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Introduction

Let p(x,{) be the set of parametric probability distribution with parameter { =
[¢%,...,{™] € R™ This set is called a statistical model or manifold. The distance between
two points is measured by the Fisher metric. In general, statistical manifolds are
Riemannian manifolds of distributions endowed with the Fisher information metric.
On the other hand, one of the most important structures on odd dimensional Riemannian
manifolds is the almost contact structure. Recently, statistical manifolds equipped with
almost contact structures are studied by many authors. In this paper, we introduce
statistical almost contact-like and statistical cosymplectic manifolds on a Riemannian
manifold. We recall the basic definitions and define statistical cosymplectic manifolds
and their invariant submanifolds. We prove that an invariant submanifold of a statistical
cosymplectic manifold with tangent structure vector field is a cosymplectic and minimal-
like submanifold. Also, we prove if the structure vector field be normal to the
submanifold then the submanifold is a statistical Keahler-like manifold. Finally, we

construct two examples to illustrate some results of the paper.

Statistical almost contact-like manifolds
Let (M, g) be a Riemannian manifold with the Levi-Civita connection V. (M, g) is called
a statistical manifold if there exists an affine and torsion free connection V such that for
all U,v,W e t(M)

Wy, w) = (7yg)(U,W).

Moreover, an affine and torsion free connection V* is called a dual connection with
respect to g, if

Ug(V,w) =gV, V,W) + g(V,V*y, W).
An almost contact manifold (M, ¢, &, 1) with Riemannian metric g is an almost contact-

like manifold if it has another (1,1)-tensor field ¢* satisfying
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9(eU,V) = —g(U,¢"V), 9, &) = n().
Let (M,¢,&,n) be an almost contact-like manifold, then for all U,V e t(M) the

following relations hold

9(@U, V) = gU,V) — nUnV),  ¢*?U=-U+n).
Definition. An almost contact-like manifold (M,V, ¢, &,7, g) with statistical structure
(V, g) is a statistical almost contact-like manifold. Moreover, (M,V, ¢, £,7, g) is called

a statistical cosymplectic manifold if

(Vyp)V = 0.

M is an invariant submanifold of a statistical cosymplectic manifold

(M,V,0,&,1,g), ifforall U e (M) we have U € t(M), p*U € t(M).

Submanifolds of statistical cosymplectic manifolds

We show that the manifold (M, V, ¢, £, 7, g) is a statistical cosymplectic manifold if and
only if (M,V*, ¢*,&,1, g) is a statistical cosymplectic manifold. Moreover we prove the
following theorems.

Theorem. Any invariant submanifold of a statistical cosymplectic manifold with tangent
structure vector field ¢, is a statistical cosymplectic and minimal-like submanifold.
Theorem. Let M be a submanifold of statistical cosymplectic manifold (M,V, ¢, £,71, 9)
such that the structure vector field & is normal to M. Then for any vector field U € (M)

we have

AU =0, Vy¢=nydK.

Theorem. Let (M,V,¢,&,1,9) be a statistical cosymplectic manifold. If M is a
submanifold of M and the structure vector field & is normal to M then

RL(U,WE=0, VU,V eM).
Theorem. Let M be an invariant submanifold of statistical cosymplectic manifold
(M,V,9,&,1,g) and & is normal to M. Then M is a statistical Keahler-like manifold.
Conclusion
We introduce statistical cosymplectic manifolds and investigate some properties of their
tensors. We define invariant and anti-invariant submanifolds and study invariant
submanifolds with normal and tangent structure vector fields. We prove that an invariant
submanifold of a statistical cosymplectic manifold with tangent structure vector field is
a cosymplectic and minimal-like submanifold. Also we show if the structure vector field

is normal to the submanifold then that is a statistical Keahler-like manifold

How to cite: Kazemi, M., Salahvarzi, Sh; (2022) Statistical Cosymplectic manifolds and their submanifolds.
Mathematical Researches, 8 (2), 1-13

