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Article Info ABSTRACT
Avrticle type: Introduction
Research Acrticle Algebraic structures endowed with a topology have many applications in pure

and applied sciences. Instance of such structures are completely simple

semigroups which are the nearest relatives of groups. Many studies have been

Article history: done on completely simple semigroups (see [3], [4], [6], [9], [10]). Dekany in
Received: 27 June 2020  [4] introduced a group congruence on certain completely simple semigroups,
Received in revised form: haying in mind that such semigroups are indeed Rees matrix semigroups. In this
12 June 2021 paper, we consider a collection X of normal subgroup with finite intersection

Acfjﬁ’:tzg;u ary 2022 property. We define a uniformity on the Rees matrix semigroup. So, we study
Published online: the topological properties of this uniform topology. In particular, we show that
3 December 2023 if the normal subgroups have arbitrary intersection property, then the uniformity

is complete. Finally, we show that every topological Rees matrix semigroup
with normal subgroups have a completion. subsemigroup.

Keywords: Material and methods

Fngezr;a}(r:Z(I 222:9:23"' In this scheme, first we introduce a uniformity on a normal system Rees matrix
ToSological paragroug’ semigroup S. We obtain some properties of topology induced by uniformity and
Uniformity, " then we establish the semigroup with this to_pology is a topological paragroup.
After that, we construct a complete topological paragroup that contains S as a

Completion. .
P dense subsemigroup.

Results and discussion

If X is a family of normal subgroups of G which is closed under intersection.
The topological paragroup (S; ) is compact if and only if (S; X) is totally
bounded. Finally, we construct a complete topological paragroup that contains
S as a dense subsemigroup.

Conclusion
The following conclusions were drawn from this research.
e We introduce a uniformity on a normal system Rees matrix semigroup
S. We obtain some properties of topology induced by uniformity.
e We find a relation between two topologies induced by two normal
systems of G on S.
e We prove that (S; X) is a topological semigroup and topological
paragroup.
e We construct a complete topological paragroup that contains S as a
dense subsemigroup.

How to cite: Gholamreza Rezaei , Javad Jamalzadeh (2023). A topology on a Rees matrix semigroup and its
completion. Mathematical Researches, 9 (2), 190 — 197.

@ ®OD © The Author(s). Publisher: Kharazmi University

BY NC



https://orcid.org/0000-0000-0000-0000
https://orcid.org/0000-0000-0000-0000
mailto:grezaei@math.usb.ac.ir
mailto:jamalzadeh1980@math.usb.ac.ir
https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

YOM-YOET i mlar LiLY

YOM-T00E @ K9 O b

ol b gy

Homepage: https://mmr.khu.ac.ir/

. o8
S

ol Gl ols 9 ol Tl b b og 514w &S0 (595 S5 995

yoo‘}lloq dgz ¢ = Loy Lo i

grezaei@math.usb.ac.ir :asblbl, .ol (b sh o b olKasls ¢ Jotumo odius g .

jamalzadeh1980@math.usb.ac.ir :aslbl, .ol o bazsl 5 oyl olKails .Y

PR alio ledb|
5 minS e A )0 1) G iy ol STall Jlogi slews S 55 5l R oolsils S allis cnl ) iy i :allio g5

3995 1S (Sl ols g maiS o0 15 G IS Ly e 05,5 o 59y S IsiSy S
Cools bR oy g)S 5 o5 e mepde liS (oga pmleiss (ovp ) (S5
cos Jloy slarg S py S aoles jo sl JolS 31680 olST ol auy olgsds STyl

by 516580 5l g5l S SO NS IRCLI o ol STl

VRV el o gu,b
VI VIV 6505k &b
VECNVIY b dy b
VEYANY 5Ll g b

igoals’ loojly
oy o le 095 0
Sl g 09,5
Sk S5

=14 (V) 2l sl g .QT Gl Jo5 g ol bl i bog 810 G g9, 6550 S (V) oollles ol ‘&Lé) L ,adle o Lcw!

