[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

Print ISSN: 2588-2546

Mathematical Researches

Online ISSN: 2588-2554

Homepage: https://mmr.khu.ac.ir/

Eternal m — secure subdivision numbers in Graphs

Maryam Atapour'= >

1. Department of Mathematics, Faculty of basic sciences University of Bonab, Bonab, Iran.

P<IE-mail: maryam.atapour@gmail.com

Article Info

ABSTRACT

Avrticle type:

Research Article

Article history:

Received:

12 November 2019
Revised form:

3 August 2020
Accepted:

5 August 2020
Published online:
14 May 2022

Keywords:

eternal m-secure
set;

eternal m-security
number;

eternal m- security
subdivision number.

Introduction

Let G = (V,E) be asimple graph with vertex set V and edge set E. Aset S <
V is a dominating set if every vertex in V — S is adjacent to at least one vertex
in S. The domination number of G, denoted by y(G), is the minimum size of a
dominating set in G. An eternal 1-secure set of a graph G is defined as a
dominating set S, such that for any positive integer k and any sequence
vy, Uy, ..., Uy OF vertices, there exists a sequence of guards uy, us, ..., u, With
u; € S;_, and either u; = v; or wv; €E and S; = (S;_; —{w;H U{v;}is a
dominating set. If we take a guard on every vertex in an eternal 1-secure set,
then for any sequence of attacks to vertices of the graph only by moving one
guard during one of the edges adjacent with the vertex, the result set still
remains secure. Now let for every sequence of attacks to vertices, all guards
could move during one of the edges adjacent with the vertex and the result set
still remains secure. This set is called eternal m- secure set. The eternal m-
security number o, (G) is defined as the minimum number of an eternal m-
secure set in G. Obviously, any eternal m- secure set of G is a dominating set

of G. So we have y(G) < a,,(G).

An edge uv € E(G) is subdivided if the edge uv is deleted and a new vertex
x is added, along with two new edges ux and vx. The eternal m- security
subdivision number sd,, (G) of a graph G is the minimum cardinality of a set

of edges that must be subdivided (where each edge in G can be subdivided at
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most once) in order to increase the eternal m- security number of G to increase

the eternal m- security number of G.

Material and methods
In this paper, we first, prove that if there is a cycle or a path of length 3 in G,

then sd,, (G) < 3. Then we prove our main result using these results.

Results and discussion
We prove that sd,; (G) < 3 for any connected nontrivial graph G, in our main

Theorem.

Conclusion
In this paper we prove that sd,, (G) < 3 for any connected nontrivial graph G
which implies that sd,; (G) < 3 for any nontrivial graph G. However, it is well

known that the domination subdivision number of graphs can be arbitrary large.

How to cite: Atapour, M.; (2022). Eternal m- secure subdivision numbers in Graphs. Mathematical Researches,
8 (1), 235-242

@NoIS

= © The Author(s). Publisher: Kharazmi University

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]


https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

YOM-T0ET : ala LiLY

YOM-T00¢ @ K9 O b

ol by

Homepage: https:/mmr.khu.ac.ir/

. a8
Jjﬂh?":

LGI1,5 50 a0 (pol =M sl 9§ S0e

<1
sl o w0

maryam.atapour@gmail.com : g Sl s .ol pl ol coly olKisls sl pole 5uSLiils ¢ oL ) 05,5 ¢ Jotmme 8o g .\

PRV Ao wledb!

gy allie :allio 45
o1, S EV degame WAL E slogl degame sV g degorme L S5 G = (V, E) 05 58
VWAANYNA sl o g b
WA/ YN A 1,65k g,
P K st o sas e Gl el wnsT s el S dsgeme S I, GGIS 1S, WA RIY by b
VENYIVE Ll )6

