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Let R =@yen, R, be a standard graded Noetherian ring, i.e. Ry is a

Avrticle history: commutative Noetherian ring and R is generated (as an R,-algebra) by finitely

?gﬁ';’;ibzo many elements of degree one, R, =@,y R, be the irrelevant ideal of R and a
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22 November 2022 For ieN, and neZ let H,(M),, denotes the n-th component of the i-th graded

stands for a homogeneous ideal of R. Also, M denotes a finitely generated

graded R-module.

local cohomology module H: (M) of M with support in a (our terminology on

Keywords: local cohomology comes from [3]). It is well-known that H,§+ (M),, is afinitely
raded local

gohomomgy generated R,-module for all neZ and it vanishes for all sufficiently large values

modules;

Hilbert of n ([3, 15.1.5)).

cohomologi

Call function; In spite of the case n — +oo, the asymptotic behavior of H, (M), whenn — —oo

relative

Cohen- is so complicated, see for example [4], and it attracts lots of interest, see [6] and

Macaulay;

support. [1], for a good survey on this topic. Also, in [5] the authors studied the graded

components of H.i(M) in the case where a is a homogeneous ideal of R

containing the irrelevant ideal.
In the case where R, is an Artinian ring, for all ieN,,

hi 1 Z - Z(n - lengthg (Hi, (M), ),
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is called the i-th Hilbert cohomological function of M. In [2], Brodmann et. all.
studied the problem of finiteness of the set of Hilbert cohomological functions

of some classes of graded modules. In this paper, we also consider this problem.

Another reason of this paper, is to study the support of graded local
cohomology modules H:(M) of M with support in an arbitrary homogeneous

ideal a of R. Let
cd, (M) = sup{ieZ | H,(M) # 0},

denotes the cohomological dimension of M with respect to a. In [1, 3.7], it is

CdR+(M)
Ry

shown that the set Suppg, (H (M)n) is eventually stable when n — —oo,

i.e. there exists X € Spec(R,) such that

Suppg,, (H;fR+(M)(M)n) =X, foralln«0.

In this paper, we study the asymptotic behavior of the set SuppRO(H,i(M)n)

whenn - —oo,

Materials and Methods
First, in a special case we describe H.(M) in terms of some homologies of the
minimal graded free resolution of M. Then, as a consequence, we find a class

of graded modules with a finite set of Hilbert cohomological functions.

Results and Discussions

We show that, in a special case, the support and dimension of H,§+ (M), have
upper bound which doesn't depend on i and M for sufficiently small values of
t. Also, it is shown that, in some cases, the set {SuppRO(Hgd“(M) (M)”)}nez is
eventually increasing, in the sense that SuppRo(Hgd“(M) M),) €

SUPPRO(HZd“(M)(M)n_l) forall n «< 0.
Conclusion

It is worth to find cases for the existence of a non-zero divisor x on the module

M in the ideal a for which
cdg(M/xM) = cd (M) — 1.

It helps us to study the last non-vanishing local cohomology module of M with

support in a.
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! Hilbert cohomological functions.
2 Relative Cohen-Macaulay with respect to a of rank n.
3 ij —th graded betti number of M.
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