DS
© The Author(s). Publisher: Kharazmi University

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

YOM-T0ET : ala LiLY

YOM-T00¢ @ K9 O b

ol by

Homepage: https:/mmr.khu.ac.ir/

. a8
Jf/'i:bf/":

LT laadicioy § 5 6 5kol AU pa—30 (solinio

"5339 T I P caBLS Blonoa

mbkazemi@znu.ac.ir: Sog mSI G .ol pl (ol (ol ; olKiails o ool 09,5 ¢ Joiuume it g .)
s.salahvarzi@znu.ac.ir: Ssg xS Sy ol pl ooylog ol ol8ils o ol 09,5 .Y

PRVLY

alio wleMb|

Syl ols 51 5y g 00,5 iy a5 |y (g lol A2BL e 90 g ol canked Ly 5 (sloaligio llio oyl o

Olae b Ll sloalicie s dalllas 4 LL-0l 5 LL slaaliia ) (Brxe God pmleiisn ooz ) g
bpa-go alaie Sy bl Aaio ) B S oo Cull oig 4 pulo o0 Jlo i g pulon )L (5 )l0
Gl (51 e I 5 ol Jlosins 4 5 (5 Lol atdlion—g ¢ ulow (5 L5 le (5510 (e b 5Ll
315 358 3)lee sy ste et e iBLal ogdle 4 el (55leT (6 kS mas alae s sl Jbos

oadd oo Las ]

gy dlis allio g4

VYWRQ/- Y/ A el 0 g b
VYAR/ 0/ 5 15,553 o,
VA7 0Nt dy gl
VENYYY sy Lassl g b

1ol sbejly

‘G)LJ _\l.o.u.e
sl pago sl
Sl s hS-as alae

A (YA ‘@ééj sz‘bu“‘”ﬁf’ LQ)—‘ LngbAl.n.:.wJ.:) 9 6}41 3;;_"3[3@—9.5 LgLa:..\M (OfF)) 519.3..'5 ‘é})ﬁCBL" ‘)Sb..x.w ‘@Jo'lf :lciw!

DS

NC

OB S g ©

6‘))‘5’ oKl J.....al;



mailto:mbkazemi@znu.ac.ir
https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

il sloaliioy j 5 5plo] dislippa—g0 sloulivio

doddo )

el yrs dssin (s pole 5l mae a3Li 99 (0 a5 Sl portlin (n Sdle 5 (n oo 5l (S Tl daia
S o el T bl e ji oMbl dwaie &,k Lol yaie ool snw] 0smg 4 Ykl g Ll g
Slaegorme baiz el = [T, ] € R ol by a8 sty Jloiol slag 8 51 o 2elb slauls 52, €)
s ol bl a8 cal glad bl alice chds s wese LSid | bl alice L Jae
alold 5| Cusmo Az 10) 9IS 3525 5y SIS O yge 4 aliie SO (g9, p LS Sl o el (X, 0) i
45 s (%0 shls (18 JS @ iy pa5 4 x5l (55l (slaalinie Lol (ol gime (o ol Aoy ;0 dlas 9o
el Olgise o (nl SeS 4y azii 55 09d g0 0aiel bl e by paud e 5w g Sloy) So So eSS
oy - 9 65055 «sjlye JEL izl qozmmialold wiile gornlio 5 cdls Jloiol slagjsi 5l i 5 b
G318 50 ol sles S Cage (398 (slalnl SaS 4 @Ml dssin slagts; UlE 5 @8 o cnl 408
ool 00 g e &y a0 (o y 05185 ¢ 09 05T A JUS (331 g
HPX) S5 saesorme sl (X, B) ojlail sl 55, spzleSemw B 5 Rl (ol aegazmo; X oS (08

S 0 A 50 ) Oyge ]y il slag 598

pX) ={pX):X->RlxeXpXx) = O,I p(x)dx = 1}.
X
D] agigo iy o 125 g0 4 )bl aliio b Joe S p Jlazol 555 s UCR™ 5L gaegas 3l 4

