[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

Print ISSN: 2588-2546

Mathematical Researches

Online ISSN: 2588-2554

Homepage: https://mmr.kKhu.ac.ir/

Orbit space of cohomogeneity two actions on Riemannian
manifolds of constant negative curvature

Reza Mirzaiel =™, Majid Heidarpour?

1. Department of Pure Mathematics, Faculty of Science, Imam Khomeini International University, Qazvin, Iran.
E-mail: r.mirzaei@sci.ikiu.ac.ir
2. Department of Mathematics, Faculty of Science, University of Zanjan, Iran.

DAE-mail: heydarpour@znu.ac.ir

Article Info ABSTRACT
Avrticle type: Introduction
Research Article Let G be a Lie group with a differentiable action on a differentiable
manifold M. Consider the orbit space % with the quotient topology.
Article history: Dimension of % is called the cohomogeneity of the action of G on M.
553?,';’5%520 Study of the orbit spaces has many important applications in invariant
Eg‘ﬁsﬁldzigzeriSEd form: function theory and G-invariant variational problems associated to M.
Accepted: Many G-invariant objects associated to M can be related to similar objects
3 August 2021 associated to the orbit space. Therefore, if the dimension of the orbit space
Published online:
20 June 2023 is small enough (the cohomgeneity of the action of G on M is small) we
can effectively reduce many problems about G-invariant objects of M to
Keywords: generally easier problems on % Because of this motivation, many
I\o/mif:p:g&e, mathematicians studied topological properties of the orbit spaces of Lie
Lie group, group actions on manifolds. A pioneer theorem in this area is a theorem
ga:‘\zﬂﬁf”e"y' proved by P. Mostert in 1957:

If M is a differentiable manifold which is of cohomogeneity one under the
action of G a compact connected Lie group, then the orbit space is
homeomorphic to one of the spaces [0,1], (0,1] , S* or R.

This theorem has been generalized to noncompact Lie groups with proper
actions on manifolds. Moreover, If M is endowed with a Riemannian
metric, and G is a closed and connected subgroup of the isometries of M,
which acts by cohomogeneity one on M, there are more interesting results
about the orbit space and orbits. It is proved that if M isa Riemannian
manifold of negative curvature and G is a connected and closed subgroup
of the isometries of M, acting on M with cohomogeneity one, then the
orbit space is not homeomorphic to [0,1], so by (generalized) Mostert's
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theorem, it would be homeomorphic to [0,1) or S or R, and if in addition,
M is simply connected then the orbit space is homeomorphic to [0,1) or R.
This result, has been generalized to flat Riemannian manifolds, and
recently it is proved for Riemannian manifolds of non-positive curvature.
To extend Mostert's theorem, it is natural to ask, what may be the orbit
space, when M is a cohomogeneity two G-manifold. There is no
classification for orbit spaces of cohomogeneity two G-manifolds in
general. Cohomogeneity two actions of compact Lie groups on Euclidean
spaces are polar an all such actions are classified. It is clear in this case
that the orbit space is homeomorphic to plane or half-plane. Also, It is
proved that if G is a connected (compact or non-compact) group of the
isometries which acts by cohomogeneity two on R™, then the orbit space
is homeomorphic to plane or half-plane. Classification of orbit spaces of
cohomogeneity two actions on the standard sphere S™ has been described
in a series of papers . Also, the orbit space of cohomogeneity two actions
on simply connected spaces of constant curvature (hyperbolic spaces) has
been classified before. To extend this classification to all Riemannian
manifolds of constant positive curvature, we prove the following theorem:

Theorem. If M is a coghomogeneity two Riemannian G-manifold of
constant negative curvature, then the orbit space % is homeomorphic to

one of the following spaces:

R x S, R% Rx [0, o).
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