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Introduction

All rings considered here are associative with an identity and all modules are
unital. A ring R is called Bezout, if every finitely generated ideal of R is
principal. Let R be a ring, an m X n matrix A over R admits a diagonal
reduction provided that there exist invertible matrices P and Q such that PAQ
is a diagonal matrix, where by the diagonal matrix, we mean a matrix C =

(cij),(1<i<m, 1<j<mn),suchthatc;=0forall i #j.

Following Kaplansky, a ring R is called a right (left) Hermite ring if every 1 X
2 (2 x 1) matrix over R admits a diagonal reduction. He also called a ring R
to be an elementary divisor ring if every m X n matrix over R is equivalent to

a diagonal matrix diag(d,,d,,....,d,,), where d; is a total divisor of d; 4,

(Rd;;1R S d;R N Rd;). We are interested to investigate the diagonalizability
of matrices over wide class of rings, namely refinement rings, which are a

generalization of exchange rings.
Main results

Dubbertin defined a monoid to be refinement as the following:
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A monoid (M, +,0) is said to be a refinement monoid, if the following

conditions are satisfied:

(1) There are no non-zero inverse elements, that means, if x + y = 0 then,
x =y =0.
(2) M has the refinement property, that is, given x; , y; € M, with,
Yx; = Zyj, there are, zijeM,i<n, j<m, n,m € Nandn,m =2,

such that:
x; = XjZij,Yj = NiZij-

We say that aring R is a refinement ring, if the monoid of finitely generated

projective R-modules,

V(R), with the operation P + Q = P@Q, for all finitely generated projective
R-modules P, Q, has the refinement property.

Let R be a commutative refinement ring and M, N, be two finitely generated
projective R-modules. Then, M = N if and only if M,, = N, for all maximal
ideal m of R.

Also we study the diagolalizability of regular matrices over refinement rings
based on the cancelation law.

For the refinement ring R with the following cancellation law,

2R®A = R®B = RPA = B,

Where A, B are finitely generated projective R-modules and B is a generator. It
is proved that, every regular square matrix over a refinement ring R admits
diagonal reduction if and only if every regular matrix, over ](LR) admits diagonal
reduction, while it does not hold in non-refinement rings and by the regular
matrix, we mean an m X m matrix A such that there exists an m X m matrix

B, in which ABA = A.
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