Aay

©Noe

BY NC

By © oile> oBidls 1 it



mailto:grezaei@math.usb.ac.ir
mailto:jamalzadeh1980@math.usb.ac.ir
https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

’F‘rn,OjJG)LM ;WO)}JQ,&L’)J&M}X \QY

doddlo

D503 3l (S ablige 69,5 5 LAz pole ;o 63k slao )5 S Siglns S Lol e (6 2 sla LSl
Olgisn a5 sl 00 plnil (5058 b olpem ()] (59, (Slalllas .l 095113 05,5 4y (295 0 (5 2 sl il
lrog,S 5 5l eolgils SO lgie 4 N SSsaU 1Sy S lie cpl jo 05 oLl [v¥ra)-] oYls &
LS oS oo Sl uaw 500,13 NN 0 P slawslyo oS a5l o MIG;LAPIES 09,851,050 59,1, G Jboys
Slodia bl o JolS g a9l 95 09,51 1m0 ol g Cannl So3909095 09 510 G (9SS Sl ol (5590095
@l il yho e S le Glgsgs ples acgezms E(S) 5098 0 S S aiS (58 enl oud o3 3l gy 0
gae So 2wl E(S) 59 (Siz i o ably o D jgopnl o ef = fe = e oS0 el e < f e.f € E(S) 5o
5 o5 0 0t g8 (oo 0ol |y ho 4900 S 09,5 0w o €= b asls f < e SlonsS o adsll, E(S) jle
Db adgl oyl lgioss 1o g e0g 00l S ol o 3gd o 0duels 00l MalS' S 09,5 0 S il B0g5 <] T onsl
dcgorma §9; b G yo o wls b pwsle PE(Pyy) axsl (ol asgeme 3 A gl 095 S0 G asS (558
{LaA),(,b,) ET x G X A ;o sl (oS (o iy yad ) Sygods Joo S | X G XA

(i.a.1).(.b.w) = (i.apy,b. W),

09,5 w3 1y 0f 5 w0 o Lis MIGEILAPT slas L1 09,5 0 ol il (oo 5oy &85 Joe 9,5 2ol (g3 (00 45
A8 o8 Lk a0l g0 2ou 5o MIGSLAP] 09,5 0 S5 L ool el 09,8 0 1 055 (g0 oy il
Sl o N o P sla al o a5 0l G og,5 5l Jloy 09,5 125 SO N g sy o 5o 09,5 0w S0 M[G:LA;P]
S kis o 513,80 pn(j,h,1) (L8A),(NKIES ;o sl [Floss oo Guymi n3 &yea S (55, PN alal,
G Jloy sloog S 5l 0dlsils o R S oo 22 Jlo el (iigion alal, So PN 45 055 0 culighie N
09,5 s SEM[G;LAP] 5 (sl (043 a0 Blaio )] slael 5l olows jo ST il osins aus S sl cod a5 bl
by i b ) o ile 09,570 S 1, (S, R) olST sl MIN @y slate P slinel 4S5 jlay audl oy o il

i85 (s

Jbo 3 e b ) (0 Lo 09 )50 (59 Siddpre S L)

Pls3 5 mS oo Brme (SR) Jlog i b oy oot ile 03,5005 659, U (51650 G callia Lol 250 50
o230 )18 G815 9 oy Oye0 |y O] el ss
V]! s o elo X X X (69, U pls & X (55, 31655 SO

A={(xx)xeX} UelU,sl,())
Ut={(xy) € U(y,x)eU}el +1U € U 31 (Y)
aSoyeks sl o>y VEU U EU ;o 4y

VoV ={(x.z):3yeX; (x.y)eV.(y.z) eV} c U.

