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Algorithm 1 Buchberger — Moller

1: Input: X = {P,, ..., P,} ¢ K",a monomial ordering <

2: Output: The reduced Grobner basis G of I(X) and basis Q for R/I(X)
3:6:={} Q={}kM:=[];5:=[];L:={1};

4: While L # ¢ do

5 Select and remove t := min_(L) from L

& fq:= NormalForm (3.1 ¢(p) Yo M, <1
A

if f = 0 then
G:=GU{t—Y",q;s;} where S=[sq,...,s,] and q = [q4, ..., @n]
9: Remove from L the monomials which are multiples of ¢
10: else

11: Add ftoM
12: Addt -2, q;s; to SwhereS = [sq,..,sp]and q = [q4, ..., @]
13: Q:=Qu{t}
14: Add to L those elements of {xt, ..., x,t} which are
not multiples of an element in LT_(G) U L
15:  endif
16: end While
17: return (G, Q)
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Vanishingldeal  Buchnerger-Moller gl s ;o1 duw lio ) Jgu

#X =80 c Q° | order time memory

Vanishingldeal dlex 220.77 46972.55

Buchberger-Maller | dlex 110.86 11084.75

#X =100 c Q2° || order time memory

Vanishingldeal dlex | 2023.78 | 331846.36

Buchberger-Mdller | dlex 506.72 49632.27
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#X =60 c Q° order time memory #X =200 c Q8 order time memory
Vanishingldeal drl 46.97 884.77 Vanishingldeal lex 7.11 135.58
Buchberger-Moller drl 25.74 286.18 Buchberger-Maller lex 25.77 448.23
#X =100 c Q° order time memory #X =300 c Q3 order time memory
Vanishingldeal dlex 127.82 2818.01 Vanishingldeal lex 11.57 1210.14
Buchberger-Moller || dlex 69.59 1001.34 Buchberger-Moller lex 187.13 14598.90
#X =80 c Q° order time memory #X =100 c Q* order time memory
Vanishingldeal Dlex 223.26 5897.19 Vanishingldeal drl 211.42 3324.34
Buchberger-Méller Dlex 101.63 1382.39 Buchberger-Moller drl 109.71 1232.48
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Algorithm 2 Farr — Gao

1:Input: X = {Py, ..., P;} ¢ K" Where P; = (p;y, .., Pin) € K" and a monomial ordering <
2: Output: The reduced Grobner basis for I(X) W.r.t <

3:6:= {1}

4: for k from 1 to s do

5:  Find the smallest i so that g;(P,) # 0

6: forjfromi+ 1to|G|do

7 9:=9;—9;(P)/9:(Py).g;

8: end for

9:  G:=0G\{g;}}

10: forjfrom1tomdo

11: if x;.LT(g;) not divisible by any LT of G then
12: h:= NormalForm ((x; — py;).g; G)
13: G:=GU{h}

14: end if

15:  end for

16: end for

17: return (G)

bl JTousl 530 1

o 542 2 5 3lge (B p0 a5 Sl 1S ALl eawss Shpe Al 0, o )LEl Aedie y5 a5l

w2l b (! (B 4 pae jgbay aslsl jo il o et 05 AL @

degarmop; S0 0 CTH (S 53 iz 2ib R slaslabes S5 ples degomme T S 5,8 Y iy p25

S ole 1, O &egomme slogac 51 (o a5 T gac sloglaber S5 don degome ail (g5 jué g oBliie

dcgarme il ciyo Jlons) G O C TN (o5 6,8 WY Gy i
00 =TLO\ O = (x,0 U ...U x,,0)\O


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html

[ Downloaded from mmr.khu.ac.ir on 2026-06-27 ]

[ DOR: 20.1001.1.25882546.1399.6.4.14.9 ]