Sablol degeza wil Hslee S 5 wl, S Blam LV — S 51 ol j0 o5 0 el G o Sablol degoms

LUy =0 a5 ol ogzgo Uy € Sjoq by LUy, o, U sle gllss « g, 5 V1, oo, U allss

S gy I Se 59y ST il Sablol degere S0 Sy = (S —{u) V{vi} suv € E gl gbosls

Ko S o L omsty & Sl 51 LS 3 (sl & oS T s 18 Lilne 0 G5 als (el =) Aegocne el M- degama = slblolsae
(oald
(i

Slallss jo gl ST ale o (8L ol oo 5L ol degazmo o] jglma laJU 5l (SG slaal o Ladls U S s 5

(b s 5 S0s
5L dols degamme 5 0S8 o sbre sla b 5l Sy Slaiel o ailny iblns alad (G oss, 4 SHa ¢ S

degarme SO slacl olaws o S aiels wals cpel =M e gamme G 1) dcgame (pl o T ciles ool o2
i o i O (G) b g 0aial G wls ool =M d0c 1 wls el =M
sae WU 5 UW slodl s W agaz ol (99380 g € Bio 5l el &)le G 5l e = UV Uy o )

3 oo cpel M S 5 S0 &S e oo LS Wlie ol Ho b oo il BIF s el =M sae

el ¥ Sl GIS e

TYO-YEY (V) A 6‘544‘4') J&Mjf Lﬁbdl; » Ml\b u.o‘ m- M).l) sae (Y- )) fod 0 s)an.C o Lcw!

GHOIS!

ulf'.\...uuy © 6“))‘5’ oKl ).u;L



mailto:Jalali.atieh@yahoo.com
https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

YA LS5 10 0 30/ M= i § O

doddo.)

E Ll slacgome V ] j0 a5 el E gV degamae g0 5l ISt ool ,tisle S G = (V,E) 415
Shasd 5 ugs ol el JU 1, B slael 5 goly 1,V slael ol V55, <0l slagliss 5 slacgasns
s9me oaly 59 [,V 5 U ST sl G 51 Jb e = UV ST aialige o1 331l 5 4 po i a1, S5 S slaJl
Sile 4 ijslee U L a8 G5l plaly ples asgazs 5l casl &ile Ny G510 ol 5L (Solaas ool o
Ng[v] = Ng(0) U (v} el &)le U ol ais Sl N (V) = {u € V(G)| uv € E(G)} S0
Ng[S1= 5 Ng (S) = UpesNg (V) 5l ass)le s 4 S a5 3k la Slaos S S V(G) 0 23
5 Sz sS 0gb e o3l ol deg(v) L dege (V) L oS [Ng(W)| b el 4V uly 4255 N(S)USS
s o QLS A(G) 58(G) sy a1, G 315 a5 55 )5
105 6,55 by 5 s a5 el 35 ool G, il o agb il Gahate wb o] sleiil 30 o5 1, b
E o]t acgomms gV ogh; acgorme b ool 81,8 S G = (V,E) SIS 51 jolase com cpl pulpm jo 0l
]
1< 2 ulila ol 2 SVl Upoy5o & plete gl 5l glallis Sl el S)le G 0 1 Jsb 4 e S
el gl a1 oo 4y (6 pmme 5| sl Sjlie G 50 M b 4y 590 Sy i jglome o0l Vjog 5 Uy ogh, d ST

