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Introduction

Hagler used a diameter norm to construct a separable Banach space X with non-
separable dual such that [; does not embed in X. Also, Bayati Eshkaftaki
considered the diameter norm on ¢, (I) and characterized all isometries on this
space.

In this article, we are going to first introduce the space B,(R) and show that
this space is Banakh space with supremum norm, and then we express the
diameter norm on the space B, (R) and examine some of the characteristics of
this space. We also examine the relationship between this space and Banach
space ¢, (R) and some of the reference theorems [3] shown on space c,(R)on
space By (R).

Material and methods

We express some properties of the space B,(R) and define the diameter norm
on this space, and then we examine the equivalence of the diameter norm with
the supremum norm on this space.

We define the longitudinal operator relative to the diameter norm on B, (R) and
state the conditions under which a linear operator on B, (R)is longitudinal. In
the following, we will examine the results of the length of the linear operator
on the space B_0 (R).

We will use the notation [ (R) for the set of all bounded functions f : R — R.
Also we denote ¢y,(R) for the set of all functions f:R — R with
lig]lgf = 0.The space [ (R) is a Banach space with the norm

X

Ifllo = sup{|f(x)| : f € Bo(R)}.

We denote B,(R) for the set of all bounded functions f: R — R with
lim f(x) = 0. This space is a Banach space with norm||-||, . Foreveryj € R,
X—00
we consider the function
N (1 i=j
ef(‘)‘{o i#j
on real numbers. Then each e; belongs to B, (R).

We define for f € B,(R) define || f Il; = diam(f) and it is called the diameter
norm.
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We define||f]| = lIfllq + lIflle for each f € By(R) that the B,(R) with this
norm is a Banach algebra.

Main Results

We have identified some properties of the space B, (R) is introduced and some
of its properties are examined. Then with the help of a diameter norm on the
space By(R), defineanorm ||-|| onthe B,(R), and show that the space B,(R)
is a Banach algebra with this norm||-|| . Also, we got the relationship between
the space B,(IR)and the space c,(R) and we have obtained a few theorems in
connection with isometry under ||| 4.

Conclusion
The following conclusions were drawn from this research.

*Iff € By(R) and ¢: R - Rbeafunction thatlim ¢ (x) = co, then fop € By (R).
* The space c,(R) is an ideal in algebra By (R).

* (Bo(R), |Ill4) is a Banach space.

* The space Byo(R) is dense in By (R)with ||-|| 4.

«If i,j € Rand i # j, then e; be orthogonal to e;. Suppose f € B,(R) and this
function is continuous at point i. In this case, f is orthogonal to e;, and if f is
continuous on R then £ is orthogonal to each of the vectors produced by {e;}.

* If ¢: R - R be a function that lim ¢(x) = o, then the operator
X—00

T: By(R) — Bo(R) , T(f) =f ° o,

is an isometry under ||-||4, if and only if ¢ is a surjective function.

« For any polynomial B,(x) = x™ + ap_1x™ ' + ---+ a,, where n an odd
number. the operator T, f(x) = f(B,(x)) is an isometry under ||-|| ;-

 Suppose T: By(R) — B, (R), is an isometry under ||-||;and i, € R. Then

1< Z Te;(ip) <0< Z Te;j(ip) < 1.

jer- jer+
where [* = {j € R: Te;(iy) > 0} and I~ = {j € R: Te;(ip) < 0}.
* Let T: Bo(R) — Bo(R) be an isometry under ||-||4, jo € R and A = sup(Te;,).
Then
A=lim4; and 1-1=limn;,
where 4; = sup(T (e, + €;)) and n; = inf(T(e;, + ¢;)).
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