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Introduction

Suppose that X is a Banach Space with topological dual space X" We will
denote by (-): X x X — R the duality pairing between X and X For
Q < X, wedenote by bd Q the boundary points of Q@ and by int Q the interior
of Q. Also we will denote by IR, the real nonnegative numbers. Let T be a set-

valued map from X to X", The domain and graph of T are, respectively,
defined by

D(T)={xeX:T(x)=2},
or(T):= {(x X)eXxX":xeD(T),x €T (x)}
We recall that a set valued operator T is monotone if (y* —X*, y—x)>0,

forall X,yeX and X €T(X),y €T (y) For two multivalued operators

T and Swe write T < S ifSis an extension of T, ie, grT < grS. A

monotone operator is called maximal monotone if it has no monotone extension
other than itself.

In 1988, The Fitzpatrick function of a monotone operator was introduced by
Fitzpatrick. The Fitzpatrick function makes a bridge between the results of
convex functions and results on maximal monotone operators. For a monotone
operator T , its Fitzpatrick function is defined by

F:XxX > RU{+o},

F (6] =5Up, g (O 02+ 0 =Y W)
It is a convex and norm to weak-star lower semicontinuous function.
Let f: X — RU{+00} be an extended real-valued function. Its effective
domain is defined by dom(f):={xe X : f () <oo}. The function is
called proper if dom(f) = . Let f be a proper function. The

subdifferential (in the sense of Convex Analysis) of f at X e dom( f ) is
defined by
of (x)::{x* eX (X, y-xy< f(y)-f(x) Vye X}.
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Given a proper function f andamap o: dom( f ) —> R, then f iscalled
O -convex if

f(tx+(1-t)y)<tf (x)+(1-t) f (y)+t@-t)min{c(x),o(y)}|y—X|

forall X,y € X and forall t €[0,1].
Given an operator T andamap o : D(T) —> IR, . Then T iscalled o -

monotone if forall X,y € X and X €T(X),y eT(y) we have
(Y =X, y=xyz-min{c(x),o(y)} Il y—x]I.

Also T is called maximal o -monotone if it has no & -monotone extension other
than itself. We recall for a proper function f the o -subdifferential of f at

Xedom( f) is defined by
o’ f (x):={x* eX:(X,y=xy< f(y)—f(x)+o(y)lly—xl| Vyex},

and 07 f (x) = if xedom( f).

Main results
The definition we use for the Fitzpatrick function is the same as for monotone
operators.

Assume that f is a proper o -convex function its conjugate is defined by

f X" > RU{+x},

£(x7) =sup{(x*, xy— f (x):x e dom( f )}
First we have the following refinement of the Fenchel-Moreau inequality:

(X", x) < f*(x*)+ f (x)
<X X) +SUP o 1) a(y)Iy—x[I<X, %)+ (),

where 7 is the indicator function and E = {X edom(f):o(x)= O} :
Also we have the following refinement, when f is a proper, o -convex and
lower semicontinuous function and 0° f is a maximal & -monotone operator:

(X, x)<F,, (x,x*)

<X X) +SUP 1) S (V) 1Y = X1

Moreover, we approach generalized monotonicity from the point of view of the
classical concept of polarity. Besides, we introduce and study the notion of
generalized monotone polar of a set A. Moreover, we find some equivalent
relations between polarity and maximal generalized monotonicity.

How to cite: Alizadeh, M. H. (2022). Generalized monotone operators and polarity approach to generalized monotone
sets. Mathematical Researches, 8 (4), 151-163.