Qj.\e.\;.,.o.m_él)f.a)lao?5dwd—lﬁmwi)jo,mwdwlél; et BI,5 okiws Guaie oo o

o o 58lsS Jobo b el ol 098 o o0ls Las AU, V) LaS U 5 U Lol g0 dlols aisl o o0 1 590
diam(G) = min{d(u, V): U, ¥ € L el pl 05l o 0ols lis diam(G) Las G swn 31,5 a8 .V g U oy
13 e jglme ol ulate u*’T) T95 2 JB SIS 0 ez e oo (LIS Kn L LM as,e 5l 5 8,5V}
diam(K,) =1
WU gUW wox slo Jb s W was Ll go938l g€ Jb B 5l cad &)le G 5le = UV b s )
s9xe S5l by S JBlam LV — S 5l ol 5o 6l55m aieli Gy Sablol degaze S 1) sty 51 S degonan;
sae s o LIS Y(G) L g ool G slabl>l sas 1, G jo Sablsl degame S slacl oloss o e 0l
G135 slablol sue Ll pani 5 b a5 G 5l ploJbolass o 52aS 5l canl &yl Ay (G) G lablol pands
by )b (e poha (ol (09d i ) Wlgi 00 )b So STaz b p2 &5 08 (00 42 g) Wb oo GR1EN Jol>
TAT 2855 155 anlho 550 5 (3 ne’ LoV

S99 1l s a1 055 o0 438,53 )5 55 cyol asgoma i lyis 4 GBS 4 1 ablol dsgarme Sy

LQQ.:..))QQ.M&GA @L@L@é‘a@ﬂfdsu‘)bﬂ)‘ 6‘4.&»&[49.&..560 So ‘) Q‘u&o)ﬁﬁo)ﬁ.@&»w‘

' Velamel


https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

1¥-) ‘leo‘)lmﬁ <ominid 3)5.3 t‘;déé) ‘_;bb‘)«.bj)? Y4

iz e 5l S, 4 ales oSy @85 sl il s il e Bl ol 3T b g At Colf 055 e o
gl by Ladloes o olSl> 5l pan col (Sow do> 280 5l am
T 55 i Som 5 T 0SsS 51 1anr 5 (V] 5,5 e V498 o 5 T Siloz | o Sablol (s i
[¥] 000,8" (qusyp BBIS (g5, | pogo (Yo 0¥
TS p bag ol 4k ol Ty Weales 1 glallis Gy 51 il s a5 Col (pl Al prens &85 S

iy ol ey 5o e 5l 6 A0l SO @dly o 1) GBS S 50 el degame SG [Y] 28518 dalllas 550
5 s 50 oly 5y b Ao a4 45 S e 4y sl 3l 5] glloo a4 Wlsh 45 4uiS o
Gt gumno 03¢ 5 Gljl a0l )2 an S G 1o s (el =) degame SO 1, G B1F 518y Fablsl degomme 0,05 o0
wil ogzrge oLz Uj € Sjmq bypd LUy, vy Upe wiile oy 5l lallis G g, 5101, o, Vg allis pa 5 K
o0y 3 Sem 59, STl 5 ablol degerne 0 Sy = (S —{wH V{vi} suiv; EE Ly = v o5
L5 25 o LG gty 4 Bl 5 lallis o (sl 15T o 5 Lidlons 53 G ol ol ) Ao o5
ilee B ol o2 b Lol fegaze o] L gloe (slaJl 51 o olatel o Liblone S,

sl slals 51 S olel o awlyts llidlone pla (G wgs, 4 e 3l glallis ,n syl & A0S b5 >
slasi o eS ikl co mls (el =M dcgamme G ) dcgamme (pl .ailes (ol o2 3L Jol> dcgoms g oS &S >
pothe (pl s o LS O (G) b g oosl G G315 wls ol =M sae 1) s fpel =M degome S (gliael
Om(G) o5l 51 G jo s ol =M degamme SO 0] casl oas Byae Yoo Jlo yo (2l Kad 405,108 Lawgs
el degaze =0 (G) S,

lsT i 25 b S G 5l o olass (a8 5l cesl @ jle S (G) G SLE s (ool =M (s 5 00
los oy el (plaS 0,5 ol g By |y pogae ) V] o ,plac b oo Siali8l BLS ls el =M sae
50 0,5 ganaiws «ul ¥ ply LT wls ol =M (s 5 00 &S 1, Slocs 1o aled yuizmen ol ¥ iSTas
gyl b iy ols] gly el ¥ sSlas GBIS o 00 mld el il 5 dae 4 e o lias allie (]
e o el [nnag] g [iss] Lsail] @ 1) oasilys: calonss iy 5 el 50 a5 1S 4y las 5o adsl slaoles
gy sl spie allie ol Lol ansd LS o 55 b
Om(Kp) =1m =2 2 6l a [0] ) 6,155