[ DOI: 10.52547/mmr.6.4.549 |

NI 095 5 5 Bolejl g5k Al y3 T 0)l5 5 blis Jlowsl 5550 &1

(el T™ 53 S5 a2y (slaslalon S5 degaze TT I jslate) pslioo O 550
pe Jloasd cnl b Ble 50 5 iye Jlowl 6 0= {Lx,y,xy, %%, ¥} € T? (o5 (5% IF Jlo
Sl Oy go

00 = {x*,x%y,xy?,y*}

Sl 0ol ool iules oﬁlol.gOT)').og)ws oplol iy Jioqil ol Y U e

> <

30
y
® O
yz xyz
® O
y Xy Xy
—0 0 o >
1 X x* x

Sygo ol ,o il ol 50 00 = {by, ..., by} 5 i Jlowsl S 0 = {ty, '"’tll} PUCLINFSCIR T W FRe Y
fegorme . i EK &5 gy =bj = Vi ity wwoe S 1Sj< v 5 1<i<p 4y
osS Gl G0 S0, G = {gy, -0, go}
o G ={g1, G} o5 28 oemed ik G pe Jlowsl SO = {tg, e, B} oS 55 V8 i paS
oo T Jlowl sl 6500 8L -0 S5 1) G degorme w3l G Jols Jlonyl 3T C R 5 55,0 L 2O
s LSes RIT 6 )ls sl K sl asly 0= {t1, s B} 80le 3L sla S o5 50
Sogo ol po il Jloy) S0 T = (x% +2y,y2 —3xy +4) s R=R[x, Y] o5 55 W Jlio
5 |0] = dimg(R/7) & cul oy Jlon) o 0 ={1,%,,%y} &egome dimp(R/T) =4
degazme cal e 00 = {2, %%y, xy%, % }
G ={y?—3xy+4,x*+ 2y,xy? + 18xy + 4x — 24,x*y + 6xy — 8}

oo 8L -0 S G a0 g s 85 B8 Gy blyd eizes ol Tl 50 B4 g -0 S
Lol T sl

be (b 5l ols Caio )3 ohigar 5 iz psle jo ok e )5 bl Jlowl b zikas 4Tl
el sl bl cnl (2Ll g abre 2 P S5 B o e ojlrl Lo & (6500 laal oy 5l Jas
O 5 sodle 56 02 Sl g Jge - St ohysSl anile blE Jlowyl dslre slapiy 58 bl
55k slapt, oSl il peizee N wo s (B b Jloa) (5550 &b Al sl olapksS)
slaal 5 i sloJlon] wles dlxe sl 1, FG-AllQuasiOrderldeals ; BM-AllOrderldeals
oS whad b glusFa ,sSie slaem,sSI wisls ) wead sols bl Jlonyl sl sl ol 65
L Jlowyl o sl 508 1) e slodlonbans oles bl Jlowsl S ipe ladlons]  opdle ouilyi oo


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html

[ Downloaded from mmr.khu.ac.ir on 2026-06-27 ]

[ DOR: 20.1001.1.25882546.1399.6.4.14.9 ]

[ DOI: 10.52547/mmr.6.4.549 |

2k, sleuagy 1WA b F 6,le o al> DOS

(sl o2l psle 2,29
slp b Jlowl (550 Ll Lslms 4y a5 p0 bl lalons] (aled (G500 &l 4 (o yiwd jlaiens

S b bl e goo gl bl JTonl (6550 &by
slp BE Jlows! (550 & 40 Jd (ion 30 milopce Alie (ol sz mls Jgl Gise &) 4 Gise onl 5o
Sz Gl bl ol ) can 45 oo 0 ) b e8] el snd ools bl degore
oS lools Tes Gy alie ol 5o Cenl 0t yly S ai> gl alises Gy las eSS mlie ;o aien
L8] oS oo o 1y sl 008 (s 2 93,90 5 gt oo Anages

oS oo i 15 D ygopds |y DY il ins Slee V= (Vg, Y )EN™ 0sS 5,3 IA Gy yai
1 gvittva

DV = .
vileely, 0Vixg .- 0Vnx,

n
iy by asgeze (nl lasl gly o5 pp pealioo WS degame S 1, AC N alis degams N iy 2

el Al lgadlie & jgody ST Jm il 1,8 e
v = (le"';vn) <u= (ulr"'run)
VEA 5,1 ueA

oS 50 i yaS O ygo i [y A Lo degazme 5 Pdlais of (glabezoiz 4y yudai 30l oligS ol s Yo iy pa5