@ ()& | © The Author(s). Publisher: Kharazmi University

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

I"l

>
iIJJ Mathematical Researches

L

w8l prori (519350 GLracgomo (a8 3,50 g) 9 Bl pnond (S9iS Sa Slos

Homepage: https:/mmr.khu.ac.ir/

M‘o.:l},,l.cw.\.w

Print ISSN: 2588-2546

Online ISSN: 2588-2554

m.alizadeh@iashs.ac.ir :aslLl, .l pl (il (lon; Al pole oSS S ams olKisls ¢ b, 0aSails ¢ Jotume B g .\

oduSe

alio wleMb|

&b leolaul b s 5 398 0 00l pesi oore- O wilg 4y 1j90 - Jouid (g9l o]
cslol )5 350 o a8yl 4l (oo Tyg0 = Joid (g5lucsls (6l (ot T a8l ppan S 5L 8

0y se o8 addlan 350 Tl Lo ye @l 5 o0l (8y0s 15550- O sloas gorme (ohab o S0,

g allie il gg5

VAAN Y el o g b
WWAANNNA 16,5550 &)U
VWWANYNY 1 dy G b

IARATARIARER M F I

igoals slaojly

IS 51650 gl Sles
dyge = Jzeid gglunels
«Soybd b

1955 sloac gazs oo
1554

slo gz aidlpanss liSy lracgame whad 5,5y, ¢ aldlprens 1siSs lo Slos (V) (pnsdamae woljle olcuwl

GNOIS]

AV-NEY (F) A (sl

6‘))‘5’ oKl ).u:b



mailto:m.alizadeh@iasbs.ac.ir
https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

- o eelaf 0,19 9 AiSlypcari’ 1piSs (olo Ko

doddo )

I X5 X e g i sl eJgene b il X Sojslongs ogs b gl slid o X a8 0iS’ 58
Llyr gladis g X 3550 4 5k 68 T>0 5 XEX (oly (izman oS ga oolital ()1 X x X7 —> R oles
Ky 455 555 31 ol sl e |y BT 5 B ialie ool 55 peo s olis B(X, 1) ={y e X[ x—y[I<r}
WS 2 e olts R L1, il i slael acgorme fruizmen oy matlss S X9 X 2L (slalias
weddoe olis DAQ 5 ClQ (NtQ Glaslas b s sa Ty o 550 5 ks c0y9,0 b X5l g3l degosa s o
Gy o8 ansS 6o 1, T &go onl o it X 4 Xl o dcgoe Qm;T:X—)ZX* FUSRVEC QPR
il azls X €T(X),Y €T(Y) o slps X, YyEX 5

(Y =X,y—-x20.

(g o iy y85 ) KB 4 i i A T (B13) logas g aals
D(T)={xeX:T(x)=a},
gr(T)::{(x,x*)e XxX":xe D(T),x*eT(x)}.

G il T s oS o, T O angie widl jlaie assorme gloSlaeS 5 T a5 05 0 (29
SELS (g5 ) 655 &1y s e (5, oS 38 s JlennSLe 61yi 1, 15255 Sos S5 OFT < QF S
e ion £l (9] a1 siatidle 3ty 135y (sla Shos i S 5 5 s Sl 515
lizis b Yoo b s ol BL3 | 5 1555 (slo,Slae dxlllas sl 1y b V1] 50 S5 b5 sl VAN Jlo 4o
e Sl s | 8 el s 5T (5530l sl 555 b pme i
) 4 iy Sl 05l e e yama 5 St TIX D25 08 53 (51 30d @)).) 5
Sy oo Ll 5 D)y
FX x X" = RU{+0},
F (X’ X*) - SUp(yvy*)eng (<X*' y) +<y*’ X) _<y*’ y>)

5S4 g o ades ] 0,50 50 (gaate Ve ] 5l am (Jg aid &8lg axgi 0 90 dnd SO S 4y S5 b b
ot 0 g (ol oSG L8 Al aS coll Lg)sToL{c\.gﬁ)'Y 2 o 16555 sla Shae a4l g wose 56T pge sl 150l