diam(G) + 1

o (G) = >

" Ochmanek
" Cockayne
" Burger

° Goddard


https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

v LS5 10 0 30/ M= i § O

‘35""’(5" J—‘él-" Y P) \ kSL‘M)‘; )| 38) :L"L‘*‘
Sdg, (Kp) =1m 22 ol o Yaxs

Sde (T) S2m 228503 T e )0 2 0 [V] Fduad

kol sy
S o b ) s slad sl il o ol Ao ST 1
Sdg (G) < 3 o5,Twil aals ¥ Jsb 5l 5,50 G S15 1.8 o
4 V3V; VU3 V1V; sl mandiny LG 51 G' 5055 G 3 550 S5 €1 (U, Uy, V3) 08 (23 105l p
Sl Xy ol o a8l acgerme =01 (G) oS 08 (53 09d Jol> X3 9 Xp Xy (g, bawsi o
S o0 son ) ) sl (28,5 501 Xy @ ales G oo Sl 35290 Slassezme (i 0)l500)
b )8 Sigo pl 0. X0, X3 €S ) >
S'=5—{x}.
2o 18 o5l W, V0, V3 ES Sl (el alica X ES 3 X3 ES C>) X3 €S 53X, €S ¥ >
s BT wg €S gvq, v, ES 515 =85 —{x1, %}
S"= (S —{x1,x}) U {vs}.
s L3I Wy €S g0q, V3 ES S
S'= (S = {x1, 2} U {v,}.
oo 1,8 ol T (sl i Uy, Vy € SqU3 €S Cl) V5, V3 €S v ES S
§"= (S —{xy,x2}) U {v,}.
oo 3TV, Uy, V3 €S L U, U €S S1xp,x3 ES LY W
S"= (S — {x1,x2,x3}) U{ vy, v}
a3 v, U3 €5 S
S"= (S —{x1,x2,x3}) U{vy,v3}
Lo YB35 vy, V3 €S S
S"= (S — {x1,x3,x3}) U { vy, v3}.
e S 5T v, Uy, V3 ES S
§" = (8 —{x1,x2,x3}) U {x, ¥}
X, Y EN({v1,v5,v3}) =S T o a5


https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

ol sl [ST =1 5510l 51 G o wals (el =M degazme SO S a5 0,8 sy p g oo Sl @ ecdl> 2 50
Wy 0,(G) <|S|—1
on(G") =S| > |S| =1 = 0,,(G).
Sdg (G) < 3 axs yo
Sdg (G) < 3 o551 il axils ¥ Jsb 5l 6 pme G 315 515 o
ol 0 o 51 oS> o1 W) = Uy S1.0ib G jo pe SO PV, Uy, V3, Vg 0S5 (0,8 0sS (0,8 10 g
X1 oSy bawgi S5 4 V3Vy 9 VU3 D1V2 ladb memii; LG5I GT 5 V1 # Uy 05 (53 090 (o0
Jolis 45wl acgazme =0 (G) S0 S oS 6,3 0 (G7) > 0y (G) s oo lis 095 Jool> X3 4 X
S son ) sl sl Xy
s 38T Wy, v3 €S 31S N {xg, x5, x3} = 3 ) &Il
S = (S — {x1, x5, x3}) U {v, v3}.
LS = —{x,x) U{mp} ses 3 sy ST W3 €S 51, €S LV, €S U3 €S 5
s 38w, ESLY €S g1y, v3 €S SIS = (S —{xq,x2}) U{vs}
S"= (8 — {x1,x2}) U {vy, vs}.
oo 3T Wy €S 31X, X5 €8 oS o8 ol |S N {xg, X3, X3} =2 ¥ <>
S"= (S —{x1,x2}) U {w,}.
oS o J W E Ng[v] =S T ,0a5 S = (S — {x, %) U{w} s 3T, €S 3
BT W, 13 €S SIS N {w,, U3} = 1 sl asls b Xy o abl>l gl o900 opl j0 X1, X3 €S
vy €53 €S SIw € (Ng(V2) UNg(v3)) =S o] ;o a5 S" = (S — {x1, %2}) U {w} ans )3
aos s iadlS,l w3 €S sV, ES LS
§'= (S ={x,x3) U} b S" = (S = {1, x3}) U {w,}.
el asls b X3 9 Xy os ablsl gl Xp, X3 &S &g onl yo IS N {xg, X0, 23} =1 ¥ <>
oSl o V3 ko> G Vo, Uy €S Sgo opl o V3 €S ass pilanl SN {v,,vs, 1} =1
Vy, V4 € S1W3 €S auS o3 J> S =851 — {X1} was 5 sl aes ol 0 gl S 51 S o8
S1 o0 oS ki o Xz waes oW €S gV, €S SIS =85 —{x1} aues 35,1 S
pale> Sy W €S 91, €S 518" = (81— {3, %3}) U {mafowss 3 sl des ol 4 gl S
a8 sl dles ul d gl S 51 0 53 WS i o1, X
§" = (51 — {x1, %} U {v,}.