T(F,P8) = ) [DFIP) -,

veA

b b anslio ;3 T(f, P A) 803 olisS pols by po conl 53 obls [DYf](P) = DV flyzp &5 o>
A ey ol LB s degame jo Lyl g oS plealer SO a ol culio LS T(f,P) Jols jsks
S 50

A Slsiz o P il onsS AC N degore 5 PEK™ il of jasl glalaraiz o sl ¥ Gigy
500 o lecds 095 o A Segare 4 Cars P dais ) f 50 oS ok b 1 s

T(f,P,8) = ) [D*fI(P)-x* = 0.

veA

b st blES cnl (Sl 55 sbar il bl 5l alite degaze o {Pr, oo, P} oS (28 VY gy
S 50 a5 D0 inay ) B (nl Sl jie Jlony] degarme igd go 0ols (ialai Ag, o, A (sladegazs
I((Py, 81), . (P, A5)) = {feK[xy, -, 2 ]: T(f, P, A) = 0,1 < i < s},

s (SiBaiz gl a5 bl 4 ki jleyao STl 105 &l dslrs gl o2l oo,sS 55 5 8
Jloasl 6550 &b dewlne 51y oo )95l o500 o 651 51 ool b aols i o allie ol yo [V] wo 5 il
(F 0,850 oS Ol 1) (SB oz b blss acgeme jlo b0

ol e o Al 1) 0uiS o oolitul T 51 aw w0l 4o a5 1, BorderTermDivision o o3, 5 lo!
s 805La b 9 28l ,0 1) (650 Dbt o g ol Gla Sy b f lalerair o (53959 oyt o595l

R N ST 4


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html

[ Downloaded from mmr.khu.ac.ir on 2026-06-27 ]

[ DOR: 20.1001.1.25882546.1399.6.4.14.9 ]

[ DOI: 10.52547/mmr.6.4.549 |

NN O3S 5 9 otlel b Ais o (T 0,08 5 blis Jlow! 5550 &2

Algorithm 3 BorderTermDivision
1: Input: A polynomial f such that Supp (f) € O U 30 and a border prebasis G = {g;,-, g}
2: Output: A polynomial f in f + (g4, -, g, )x such that Supp(f) C (0 U a0)k

In

v
3: Write f = Z c;b; + Z ¢;t; with¢;, ¢; €K
i=1
j=1

4 f=f-YV,¢9; €(0UO)
5: return (f)

Algorithm 4 Farr — Gao — Border
1: Input: X = {P,, -+, Ps} ¢ K" where P; = (p;y,-*, pin) € K", Ay,--,A;cc  N" and a monomial ordering <
2: Output: A border basis for I((P4,4;),+, (P, Ay))
3G={1},0={_}
4: for k from 1 to s do
5 Compute T = {T; = T(g;, Py, Ar): g; € G}
6: forvinA,do
7 Find an index i so that g; has the smallest degree among all polynomials
satisfying coeff(T; x?) # 0

8: forjfromi+ 1to |G| do

9: & := coeff(T;, x")/coeff (T;x")
10: g9;=29;-6.9;

11: Tj=T,- &.T;

12: end for

13: 0=0U{LM(g;)}
14 6=0G6\{g}

15: T = T\{T;}

16: end for

17: forjfrom1tomdo

18: h: = BorderTermDivision ((x]- —Pi)- 9o G)