M:={p(x;0) e p()|¢ = [¢Y,...,{"] e UL

slalo LG e Coie g o580 o Sle
[ (szt0ap:0) ) (27109900 Jpixs 0
gijzx a0 ogp(x; ¢ a0 ogp(x; Q) |p(x; Qdx
S ki 1) Laaliie ol egim Gidu )0 w3 oo oy, alivie K iS85 (M, g) 5 95300 ouali b e

oS oo 0Ll aalae ol 5 Jle G ay Ladd eyl ;0 50,5 pudles oy o Jedlyans Ao

c .. . 2 . : i e e .
Sy 5 50 3 Sygo a1, 0% Luilyls o T = 1,0, ! slaniSilos b o it Wiz pslS a8

YInformation geometry
2Statistical manifold


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

1F+) 050 6 lad ot 5550 o 0l 5 (slo g 3 o

1 1 n . .
Pl o) = ——ew(-55 ) (=)

2no i
(= clasre b san N+ 1 )bl e o osdior 1525 bagjr nl b o8 (M, g) 35 oo Gl
RO (TR VLN
el T guolad L5 sl 00,00 9925 08w b laalinis (g5 32 o5 oot lo)bizlo 51 (S5 500 (g5
plol alicie ol (55, 2 (6105w Slalllas 059 ol (Sl 5 Sy 55 aliie 5 atws ol 3,5 4 4z g5 L
58 anlllas 5590 [Fb] @Vlie jo aial Slole coles Lo, [bsle 4 jeome a5 (6 Lol (sloalivis |3 .ol ons
—0 5 ol owles Loy isle slls a5 o Lol slaalivie allie (plyo Lo ool onds Jol> > gl § 4188
a8lipa-go 5 88l &5 s iy Sl abozr SHlap)] plss (B Sl ay s maledise (Byme | S Tatilinn
bl 5o 1) alisio sl ans (ol bl laaliciens (T wolol 5 ma3lon o0 07 55l e b alivie 052
| alicie cnl 5l Jle 99 523 0Lk 5o pmlbeiien sy b 25L Lagl 2 Jloi b Goles )3 Le )05 (o oS

Syl ol (omled Ly 55 glaalio ¥
595 1300 6100 o Is dad degorme wAVE sligz g5l Glatl b oy, sliie o (M, 9) 05 23
s oo Lz T(M) U, M
2 22LVbolT 5 (bl glacll S5y seme o8 0 053 00 oual V] ()bl wliie o (M, g) by, iio
U, V,W e T(M) ;o &l aSs,5b
V)V, W) = 7y @) (U, W).(")
a8 5,15 552 eV CbolsT 5 bl sl oo Lol alinie (s, 5

Ug(V,w) = g(ZyV,W) + g(V,7*W).(v)

8 Almost contact structure
4Cosymplectic
5Levi-Civita connection


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

il sloaliioy j 5 5plo] dislippa—g0 sloulivio

V= a5 058 00 i (V) sl 5 G 50 bV 6585k 51 [3]asS o 3o (1) 0 5V (V)" =V (pizen
ssie e Ky V = Uyl = UV &0 4 K 5,5u5- (V) ) ase e = (V + V)

sl (uolod Loy L3l Glow ) liie G (55 2 poe slo)lisle 5 (SO (3L

8 55k & sl anals sgmg Maliie (53, M (o3 58 5102 Sloee 4 (5y3ms=(1 1) s 51
p*=-1+n1®¢ N =1 )

IV] ateli o guoles Loy aliio 1,(M, @0, 8,1) &j50 o 5o

aile 5,553 6,5ei-(V ) e Lo a5 G oy, e & see(M, 0, &, 1) olos L5 aliia) Y Gy y25
S oo 5 Lulrd ;3 U,V € T(M) o sl ol 10 sl g ol (omles Loy alinia |, sl @7

9(eU,V) = —g(U, ¢"V), ©)