03lgils X acgarme 59, U 251550 o sl


https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

\ay ol siloels s ol ulpis bog STy (53, sislnsr <

Ti={WEX: VxeW, FU T, U[x] eV}
[V]asb o U(x) = {y € X: (x.y) € U} 51 o o5 cel X (55, s36l 55 2
‘N € Nﬂ&‘fﬁ‘MbJufwbw)wfubsﬁw& (S.N) uu"ﬁ"w

Un={(xy)eSxS:x pny},

el S 5, 3118, 5 U={UCSS:INER;UNSU} olssi

UN2CV 5 UNICU 4S5y 50 0525 ¥ 4y glaio N1 g N2 ity o5 sty oS5T U VEU 05 515 .5l
STyal 4 Coms K 09> GhTENINNZ 31 Lis 5 31 (x=(1,84),y=,h.))eUn1NUN2 a0
ST el ol U iy o5 51 2ld 090 oz UNINN2EUNV oy el Xy 3laie NTNINZ 13 el as
2 6l o UNCU oS sl N € R oy a3 il UETU jo g1y (V) 1ouiS o0 i |y (2319355 ailfan polss
N eR G, ol UEU oss 5,5 (V) ACSUNEU ol «(x=(1 1,gA))pn(x=(i ,gA)) x€S
UN=UNTCUT o s ol NT=N oy oo G og,5 505 N sz Js UNCU oS5k

UNUN=UN S oils oo ()b 5l UNCU oS, sl s lo 0523 N €R G UEU yo sl M ULEU n
Bl e Cawns (F) b VE=UN gols 131 oye:S]

Al Ay 09,5 vl Jos o5 12 065 o0 So3slars 09,510l o1, T 655l 55 Lol e S 09,50 S
ol S3dgr g5 09,8 s S0 U 519iSs 51 a5 (65905295 LS 09,5 0 Y A

N €R.S 55, 31550 Ghlnss el 23L XY (29,50 o palol> 15k (Silaon S U ais’ 558yl
slp Sk 51wl SXS 13 (RY) 235 5 (Solaod S [XINX[Y]N 509 XYE[XYINCU a5, jokay 510 252
ol s RYIPN(UY) Gy el (tigipn abul, S5 PN (92 YPNV 5 XPNU o )lo (WV)E [XNX[Y]N ;o

B oS ool ]y oS> ol UVE[XYN a5 sas oo s

SR M[GALP] ) Gple oL, S o8 0 aieli oo Ssedsnss 05,5 5w 1,'S Sujslsnss 095w S

wlii sS.: (}\,i)_>p7\i d.!a.tLo lJ P:Axl _)G 9 &))9.‘949; (_.;‘LAB 5\)1 5/1 U] )Q dS ..\.wl; G &9)5.'9.19.’ 03; sS.:

sl So5909065 09,511 S5 o) anad o ool el U 31560 65900055 bS Sos50g095 09,5 0w .Y dundd

P el Seielngi 05,5 S S T H JlayiSle 05,5 05 10 05 b oS el B [Y] 51V 4pd by oy
ol g o H @ Joe 00ass (ol g S (59, Joe oV anad alo 0l S JloShog,5 ny H oS
3b Shen S UNH o5 P8 e meSas Sl Kiwgn S sl b bl oo 09,5150 09,5 SO H
SN Jloyi 09,805 S U (31655 5 48,5 5 s3elansh 4 azgi b adl S 5l (lad e hslsnes L H o 71


https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

’F‘rnﬁjé G)M ;,p-e—;olyjd 5"4‘4!) 6‘680“635);! \Q?

ailbie S o el b (Sluon o o5 005 o k0 01, [N J h1€[MTNEU a5k o)l 0525 G
as

([h]nNH)1=[h-1]NAHESUNH
PUCL gD RS PRI PCRPTTN CRYTU RN (PYCIPCOMURPUI| XV JYRP N PPL SUORPT S SR VPSS P <

oty oAl 3 Pslaaglye oS sk axtly Jloy sloos,S 5l Jlog et 90 ' 5 Roais' (5,5 .F o35
SRS el er 5l b Nl sl casss 3195 (5ol 5 olST Lokl NN 3 NN 4 slae M[G;A4,1;P]
NEN' &S sk 0,10 5929 N € N NER' 1o ol o5 0 el K 5l o] cowny