19: Compute the truncated Taylor expansion of (x}- — pk]-). 9gi
and add itto T

20: G:=GU{h}

21: endfor

22: end for

23: return (G)
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Table 2. Design for the agriculture case and response KS

pb oM CEC SSA KM
1.30 1.25 13.64 76.900 0.55
1.25 1.73 12.12 110.50 0.57
1.22 1.69 16.22 136.20 0.27
1.15 231 13.84 154.40 0.28
1.33 1.72 3.920 97.100 0.28
1.45 1.96 11.33 53.900 0.60
1.52 131 3.680 90.600 0.23
1.42 3.19 8.350 52.300 0.57
1.46 1.35 10.00 39.400 0.95
1.35 2.24 13.84 73.500 1.60

b el end 25 Al ol laalse dsserme werinr s weldl o a5 clabezaiz glaoe aF ool S LB
Slodal Cawddy (650 Al Sloslons 31 0oliasl b a5 ol X degormo blis Jlowy|

3 Joe
2 2 .3 4,3
[1, X4, X3, X3, X1, X2 X3, X3, X7, X3, X7 |
Table 3. Excluded Variables®
Collinearity Statistics
Model Beta In t Sig. Partial Correlation Tolerance
1 x2 —38.111% —7.097 0.089 —0.990 1.972E -5
x? —155.1142 —0.340 0.792 —0.322 1.256E —7
a. Predictors in the Model: (Constant), x3, x3, x5, x,, X, X3, X5, X1
b. Dependent Variable: y
Table 4. Variables Entered/Removed
Model Variables Entered Variables Removed Method
1 x3,%3, %3, %4, X2 %3, Xp, XE - Enter
a. Tolerance=.000 limits reached.
Table 5. Model Summary
Model R Multiple R-Square Adjusted R-Square Std. Error of the Estimate
1 0.0985“ 0971 0.869 0.15175
a. Predictors : (Constant), x3, x3, x5, x4, X3, X5, X1
Table 6. ANOVAP
Model Sum of Square df Mean Square F Sig.
1 Regression 1530 7 0219 9494 0.099¢
Residual 0.046 2 0.023
Total 1576 9
a. Predictors : (Constant), x3, x3, x3, x4, X5 X3, X5, X;
b. Dependent Variable: y
Table 7. Coefficients?
Unstandardized Coefficients Standardized Coefficients
Model B Std.Error Beta t Sig.
1 (Constant) -16.866 9.774 -1.726 0.227
Xy -0.012 0.005 -1.083 -2.625 0.120
X3 -0527 0121 -5347 -4341 0.049
X, -4.368 1.202 -6.148 -3.635 0.068
Xq 29.264 10.744 8.255 2.724 0.112
X,X3 0.333 0.070 7.611 4,753 0.042
x5 0.080 0.039 1.747 2.039 0.178
X1X3 -5.804 1.861 -8.856 -3.120 0.089

a. Dependent Variable: y
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Table 8. Excluded Variables®

N

Y Jx

Model Beta In t Sig. Partial Correlation Collinearity Statistics
Tolerance
1 x 15.946% . . 1.000 3.791E -5
a. Predictors in the Model: (Constant), xZ, x,, X; X3, X1 X4, X2 X4, , X2 X3, X3, X4
b. Dependent Variable: y
Table 9. Variables Entered/Removed
Model Variables Entered Variables Removed Method
1 X2, X5, X1 X3, X1 X4, Xp X4y, X2 X3, X3, X& - Enter

a. Tolerance=.000 limits reached

Table 10. Model Summary

Model R Multiple R-Square Adjusted R-Square Std. Error of the Estimate

1 0.09957 0.990 0.913 0.12327

a. Predictors: (Constant) , x2, x,, X; X3, X1 X4, X3 X4, , XpX3, X3, X4

Table 11. ANOVAP
Model Sum of Square Df Mean Square F Sig.
1 Regression 1.561 8 0.195 12.843 0.213%
Residual 0.015 1 0.015
Total 1.576 9
a. Predictors: (Constant) ,x2, x,, X1 X3, X1 X4, X2 X4, , X2 X3, X3, X4
b. Dependent Variable: y
Table 12. Coefficients?
Unstandardized Coefficients Standardized Coefficients
Model B Std. Error Beta t Sig.
1 (Constant) | 12.508 1.904 6.569 0.096