9,8 = n(U). )

ool 3y 05 s, U,V € T(M) jo sl d(M, 0, 8,1) (ol ool Ly alivin 59y 2 NY Bunidd

g(eU, V) = g(U, V) — n(Un(V),
02U = —U + n(U)5.
ool sl 4 @U ol )36 () dlaly jo cusl cwles Lo, (90, €,7) a5 iy 51l g
g(oU,0*V) = —g(e*U,V) = g(U,V) — n(U)nV). )
S 50 4 (V) 5 (7) (slaalaly 5l oslinl b 5 (0) dbul, oV sl 4 @7V pols 130
g, V) = —g(U,¢*V) = g(¢*U,V) = g(-=U + n(U)E, V)
=g(=U,V)+gWU,OnW) =gU, -V +nl)J).
D.(p*ZV =-V+ T](V)f Q{lﬁb_"
315 LS g5 oo s dsliee by oosled Lo, s wiilon
nop* =0, P (&) =0,
S9se iy g5 3o M 55y 55D (5,5l—(Yeo) (e opdlea
@U,V) =g(eU,V).

sy el M 5, bl Jisle G (V,9) &5 (M,V,0,&,1, g) o onlos Lo i oY iy yas

S oo )bl B oles Ly i


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

1F+) 050 6 ladd ot 5550 o 0l 5 (slo g 3 \

o5 18 tsS (5ol &dlins —50 Aiio i 1, (M, V,0,€,7, 9) )bl (ol sl e odls o
(Vy@)V = 0.(\)

Cuils mealss ol 59, @ ol 519 Vb gabal, o V=& ol 131

Vyé = U(vuf)f-("t)

oS aily e it Loy slo b bl aliie o (M, 9) )bl e yomans Ly i aliis [0] F,Y Gy o

0S se o ) il 5 UV € T(M) jo sl g ol J¥ aiile ;00 (6,5mibi=(Ve)) (loee (51,
JF=7%=-1, g(u,v)=—g(UJV).

aiabioe 6yb17 g ks mas slace |, (M, V, ], @) o501 (Vy IV = 0 51

S G L5 M 9, M3l QU e sl o] 5l aliie 5 Mg el sliie o (M, V, 9) 08 (58

3500 ol 2 Spge 42 VT 5V glagglattl sl (wgl8 Jgo s oo o0

VyV = VvV + h(U,V), )

V'V =V,V+h*(UV), VUVeTM) ")

Db olT g a5l esliiul b acies M g5, oWl slogladVF 5 V g )5 absé slalio! slo,guili B* g R oS

Glaalal 5 oog bslyl 5 a5 VE IV a8 wms o las soles deule 3 V5 V 6L slagglad] oo

[7] atin oy )lie 5 o 90 3R 09 o ol ol odle ol o M (55, sl

S sn iy yw s Sygo 4 M pun Maliis iy so5{€1}m 45 selaie L sl H™ (5 Slos sl o

1 n
H* :—Z h*(el‘, el‘).
N b j=1

sS4t [y Molaa s HY = 0 o5 o

[ el 5 30 AV 5V slaglall 5,85 sl Jsep U € T(M) 5Z € TH(M) 1o sl
VyZ = —A*,U + V4,2, (v)
V'yZ =—AU + V4,2, Ap)

e M s, Jog slaglal VE V5 Ry sl Slac AT A sa8

6Kaehler-like manifold


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

il sloaliioy j 5 5plo] dislippa—g0 sloulivio

Sl 25 Sz a5 Ky Klesy (659 absé szl il o LLs)I UV € T(M) 5 Z € (M) » sl
ol 5 s ee olis R gRE L VF o Vo LT slagslad! 4 aeoly Sley, sbabios! gl