@ axg baslb Rl oasl cawds [YI 8 Soiedper aly gae ,0 Joeive olgsdls giae o XES 0sS 6,8 .y
4 S 3o idee o X b (Sles Glgie a0 |y [XIN Jb N E N a5k o)ls 5559 N € N L,

QS o aab 1) oS> o GUEXINE[Y]N 1 INEN' (> UPNX o0 UEXIN ;2 (slp o0 o5 o0 a5 o N
|

2p9lien S ) ¥ 4B 10 ond Carogs So3el5n55 09,8 T So 50 15 A olgss acgazme 5 S i gyt o 5o

0ud 48,5 1 ($55955 T T ) a5 i (S,T) Sifslnsi 09,5 Sl elgds (a3l asgame s So A WS (280 o
il o [AIN=Uaeala]n o1 ;5 a5 A=N{[A]N;NER} ACSS ja ol olSST .ol X o5 giases |
NER 2 ¢l aSulb el Jolae o1 o [XINNAFED  NEX 2 oI, 51 Lais o 5 X€A x€S 26l

B xeN{[A]N;NER} a5 ans o ne ol sXE[A]N

5l w2 5 5k o8 O slasl a5 03l (Susslass s o8 ansS oo sanmt 1) Siislng slad S,

Sl IXIN 5l sl (Silaon aly R o5 g 51 428,55 (2515550 6559505 1S Suslnsi 09,51y o & Az
el gt So3elsnst 09,5 e alple il e 5wy NER 12

o el L ([XIN)S )] JoSo Jolao joha b sl s [X]IN NER 9 XES 1o (gl 0uiS o ol .l g0
I ol igion abal, o PN oz X & ([XIN)C oS oo (2,8 jslate

5L ol s VEVING([XIN)C a5 asb e ¥ 51 5b (Solaoa SO [YIN a5 cadl simo s ool [XINO[y]N=¢p
S5999:55 1S Su38lens5 09,5 T (6l a3k sy G {[X]N: XES,NERY (1 Ls oS o coli 1) ([XIN)C os
_INCOWIR O IS IFCTOON UK g%

plie acgazme UEU ;o gly ol 0 0l oo (A5 il S, (X U) clgiSs slas a5 S o s y9lob [V] 5
X=U{U[xi]:1<Ii<n} oS 5k 85,15 5959 X1,X2, ..., Xn


https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

140 ol siloels s ol ulpis bog STy (53, sislnsr <

;54)3.13)5.‘ os)fb.u 6‘)) oli;‘ J....Jl; d.a.»u.' J‘ﬁ‘ u.uol_‘> Lu G 05; )J JLQ)J w.............u & N J...S uojﬂ .V Mﬁ
waddolae oy byl N5l 4z 550 (6550555 L S=M[G;A,LP]

! o.bfi‘.é S (\)
sl IS LSS (Y)
Sgisn az [V] ;o AXNVE aniss 5l (Y) & (V) lil .oyl

s STyzdl cov R e B,k 51.aab S 5lolgsds 5L Gidg o {Oataes muiS oo (2,8 (1) 4 (V) LSl
aSoyeky Wl 0 X1LX2,enXn I ol LSS S s> No= NNeER o b
{Oai; cplple UXi)CO0ai oS jshy o)ls 5929 AEE s XES o sl b S=U{U(xi):1<i<n}