Lol (Gl g pd o liw nd 0 05 5dgi b g


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

A 1Fe) o lgz o ylos it 0,90 ( OU 5 slo itrg 3

orlaisl om sl idy 5o ks 9,50 ol Ly, 5 )l qeeplae 4 ¥ ide il 250 cpl 4 dlie 0l slo iz
- U glassls o 0310 5 co 4Bl puend SO L 58 &b 1955-0 o Slos dalllae 0 ¥ izo .Cowl ous ools
oS slyge = Joid Golusls (sl (s k5 il prens S L3S @b 5l esliinl b g 998 oo Gl alien (s
anllas 3,50 (1l Lo po gl dmy 5 958 g0 (By2e 19350- O (slaasgaro sl (orad pype T (i o 058 oo ) aidly

*"’rfgs“ )‘)5

& losdio )l g paplio Y
L I SO R e P AR VIR -E SUCS U PR M IR T P POV P SR
oS n i 5 o0l oLas DOM(F) L1, o S35e anals sl b 5 T i X > RU{H00} a5 ws 053

dom(f):={xeX: f(x)<o0}.

oS oo iy g ool les epi(F) LI, To(GLsvl) "Gl o 5 opdle
epi(f)={(x,r)e XxR: f(x)<r}.

dom(f) =D o5 0 anss Topm |, T sl pmen

il azsls t €0, ja 5 X,y €AOM( ) o 6ly o820 ansT Cama |, foop b 45 S o (s500b
f(tx+(1-t)y)<tf (x)+(1-t) f (y).

Lxedom( ) aba o1, F o Jeashins g asl opm bt T 1X D RU{H0} a5 a5 55

S g i x5 5 00l s OF (X)

af(x):={x*eX (X y=x < f(y)-f(x) VyeX}.

O (X) =D pavooe 3 xgdom(f) azoler
wnsS cuma€ 1, T a5 s o slol DAL 5asl opm b f1X D RU{H00} a5 0s 58
el azsls A€]0] sa,beX » ol e

f (2a+(1-2)b)<Af(a)+(1-2) f (b)+A(1-A)ela-b].

! epigraph
2 proper


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

\08 o geeb 0,519, 9 4lpani 1S sloyKlac

[Y] a2 0 sl el < ordom(f) DR, 5 0l o ol [ X S>RU{H00} a5 a5 )3
45 el 55 4 03 28,5 18 aalllan 5,50 1250 slo,Shac b T Ll 5 0 bymn pione ~0 ol pogi
il axsls LEJOI] yo s X, Y €X o slp oS s0 ansS caze -0 I, f oy
)
(o4 (1=1)y)<tf (x)+(1=0) £ (v)+1(1=Dymin{o(x).o () |y~

sl paze 5 Camem & @t sbodlgils Joldh ae - 0 wlgi B0l5 oS S axg
ol VY] g Y] o 5l ooty 33,5 50 105 iy yas
Syge ool o abl 2l o 0 D(T) DR, 5 jaie acgazme s5,5hoe T:X 52 o8 oS o V) Gigyed
wsbazsls X €T(x),y €T(Y) pulps LYEX o slpols,monsSlsS-0l, T
™)

G =x,y-x)= —min{a(x),a(y)} ly—x|.

O oy S0 s TCT' ST (15,0~ Shas j2 sl o5 408 JlowuSle 61550 [T (rizeen
T =T" sl atisls ol
el e 50 G 08 addllae 5 e (VY] o calite o b slaliad o ol JlopuSle G193S0-0 4 16:55- 0 pudlia
el o] 4y sty anlllae (gl |, diedidle oailys 8, 15 oyt g dnlllas 000 colials s L slaliss o [V.Y.¥]
RS oo
b S deilins =0 atl o ol [ X SRU{H0} o 05 35 (pmailyino 25-0) ¥ .Y gy
oS oo iy 25 5 00l i 07 f(x) b x edom( f) alais o

o7 f (x) ::{x* eX:(x,y-x)<f(y)-f(x)+o(»)ly—xl VyeX},
O (X) =D oS oo o5 x & dom( f) ol 2

ol o asdllas [Y] ,81655- 0 slo Koo b o)1 b3l 5 fenil s 05 -O

S Pl b &b g 15555 0 =gl yilos Y
3 i yes iz 45 ol 3 glite (ol (sl o e 550 O sl Shas a0, [8] bt 31 (50 Juad ol o