el el [S] =1 6lssl 51 G o wals ool =M degame oS a5 0,5 vy olgios Sl @ ecdl> ,a 4o
1Wy0,(G) <|S]—1


https://mmr.khu.ac.ir/article-1-3022-en.html

[ Downloaded from mmr.khu.ac.ir on 2024-11-30 ]

- LS5 10 0 30/ M= i § O

o (G =1S| > |S| = 1 = 6,,(G).
Sdg (G) < 3 axs yo
Sdg (G) <3G aien SIS 1o 0V &nid
AiS oyh 0gd oo Jols ¥ odm | oS> g cl S BIF SO G o] diam(G) =1 31 :glay
Jols 7 L0 o o 5l oS> oEGT il ¥ Job 5l e U Y Jsb 5l 5,90 1o G 51 .diam(G) = 2
S50 W 53,05 5,90 gd G S ygo ol 50 0Bl AL Y Jsb 5l 6 pmme 5 T Job 5l (5,50 G oS 5,2 055 oo

References

1. Atapour M., "Eternal m-security subdivision numbers in trees", Communications in

Combinatorics and Optimization, 4 No. 1 (2019) 25-33.
2. Bondy J. A., Murty U. S. R., "Graph theory with applications", North Holland (1976).

3. Burger A.P., Cockayne E.J., Grundlingh W.R., Mynhardt C.M., van Vuuren J.H., Winterbach W.,
"Finite order domination in graphs", J. Combin. Math. Combin. Comput., 49 (2004) 159-175.

4. Cockayne E. J., Favaron O., Mynhardt C. M., "Secure domination, weak Roman domination

and forbidden subgraphs”, Bull. Inst. Combin. Appl., 39 (2003) 87-100.

5. Goddard W., Hedetniemi S. M., Hedetniemi S. T., "Eternal Security in graphs", J. Combin.
Math. Combin. Comput. 52 (2005) 160-180.

6. Haynes T.W., Hedetnimi S.T., Slater P.J., "Fundamentals of domination in graphs”, Marcel

Dekker, Inc. New York, 1998.
7. Ochmanek D., "Time to restructure U. S. defense forces", ISSUES in Science and Technology (1996).

8. Velammal S., "Studies in graph theory: covering, independence, domination and related

topics”, Ph.D. thesis, Manonmaniam Sundaranar University, Tirunelveli (1997).

9. West D. B., "Introduction to graph theory". Prentice Hall Inc., Upper Saddle River, NJ, (2001)
2nd ed.


https://mmr.khu.ac.ir/article-1-3022-en.html
http://www.tcpdf.org