Bl 00,83S G il o {Oaaes olgds b by 5 alie b iig o 1IN}

(] oo Gy 3 azeis [V] 0 AYNF s

ol Jol5 glad SO e STil b Jloy w3l a8 5 5 (6590095 b S=M][G;A,1;P] 09,5y N A

S, UK) 5990185 oy o yilo 09 Fesd 31 (55l Jols-Y

Giddees 09,5 L Uil g ol STyl s U Jloy sog )5 03 slacl a5 > gl iz ol 5o
Iy Gz 5l SO ol sl S 5l gile Jels G i aib J&> 09,5 55 olore 40 S ol a5 e o a3l S
| (05;‘)...:) B3) u,u)).vLo ogjfrv.ud.aUBLo.m GQ&JMOGA 45‘)‘

o5 2 w55 (V5o AL presi 09,5 S 1, S 09 S S

£(X).X=X.e(X)=X a5k 3, 0959 €(X) aiile 8, yamis oo o XE S jo glp (V)

xxI=x1x=e(X) 4 sk 5,08 0959 X 1€ S S XES ;o 5l (V)
s_i.:) RESWEW- M?!J)i) Sy bl ey d.u);La aﬁjfr“‘“ 9 ‘;YBA d..SL) W 09; aS Sl o0l wl.) [\] 3o
(il (V50 aiblprans 09,5 51 Laib 5 ST el g STl S5 .S 05,5 o
ol STl bR Jlo g pinens 51 48,55 U 315550 b oy e ile 09,5 08 o (SR UK) 05 (53
oS oo 58 e o L C LS jo 855 slo,gs dsa auls )5 ol atuy
C={{xa} ; VUEUx ;T a0€], Va>ao; (Xa,Xa0)€ U}
S oo 25 C 69, 525 @ g Vooolgils SaS'ay (65 lpe alal, S

{Xa}ael"‘ {Ya}aeIC>VNEN ; dane I; azaN XaPN Ya}


https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

’F‘rn,OjJG)LM ;WO)}JQ,&L’)J&M}X \Q?

S oS g0 i 50 M canlei |y [{Xa}] 5 S0 A5 50 C (s, 55 2 Sla S ase colgils |, S 9
oS oo iy 5 N o5 s oS &y S (09, 23S aly K b ol {Xadael Jols

On={([{xa},[[y}]) €S xS ; Janel; Vazan, (Xoy«) €UN(Xa Px ya)}.
wilios S sy 25155 Ky sl al olsx o ol U={ Un; NeR} aslgils 1Y o

Jbosi 09,5 55 N 9> NER 1o gl ol jo 00,5 Slil casls oz wb [VV] o A anad 4 a9 bzyla
o3 09 atn aols N1LN2ER j2 ol oo, cools Gl gl 0T oo canss gl Jol Caols aw we!
el 5 550 Conols Une UNIN UN2 ols olis olgs oo Soley NEN1NNZER oo & 5 alice 51,230

W oos S oo S Glan s
ol 5995 09,5 S 0T (5 0l e Joe ST LS s (laS ealeS o 5 andd o

{xa}o{ya}={Xaya} {Xa},{Ya}ES 1o sl ] 15 45 caul S5lasi 08,5y s (5,0,T) b Y. ariad

RIS

2 6lp oS 258 5SS 8 Jee SO 01 b o S (59, e 514,55 0 4l 4 axgl e g
5 Xa.€a=€a.Xa=Xa a5, 5k 5,15 34> x1e§ 9 ea:e(Xa) 13 el a8l ppons 09,5 S S O s[{Xd}]Eg

.0 J..o.c @ i Ay d-gS Lg'Xa.Xa'1=Xa'1.Xa=ea
sl g s S & gl [(Xa1}] 5 [{ed)]

{ea}o{Xa}={Xa}0{€a}={Xa}
{Xa}O{Xa'l} = {Xa'l}O{Xa}

S 59,0 Jos S ol elym oo Sl Bl oo (Gt miile 05,5 ) Y50 aBliorasns 09,5 O Jos LS 1y

{Xa} 51 Keloos s 50 ON({Yad) 5 ON({a}) 5551 sl {Raya} S Solns b S ON({Xaya})
& 4z b S e Sl 1, 0 Sy o 5 ON({Xa}) 0 On({ye}) € ON({Xa ya}) &5 seslie {Ya} 5
2955 Ll ol 535155 09,5 o S ST H JloaSle 09,5 55 10 45 005 ool ol IS (5503055 05,5 s o
ON{Xa) NH a8 53 el dngms H (55, g el oS o il Jlo el aogms H (65, 0 s
(ON({yaD NH)" oS pskr wtbse (Yo} 51 Foloes S (YD) NH olS5T 0l (Yal} 5 Solnen S

