[ Downloaded from mmr.khu.ac.ir on 2026-05-19 ]

Print ISSN: 2588-2546

Mathematical Researches

Online ISSN: 2588-2554

Homepage: https://mmr.khu.ac.ir/

Applications of quadratic D-forms to generalized quadratic

forms

Amir Hossein Nokhodkar®"= >

1. Department of Pure Mathematics, Faculty of Mathematical Sciences, Univesity of Kashan, Kashan, Iran.

>} E-mail: a.nokhodkar@kashanu.ac.ir

Article Info

ABSTRACT

Avrticle type:
Research Article

Article history:

Received:

1 October 2019
Revised form:

10 October 2020
Accepted:

4 January 2021
Published online:
22 November 2022

Keywords:
Quadratic form;
generalized
quadratic

form;

division

algebra with
involution;

right vector space.

Introduction

Hermitian forms over division algebras with involution appear as natural
extensions of quadratic forms over fields. Since quadratic forms have a simpler
nature than hermitian forms, a possible method to study hermitian forms is to
associate some quadratic form to a hermitian forms which reflects its important
properties. This problem seems to be very difficult in general and is solved in

certain special cases (see for example [5], [1], [9], [2], [7] and [8]).

Let (D,o) be adivision algebra with involution of the first kind over a field
F andlet (v ,h) be a hermitian space over (D, o). In [6], for every F-linear
map 7:Symd(D,o) —F , a quadratic form qy, , 'V —F was associated
to h . Using the factthat V is endowed with the structure of a right vector space
over D, some basic notions of quadratic forms were generalized in such a way
that this additional structure is also taken into account. For this, quadratic D-
forms were introduced and their elementary properties were studied. It was
shown that the aforementioned form q, . is a quadratic D-form and can be
used to classify hermitian forms.

The theory of quadratic forms in characteristic two generalizes into two
different theories over division algebras with involution; hermitian forms and
generalized quadratic forms (which are equivalent otherwise). Considering this,
a natural question is whether there exist analogue applications of quadratic D-
forms to generalized quadratic forms over division algebras with involution of

the first kind. This is the main object of study of this work. Let (D,o) be a
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division algebra with involution of the first kind over a field F of characteristic
two and let (V ,) be a generalized quadratic space over (D, o). For every
nontrivial F-linear map p:D /Symd(D,o) —F , we associate a quadratic
D-form q,, to ¢. It is shown that if the restriction of p to
Sym(D,o)/Symd(D, o) is nontrivial, then q,, , determines the isotropy
behaviour and the isometry class of ¢ (see Proposition 2, Corollary 3 and
Theorem 4).
Main results
From now on, we fix (D,o) as a finite dimensional division algebra with
involution of the first kind over a field F of characteristic two.
We recall some definitions from [6]. Let V be a finite dimensional right vector
space over F. We say that a quadratic form q:V —F isa quadratic D-form
if W is a vector space over D for every D-subspace W of V, where
W= eV |b,(v,w)=0forallw ew }.
In this case, we call the pair (/ ,q) a quadratic D-space.
A quadratic D-space (V ,q) is called D-isotropic if there exists a nonzero
vector V €V such that q|,p =0 and D-anisotropic otherwise. We say that
v ,q) is D-metabolic if (i) q is nonsingular, i.e., V * = {0} ; (ii) there exists a
totally isotropic D-subspace L of V such that dimplL Z%dimDV . The
subspace L is also called a D-lagrangian of (/ ,q).Let ¢ ,q) and (V ',q") be
two quadratic D-spaces. We say that q is D-isometric to ', denoted by
q=~p q', if there is an isomorphism f V. —V ' of right vector spaces over
Dsuchthat q'(f (v))=q{) foreveryv €V .
Set
Symd(D,o) ={x +o(x)|x €D}.
For d €D , the element d +Symd(D, o) in the quotient D /Symd(D, o)
will be denoted by d.
Let V be a finite dimensional right vector space over D. A generalized
quadratic formon Visamap ¢V — D /Symd(D, o) satisfying
(i) plv @) = o(a@)plv ) forallv €V and €D ;
(ii) there is a hermitian form hq, on V such that
P +v)—pU)—pW)=h,uyv) foralluy ev .

The pair (V,p) is called a generalized quadratic space over (D,o).
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According to [3, (1.1)], the form h¢ is uniquely determined by ¢ . Also,
h,Vv)=a+o(a), foralv eV,
where o €D is any representative of the class ¢fv) e D /Symd(D, o), i.e.,
@) =a. A generalized quadratic form ¢ is called nonsingular if h,, is
nondegenerate. The form ¢ is called isotropic if @) =0 for some nonzero
vector V €V and anisotropic otherwise. A nonsingular generalized quadratic
space V , @) is called metabolic if there exists a D-subspace W of V such that
dimpV =%dimDV and |y is trivial.
We now fix a nonzero F-linear map p:D /Symd(D,o) >F. Let {,9)
be a generalized quadratic spaces over (D, o) . Define a map Ay,p VvV >F
via
Qpp &) = PloW ).
We call g, , the p-invariant of {/ ,¢).
Lemmal. Let / ,¢) be a generalized quadratic space (D, o) . Then the map
dy,p V — F isaquadratic D-form with the polar form
bypUV)=p(h,uyv)) foralluyev.
Notation. We denote by p’ the restriction of the map p to the subspace
Sym(D,o)/Symd(D, o) of D /Symd(D,o).
Proposition 2. Let (/ ,p) be a generalized quadratic space over (D,o). If
¢ s isotropic then (, , is D-isotropic. The converse is also true if p’ is
nontrivial.
Corollary 3. Let (V ,¢) be a generalized quadratic space over (D,o). If ¢
is metabolic then ¢, , is D-metabolic. The converse is also true if p’ is
nontrivial.
Theorem 4. Let V ,p) and (V ',¢") be generalized quadratic spaces over .

If p=~¢' then q,, , ~p 0, , - The converse is also true if p’ is nontrivial.
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