PO AN A ARY


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

VOV 1Fe) o lgz o ylos it 0,90 ( OU 5 slo itrg 3

Oyge a1 Sk S @b Sl fie 45 sy o0 Sl 4 (3l oS 0

= (x, x*) :SUp(y,y*)eng {<x x>+<y*, X— y>—min{a(y),a(x)}|| y—X ||}
Sypea b

F (%) =SUP(, ot {<x x>+<y*, X— y>—a(y) |y —x ||}

wiile bul oly g 99800 00 XXX 51 (555 )5 sloasgame s 59, @l vy ol b iz o 5100 iy pod
5500 sla Moe sl 1) Sk 08 @l a8 Sl (o 9,00l 500 oo s 1) (599 (Sl dmgyesd 5 O35 e
IV oS Gy o5 16555 sl Ko wislen 35
i 5 Sope & ol & ey Sl o il 150 o Shee TIX 02 a5 s 25 ) Gy
S5
FiXx X" = RU{ro},
Fox)=sup, e (05040 =0 ).

ol (ol g pud o)l Cimd 10 o5 (Sdgi b g wamme (ol s Sl jo SO LS &b

oS o 1 DI e ol 4155500 sla Slos 4 Sl 5id 4 rans 45 25 428 Lo
3o oty il JlogaSlo g~ O o Slae TIX 520 a5 0as o) Y G

F (x, x")z(x”,x}, v(x, x*)e X x X",

[*]
)
C——!
Q
—
>
<
I

0, (x, x*)eng 551 osdoe oS solawl 4 has g8 (soluwls ‘(x, x*)eng o5,
9 se Gsbad &y o gslusls
oS o0 et e O mlgs ]y 1ge = Jomid gslusls 5 50
S n iy 3 Sygots |y ol zeoge b il a0 b I X S RU{H00} a5 s 2
f7: X" > RU{+0},
f*(x*)zsup{(x*,x)—f(x):xEdom(f)}.

a5 3900 polas i pai 5l Sjge 5o


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

\OA e otltB 3,515, 5 il i SISy (5o Klas

D)
(x",x) Sf*(x*)+f(x).

Sy ol 3 X €07 f(x) ws oy Jl

(X y=-x<f(y)-f(x)+o(y)ly-xI| WyeX,

f(x)+& =)< 0+o(y)ly—x]|  VyeX.

cls wealys Yy edom( f) g, e g 525 L Jl

f(x)+f (x*)g<x,:x>+supy€dom(f)o-(y)|| y—x|.

Cosl g0 = b (glonals &8l ppass 45 ol cn s a1 |y 05 sluceli 5505l 51
(< f(x")+ £ (x)
<X, HSUP, o) T (V) | V= X[ (X720 +2, (). (M)
E={xedom(f):0(x)#0} el E asla gl 1, ol 0
Cotlss 5153 48 aib il Augmsd 5 e =0 oy ol 1 X D RUH0} a5 s 55 Y as
o8 ] il JloraSle (61535- 0 Slae K, 07f 31 el VL dgens 0 idom(f) > R,
(X, <F, (x,x*)

<( %) +SUB, gy (V) = (FF)

D3 ¥ i G (FF) 53 Jol sobnel g sl JlosaSle (l3350-0 Shae S0 87f 59 sl .olo
&by aly Ojse pl jo 0 Gl o cul Jg elgds (x,x*)eXxX* p9d (Sobusl L3l (gly ol

o >0 By (b 3 )ls 0929 GI(O7f) 5o {(yy )} | oo lallis Sl

3+ x=y,) > Fy (x,x7).

s 50 8,30 [F] gm0 YV 0,155 5100 (o9 oV atwgmms 5 07 f JlowaSle 0192- 0 ligyie Jl>

4SS oo ol {(yn,yfi )} € gr(ﬁ"f) B8 W el i o)l Gnd 45 05 S50 A S gr(ﬁ"f)


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

04 1Fe) o lgz o ylos it 0,90 ( OU 5 slo itrg 3

COARICARS yn><<x Yoy = f (Vo) + F )+ (y )y, =Xl
S +f (X) yn ”yn_X”

<f (x +SUP, o 1) a(y)lly—x|.

