m,: J?(X,Y) > X and jet projections
Ty0:J'(X,Y) » Y and m, 1:J2(X,Y) - J* (X,Y). Configuration space at a fixed time
is represented by a fiber of the fibered manifold = and a corresponding phase space is
then a fiber of the fibered manifold ;. Local fibered coordinates on Y are denoted by
(t,q° ), where 1 < ¢ <m. The associated coordinates on J1(X,Y) and J2(X,Y) are
denoted by (t,q% q°) and (t,q% g%, q°), respectively. In calculations we use either a
canonical basis of one forms on J1(X,Y), (dt,dq°,dq°), or a basis adapted to the
contact structure

(dt,w?,dq?%),
where
w? = dq° — q°dt, 1<o<m.
Whenever possible, the summation convention is used. If f (t,q?,q?) is a function

defined on an open set of J(X,Y) we write
af _9f L Of 1o 9 e

_ of of | Of .4
dt ot aq”q ach ! )

% =t Toge

A differential form p is called contact if j'y*p = 0 for every section y of m. A
contact 2 -form p is called 1-contact if for every vertical vector field &, iz p; is a
horizontal; p is 2 -contact if i; p, is 1-contact. The operator assigning to p it’s 1-

contact part is denoted by p;.

If 2isa Lagrangian on J1(X,Y), we denote by 6, its Lepage equivalent or Cartan
form and E; its Euler-Lagrange form, respectively. Recall that E; = p,d6;. In fibered
coordinates where A = L (t,q%,¢° ) dt, we have

oL
0, =Ldt +— w°, (10)

0q°

and
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E, =E, (L)w’ Adt, (11)

where the components E, (L) = —=—2< 2

507 " a 937 are the Euler-Lagrange expressions.

Since the functions E, are affine in the second derivatives we write
EO' = AO’ + BO’V q.v1
where

oL 9L 9L ., 9L

Ao = 505 “otoge aqrage 1 Bov = — 50 (12)

A section y of m is called a path of the Euler-Lagrange form Ej if
EyoJ?y = 0. (13)
In fibered coordinates this equation represents a system of m second-order ordinary
differential equations
Aa(t,yv,dd—f)+30p(t,yv,dd—f)%= 0, (14)
for components yv(t) of asection y, where 1 < v < m. These equations are called
Euler-Lagrange equations or motion equations and their solutions are called paths.
Euler-Lagrange equations (14) can be written in the form
J' vig @ =0,
where a= df, + F is any 2-form defined on an open subset W c J1(X,Y), such that
pia = E;, and F is a 2-contact 2-form. In fibered coordinates we have F = F;,0° A ®",
where F,, (t,q” ,q") are arbitrary functions. Recall from [3] that the family of all such
(local) 2-forms:
a=df)+F =A,0° Adt + Bs,w° Adq” + F (15)
is called a first order Lagrangian system, and is denoted by [«a].
A non-holonomic constrained mechanical system is defined on the (2m+1-k)-

dimensional constraint submanifold Q c J1(X,Y) fibered over Y and given by k

equations
fl(t:ql;,qm;ql,,qm)zo, 1S lSk,
where
arty _
rank (aqa) = k, (16)

or following [6], equivalently in an explicit form
gmrt = gi(t,q% ,4t,¢%,...,q™F), 1< i<k (17)
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By a nonholonomic constrained system arising from the Lagrangian system [a] and
constraint forms on the constraint submanifold @, we mean the equivalence class [a,]

on Q, where

ag =10'd0y +F + ¢,
where F is any 2-contact m,, horizontal 2-form and ¢, is any constraint 2-form
defined on Q, and « is the canonical embedding of Q into J1(X,Y). The local form of

[aol is
m—k

By ' AdGS + F + ¢z, (18)
l,s=1

m—k
ap = ZAéwl/\dt +
=1

where the components 4; and B, ; are given by

) oL agt dc oL oL dc ,dg) g’
Al=_z t o 501 3 aal T\ ) |3 (5a) T ST
dq dgm—k+l 9q dt 9q aqm-*+1/J Lat ~aq aq
g’ ag'
aqm—k+i a_ql 4

' 92L oL 92gt

Bis =~ +( -m—k+i) -lg~s'

: aqlag aq . 0404

L=Lou and
dc _ @ d d

9 +s_Y i
dt = ot t4q aqs t9g dqm—k+i
The equations of the motion of the constrained system [ a,] in fibered coordinates take

the form
m-k
A+ D B o T =0, (19)
s=1

for components y1(t),y2(t),...,y™ * (t) of a Q — admissible section ¥ dependent
on time t and parameters g™~ ¥+ 1, gmk*+2 g™, which have to be determined as
functions y™—k+1(¢),ym-k+2(¢),...,y™(t) from the equations (17) of the

constraint
dqm—k+i

R dldz dm—k .
=gl(t,q0, a da° 44 ) 1<i< k

dat dt ~ dt dt
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