REU, VW = [V4y, VE W — V4 W,
R*(UVIW = [V*y, V' IW — V¥ iy W,

QU e T(M)y0"U € T(M) sl axslo U € T(M) ;o l5l 4 o5 2

obse LU=l sliie s |y, M ol ol o025 L3 TH(M) ,0Us@*U U € T(M) o sl 51

QT Cralaco ) g adlipd —g0 ‘S)LJ i Y
W(MJV*'QO*J&"'Q) Sls g )51 C""‘""LS)LJ uuﬁﬁ_ﬁ"*l-é#;‘(ﬂrv'goré'nrg) RVESEPIR 1} g OOP-1-
bk ‘_g)LAT A8 o — g0

9((Vw)U,V) = g(VyoU,V) — g(9VyU,V)
=Wg(pU,V) — g(oU,V'y V) + g(VyU,@*V)
=Wg(pU,V) + g, " V'y V) + WgU,@*V) — g(U, V" y*V)
=Wg(eU,V) +gU,¢*V'yV) = Wg(eU,V) — g(U,V e V)
=—g(U,(V'we")V)

0V =0 5 Lhis g 5IVQ =0 ancs o

Sl 0 £ €T(M) a5 5,0k 4wl (M, V, 0,81, g) o bl Libea-gs alice 5l L galica,y; M 31
3900 030l (B @358 5 Sl (§) @398 alate oo Dinsp S TM = D D (§) ctigs o 250
TH(M) o851 el M3l LL soliia s M g s Ll &3 gm0 alaie (M, V, 0, &,1), §) oS 5,5 Y. o
s Ll @7 5@ cos D mie

X € TL(M) 5V € T(M) ).936‘)4 .dl.bﬁ

g(@*X,V) = —g(X,9 V)=0,


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

’F"‘,O}J G;la—& ‘M 0‘);& “’4‘4!) 6‘680“635);! q

D 035 p olon U jo 6l (raizen @7 X € TH(M) ()l

g(@U, &) =—g(U,@ &) =0,

0 0gd o Jol> 550 slp ammt alie GL3IL goiwn LL @7 o 90,0

Sy S 3 obos s (MLV, 0,81, 9) 5ol &dbien —go aliie 51 aliien; M ais (23 ¥.Y 5,138
ol 3y 15 D i i ol5 T 2L E

02,0(Q) daly oo 5l A Yaas wasg LU,V €T(D) ,o sl pyloy

= gUn(V'y§)$§) — gV, n(V'y$)§) = 0.
O.cwl p& 5561 D 5 [U, V] € I'(D) ams yo

Ol 2 o a5 026 (M, V, 9,8, 1, ) s el &8bpags liie 51 L galiia s Mass (28 £, &uad
B¢ aplys adlina-g5 g bl wlace 55 Mg cpl jo.cl § s lop

9l ss Cowd 4 ualS Joa s 3l eslinul LU,V € T(M) (s o oo o sl ool g

0= (Typ)V = V' ygV — V' yV = V'yoV + h"(WU,¢V) — o (V'yV + h'(U,1)) (\0)
9o azeid My Jloyi g polos slocand dylin b g VoY o 4y azgs L YL Ayl 5o

h*(U, V) = h*(U,V),(\%)

VgV —oV'yV = (Vye)V = 0.

0.l 4800 90 5 (5 bl (salie 55 M ams jo

ols il g b 6155 e s oles 457 (g Ll &8lpa-gs aliie 51 LL aliie ) o 4 0, Ao

h* (€, ) = 0.0

Ol 80 4t plplo BT (U, &) = 0 0 o alasde (V8) dlaly oV sl> 00 & (6 31 L .oyl y
el Jlosins 4t aliie 8L & los a5 (5 LT &xlea90 alinie S L inie 0 FLY dndd
25l {es, ey, EHEq 350 aalaie Ll (85 iy bbb 1 5,0 alinia s M2 (05 55l