Xy 127 0.081 11.280 1.559 0.363
X3 -0.057 0.293 -0.574 -0.193 0.879
X, -3.268 0.562 -4.600 -5.814 0.108
X%y -0.041 0.016 -8.314 -2.554 0.238
X)X -0.083 0.049 -7.945 -1.684 0.341
XyX3 0.593 0.143 13.569 4,138 0.151
X, X5 -0.767 0.309 -9.324 -2.485 0.244
x? -0.687 0.790 -0.519 -0.870 0.544

a. Dependent Variable: y

&b
1. Batselier K., Wong, N., "Inverse multivariate polynomial root-finding: numerical

implementations of the affine and projective Buchberger-Mdller algorithm™, J. Comput.
Appl. Math., 320 (2017) 15-29.
2. Braun G., Pokutta, S., "A polyhedral characterization of border bases", SIAM J. Discrete
Math., 30, 1 (2016) 239-265.

3. Buchberger B., "A criterion for detecting unnecessary reductions in the construction of

Grobner-bases”, Symbolic and algebraic computation, EUROSAM’ 79, int. Symp., Marseille
1979, Lect. Notes Comput. Sci., 72 (1979) 3-21.


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html

[ Downloaded from mmr.khu.ac.ir on 2026-06-27 ]

[ DOR: 20.1001.1.25882546.1399.6.4.14.9 ]

[ DOI: 10.52547/mmr.6.4.549 |

OF) O3S 5 9 otlel b A o (T 0,08 5 blis Jlow! 5550 &2

4. Buchberger B., "Bruno Buchberger’s PhD thesis 1965: An algorithm for finding the basis
elements of the residue class ring of a zero dimensional polynomial ideal"”, Translation from
the German. J. Symb. Comput., 41 3-4 (2006) 475-511.

5. Cerlienco L., Mureddu M., "From algorithm sets to monomial linear bases by means of
combinatorial algorithm" Discrete Math., 139 1-3 (1995) 73-87.

6. Cox D. A, Little J., O’Shea D., "ldeals, variables, and algorithms™, An introduction to
computational algebraic geometry and commutative algebra, 4th revised ed., revised ed.
Cham: Springer (2015).

7. Farr J. B., Gao S., "Computing Grobner bases for vanishing ideals of finite sets of points", In
Applied algebra, algebraic algorithms and errorcorrecting codes, 16th international
symposium, AAECC-16, Las Vegas, NV, USA, February 20-24, 2006. Proceedings. Berlin:
Springer, (2006) 118-127.

8. Faugeére J.-C, "A new efficient algorithm for computing Grobner bases (F%)", J. Pure Appl.
Algebra 139 1-3 (1999) 61-88.

9. Faugeére J.-C., "A new efficient algorithm for computing Grébner bases without reduction to
zero (F.)", In Proceedings of the 2002 international symposium on symbolic and algebraic
computation, ISSAC 2002, Lille, France, July 07-10, 2002, New York, NY: ACM Press,
(2002) 75-83.

10. Giglio B., Riccomagno E., Wynn H. P., "Gr6bner basis strategies in regression", J. Appl.
Stat. 27, 7 (2000) 923-938.

11. Hashemi, A., Kreuzer, M., Pourkhajouei, S., "Computing All Border Bases for ldeals of
Points", Journal of Algebra and Its Applications, Vol. 18, No. 6, Article No. 1950102 (2019)
23.