WS . Jol 1, ol ] s 1CUn({xa}) NH

e o0 oLt [{K}] olei L Xa=X @€l jo sl 1 o 5, [{Xa}] ;5 XES j2 4l

S = Su35)s55 09,5 e o8 T sl G 09,5 5l s olie STl Loy i o5 N 0iS 5,8 . Y.Y dwdd

Ll 00 My Yy MB)J ASMLLSA (S,O,I') 55_')9.19;94 05;‘).0 )l Jli‘> °5)§|’°"")") uS.:M[G;A.I; P]


https://mmr.khu.ac.ir/article-1-3102-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Vay ol siloels s ol ulpis bog STy (53, sislnsr <

S o9 St & S S oo s @(X)=[{X)] s ks L, @:(SRTW)— (5,0,T) cilSs ooy
5 51 el S35 T s XPNY 51 ks 5 ST(XY)EUN &jgan jo ol oass eols NEN oS 58 ool ol
i yloas 00 L O(S) 35S fz ol sailis @ culs wiS o Sl ogr Jobes ol (X,Y)EUN 51 Lazs
siile olgsids (Soluad 4l S pslite s ol JS2 S 53 P(S) oS oo <l S 158 390 R slom s
5 sl a0k 85 052y ROEL 1A ol 2265 allis Sy (XaJael 037 mnS o S5 o 1, ON([(Xa)])
elS Sl el Jlo S e i ]y ool T 5 [{Xa0}]€ UN([{Xa}]) w2 olis ol - XapNYp @, BEI
o & ool 1508 § 15 P(S) 13 (25 55 58 websoo (Lt 5 i (gm oolial [V] 511F a5l oo
284S ols i plgige (o) 4 5351 oS e 510 50 1, @(S) 5o XS L {[Xt]atael (isS 5 S pslate

W el Sen [{Xehtel] o {[Xt]c}aer

P g o

g i JloS il allae ol by g CotS Sy o ge a5 liodiile slaslaiy Sbleay gz ljgls

.ra)lo I @Io)qs

References

1.J. Araujo and J. Konieczny, Molaei’s generalized groups are completely simple semi- groups.
Bul. Inst. Politeh. la_si. Sect_. I. Mat. Mec. Teor. Fiz. 48 (2003), 1-5.

2. T. Banakh, S. Dimitrova and O. Gutik, The Rees-Suschkewitsch Theorem for simple
topological semigroups, Mat. Stud 31 (2009) 211-218.

3. A. H. Clifford and G. B, Preston, The Algebraic Theory of Semigroups, Vol. I.,Amer.
Math.(1964).

4. T. Dekany, On extensions of completely simple semigroups by groups. Semigroup Forum, (89)
(2014), 600-608.

5. R. Engelking, General Topology. PWN, Warsaw, (1986).

6. J. M. Howie, Fundamentals of Semigroup Theory. London Math. Monographs, New Ser. 12,
Clarendon Press, Oxford. (1995).

7. 1. M. James, Introduction to uniform spaces. Combridge University Press. (1990).

8. P.R. Jones, Completely simple semigroups: free products, free semigroups and varieties, Proc.
Roy. Soc. Edinburgh 88 (1981) 293-313.

9. W. S. Owen, The Rees theorem for locally compact semigroups. Semigroup Forum, 6 (1973)
133-152.

10. D. Rees, On semigroups, Proc. Cambridge Phil. Soc. 36 (1940) 87-400.

11. W. Roelcke and S. Dierolf, Uniform Structures on Topological Groups and their Quotients.
McGraw-Hill, New York. (1981).


https://mmr.khu.ac.ir/article-1-3102-en.html
http://www.tcpdf.org