Sl )‘)5).3


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

il sloaliioy j 5 5plo] dislippa—g0 sloulivio

1

H* =
2m+1

Q. (eued + b (penge)) + ' 0

(\9) plo S,k
h*(pe;, pe;) = €02h*(ei: el.) =—h"(e,e),

OH" = 0 sas oo 4 (VV) g 5l il
S s g obos s(M,V,0,8,1, g) 55lel 286005 it 5L galiian s M oS (58 V.Y &
e Jis UV, W € T(M) 1o ol 5 ol o5 )] ol €
(Vy@)(@V, W) =2 g(KyV, 9*W),(\A)
KyV =VyV = V'V s
G Vo W) =0 oS o <l (V) Ay (550 5 (V) bl 5l osliinl b ol oyl
9E& Yy W) =Ug(§, o' W) — g(V'y§, o'W) = —Ug(@S, W) — n(V'y§)g(§, " W) =0,
w20 K 59uli Gy ya5 5 (V) 5 (F) Laslg, 51 eolanwl b

(Vy@)(@V, W) = UD(pV, 9" W) — @(VypV,p W) — @(pV,Vyp* W)
=Ug(@?V, 0" W) — g(@VyoV,0 W) — g(p?V,Vyp W)
=—Ug(V,o'W) — g(o((Vyp)V) + oVyV), " W) + g(V,Vyp*W)
—n(V)gE&,Vye W)
=-UgWV,o'W) + g(VyV,@"W) —n(VyV)g(&, @ W) + g(V,Vye*W)
=-=Ug(V,p’W) + g(VyV, W) + Ug(V, W) — g(V*yV, 0" W)
=29(KyV, @ "W).

e a5 5 p5b 4y cl (M, V, 0,1, 9) s bl &ban —55 aliie 51 goliie sy M oS 5,8 MY &udd

ol Y35 5 blg, U,V € T(M) 1o o 10 slp oSl ol M & b, § s)lop
A*eU =0, Viyé = Tl(vuf)f- (QRY!
() daly wazg bbby

g(Vyé&, V) = g(_A*fU: V) +g(ViyéE V) = —g(A*ch, V).
plo(R) ) plo 3,k )

g(Vy&, V) = gn(Vyé)é V) = 0.

0083 o0 aoeis | anad oS> YU dlayl ) 40


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

’F"‘,O}J G;la—& ‘M 0‘);& “’40) 6‘680“635);! \\

o5 )T sl Moy L

RY(U,VE=0, VU, Ver(M) (Y+)

45 3 oo ool (1) dlal, SeS & s RY Gy am g3 Loyl
R*(U,V)§ = VHyVhyé =V V8 — Vi i€
= V(W 9)E) =V Ty E)E) — (n(Vuwé)$)
= (Un(Wy©)§ +n(Ty V¢ — (Vn(Vy$))E —n(Vy &V
= (1(Vwn$)¢)
= (Un(@y$))§ + n(TyENVu)é — (Vn(Vy$))§ — n(Vu§n(Vyé)é
— ((Viué)€) = {(Un(Vy )& = (Vn(Vy&))é = (Vi y§)E)
=gRW,V)§,$E=0. O
& Jls & 5 el (M,V,0,8,1, 9) )bl &dlipa-gs sliie 51 LL galiciany M asS (255 0¥ dpidd

ol kel oS —as alice SO M o5l sl M
n(U) =0, p*U = —U.
S o0y iy Oyge a Mol ns 65, 175 S 655-b-00 ) Ol

]=(p|M' ]*=(p*|M'
S5 m Ao i dalns S, |

JF=]2 =,
gyu,v) = g(eU,V) = —gU,e"V) = g(U,JV), VU,V € t(M).

by Olg oo Caml (6Ll ABlpa—go Mas o 5 el (g lel o ppmaiilo 85 alice SOM
VDV =VyJV = JVyV = VyeV — @VyV = (Vye)V = 0.
O.Cew! Lg)LJ GolS-al MM Azl 4o
oM, 0,8,1, 9) syt ooles Lyl aliie @ = @7 (55 b epoy Jlio Sy lste 4 LY Jlie

sl s bel ol leilo i alice O VF 5V o Ll sla sl


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

VY
il sloaliioy j 5 5plo] dislippa—g0 sloulivio

a9 ‘5’L“-’) 9 (le X2, X3, X4, xS)gs’L‘M dbwﬁ‘“ l‘ 6“\-“-.’_& “\l‘*‘-" M = IRS “\""S uo).%“’,‘“ JL"O

el ) O g0
g = dxtdx! + 2dx?dx? + dx3dx3 + 2dx*dx* + dx°dx>.
wibp € M ihis 1o TyM oles sl sl o5 asleie Ll 5 {1, €3, €3, €4, €5} 5