12. Kaspar S., "Computing border bases without using a term ordering”, Beitr. Algebra Geom.
54, 1 (2013) 211-223.

13. Kehrein A., Kreuzer M., "Characterizations of border bases", J. Pure Appl. Algebra 196, 2-3
(2005) 251-270.

14. Kehrein A., Kreuzer M., "Computing border bases", J. Pure Appl. Algebra 205, 2 (2006)
279-295.

15. Kreuzer M., Poulisse H., "Subideal border bases", Math. Comput. 80, 274 (2011) 1135-
1154,

16. Kreuzer M., Robbiano L., "Computational commutative algebra”, Il. Berlin: Springer,
(2005).


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html

[ Downloaded from mmr.khu.ac.ir on 2026-06-27 ]

[ DOR: 20.1001.1.25882546.1399.6.4.14.9 ]

[ DOI: 10.52547/mmr.6.4.549 |

2l gl ings WA ol oF 5,les o al oFY

(o35 oSdls pole ¢ )

17. Lazard D., "Grobner bases, Gaussian elimination and resolution of systems of algebraic
equations”, Computer algebra, EUROCAL’83, Proc. Conf., London 1983, Lect. Notes
Comput. Sci. 162 (1983) 146-156.

18. Marinari M., Mdller H., Mora T., "Grobner bases of ideals given by dual bases", In ISSAC
’91. Proceedings of the 1991 international symposium on Symbolic and algebraic
computation. Bonn, Germany, July 15-17, 1991. New York, NY: ACM Press, (1991) 55-63.

19. Méller H., Buchberger B., "The construction of multivariate polynomials with preassigned
zeros", Computer algebra, EUROCAM ’82, Conf. Marseille/France 1982, Lect. Notes
Comput. Sci. 144 (1982) 24-31.

20. Moller H., Mora T., Traverso C., "Grdbner bases computation using syzygies", In
International symposium on Symbolic and algebraic computation 92. ISSAC 92. Berkeley,
CA, USA, July 27-29, 1992. Baltimore, MD: ACM Press, (1992) 320-328.

21. Moller H., Sauer T., "H-bases for polynomial interpolation and system solving”, Adv.
Comput. Math. 12, 4 (2000) 335-362.

22. Mourrain B., "A new criterion for normal form algorithms”, In Applied algebra, algebraic
algorithms and error correcting codes. 13th international symposium, AAECC-13, Honolulu,
HI, USA, November 15-19, 1999. Proceedings. Berlin:Springer, (1999) 430-443.

23. Mourrain B., "Pythagore’s dilemma, symbolic-numeric computation, and the border basis
method", In Symbolic-numeric computation. Invited and contributed presentations given at
the international workshop (SNC 2005), Xi’an, China, July 19-21 (2005). Basel: Birkhduser,
(2007) 223-243.

24. Mourrain B., Trebuchet, P., "Generalized normal forms and polynomial system solving", In
Proceedings of the 2005 international symposium on symbolic and algebraic computation ,
ISSAC’05, Beijing, China, July 24-27, 2005. New York, NY: ACM Press, (2005) 253-260.

25. Mourrain B., Trébuchet P., "Stable normal forms for polynomial system solving", Theor.
Comput. Sci. 409, 2 (2008) 229-240.

26. Mourrain B., Trébuchet P., "Border basis representation of a general quotient algebra”, In
Proceedings of the 37th international symposium on symbolic and algebraic computation,
ISSAC 2012, Grenoble, France, July 22-25, 2012. New York, NY: Association for
Computing Machinery (ACM), (2012) 265-272.

27. Pistone G., Wynn H. P., "Generalised confounding with Grobner bases”, Biometrika 83, 3
(1996) 653-666.

28. Yufu Chen Meng X., "Border bases of positive dimensional polynomial ideals", In SNC’07.
ACM, New York, (2007) 65-71.


http://dx.doi.org/10.52547/mmr.6.4.549
https://dor.isc.ac/dor/20.1001.1.25882546.1399.6.4.14.9
https://mmr.khu.ac.ir/article-1-2879-en.html
http://www.tcpdf.org