. . A . .- *
S o0 Sy M 65y 2 5 Syse 41,1 56 QO

1 1
p(ey) = —\/Eez,go(ez) = 531»(17(33) = —‘/594:<P(94) = ﬁ%ﬁp(es) =0,

1 1
@ (e1) = —ﬁez'fp*(ez) = \/Eel,(p*(e3) = —56’4#’*(5’4) = \/§e3,<p*(e5) =0,

E = 65; 77( ):g(eSI)'
Li=1,...5 &l a Jb ol ol aules Lo, slaie o (M, @ ,&,7), g) a5 595 oo ala>dla

orliise iy 25 Sz [, V5V laglatll paizman [€7,65] = 0 oS o (o, J as 5 &l

Ve,e1=—Ve,e; = =€, Vo€, =V, €1 = —ey,
ve3e3 = _Ve4e4 = —€y, ve3e4 = v6433 = —é€3,
V*elel v e,€2 = €3, Vg e =V, e =eq
V*e3e3 v e,€a= €4, Vige,=V,e3=e3

ol sl 5b] salica(M, V, V¥, 9) 558 o0 a5 poiiios lons b 0iil oo 5 boadlge 4y
el gyl ol les L alace (M, Y, 9, €,7, g)
13 W e UMl om g0 sliay Slsie a0 |, Uy = Xp 5 Uy = Xq &M = (Uy, Uy, 0,0,0) >
o . 3 — a — a . * = ..
amS o 2L Ty M oles sLas sl oSy selee 441 S {eg = 2u,’ €2 _\/ETuz} S 28 S0 S
o(T,M)c=TyM, ¢*(T,M)cT,M, VpeM.
ol ous s (M,g) )145@)56@).14»)»1\/1 SS9y »2 2 u)j»oda‘)v*jv ‘_ng dLa.J‘
Velel = _Vezez = —€y, Velez = Vezel = —é€yq,
V*elel = _V*ezez = €y, V*elez = V*32€1 = €.

| QT@JL«PE&)M}.’ Sl a5 il LL s, L] Aigioy; Mas 09l oo ala>do

sl ol 2l &5 ivio Mg o azeii]” = @[3y of = @l Gy b ol osdle


https://mmr.khu.ac.ir/article-1-2783-fa.html

[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

1F-) 09 Giyla—m" ‘M 0‘);& 5@4‘4{) 45“”0*“'5):’

v

References

1. Amari S., Nagaoka H., "Methods of information geometry", Transl. Math. Monogr.191.,

Amer. Math. Soc. (2000).

2. Aydin M.E., Mihai I., "Generalized Wintgen inequality for statistical submanifolds in

statistical manifolds of constant curvature™, Bull. Math. Sci. 7 (2017) 155-166.

3. Calin O., Udriste C., "Geometric Modeling in Probability and Statistics", Springer,
Switzerland, (2014).

4. Furuhata H.,Hasegawa I., Okuyama Y., Sato K., Shahid M.H., "Sasakian statistical
manifolds"”, J. Geom. Phys. 117 (2017) 179-186.

5. Takano K., "Statistical manifolds with almost contact structure and its statistical

submersions”, J. Geom. 85 (2006) 171-187.

6. Vos P.W., "Fundamental equations for statistical submanifolds with applications to the

Bartlett correction™, Ann. Inst. Statist. Math.41 (1989) 429-450.

7. Yano K., Kon M., "Structures on manifolds", World Scientific, (1984).


https://mmr.khu.ac.ir/article-1-2783-fa.html
http://www.tcpdf.org