S35 sn Jolo(FF) Csllae (sglnal N —> 0045 i35 0> 35,5 b sl ;o

<ol [0 o] logs 5o 50 Glgas |y gl 5 padlin ol 51 olos )5 o gy

19354-0 sbacgams oabid 5,9, F
Sl S o S5y 19350- 0 slrdcgome 4 ConlyiSs slo Shoe 4y axl, a5 1) VO] b 5l 0 Jad ol 5o

o2 e 15550- O brdcgamme 4 CenlgiS- O slo,Khac 3,50 10 a5 | [F] 51 Gy o5 iz oo 5o ol jslace oyl
wloads anlllas [VA] gl e 4o 12Shas sla Klos g b Kloe sl oohid pogie cpuioran
oS 1555-0 |, AC DX X" asgame pj il cils L 0D R, s DX was 55 F) Gy
(x,x*),(y,y*)eA 2 slpolS e

(X" =y, x=y) z—min{o(x), ()} x-yIl .
b AC A jeuleS-0 s A" o 6l ol 2 ansS TSl GleSi-0 |, A lsiSi- 0 degorme uizron
A=A sl
o st 1y (X XN (V.Y ) €A slogsy sl clss K, 0D R, jDCX ass o ¥ diyyw
NESPSRU IR L Py, 2 VN

(X" =y, x=y) 2—min{o(x), ()} x-y|l.
ol 4 Dx X" o, 1, p o)l 5 b5k dal, wib cils S5 0D R, s DX a5 wus o8 Sl
oS o0 B 5 D)5

sl antls WleSi- 0 bl LT 51 Lis 5 51 (X, X*) p(y, y™*)

Gl - O hd Sgo cpl po ail il S 0D R, g DX a5 ass g FY Gy

oS oo i ya5 g ools las A L1, Ac Dx X®

3 Maximal o —monotone
4o -monotonically related


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

's. o eelaf 0,19 9 AiSlypcari’ 1piSs (olo Ko

A :={(x,x*)e Dx X" :(x,x) p(y.y"),¥(y,y") A}.

sl asls WS -0 dal, (V,Y7) €A laclana bas el Dx X 5 olacl ales acgorme AP il 4o
s 25 855 gyl 5100 0] Lol ohas el S A AP cllss leSs cdls aiilen a5 cul S a3y
AJ)‘)B).: ) f&?‘ olfuT ‘ML)

E(UielA)p :niel Ap (Al

fACApp (u

AP = AP (o

AcB=B’  c A’

P =Xx X" (&

3 5 aS JlornSle Sl -0 acgozme S 1, 19250 -0 dsgomme 12 Olgioe o)) o) 5 Slame Olie 4
NORVEL SO PPN PVCIN 3 X o SPIPSR JOPSIP JPRNI SN P g | o IPSEORS 8 oF ST JRVE DUND!

orimes 0] aibie A s - P 1, A” 5 s - P culS |, A AP s Jyene yob 4
AP = A o5 ansS aw-p |, AcDx X"

sl 00 0310 ron 19355- 0 slaacgazme 4y g oais aid 5 [VO] 5 556,15 Ll suy)

EAC A,D (u

AP N (o

el £,) Gy a5 (5,98 ame () 5 (W) poer Jolae SLST .oy p

el oo ol (0) Cwond £, 3,155 51 (0) <= (0) oS>

Bloe Caws 055 ed (©) 9 (W) Glacwend og Jolas 5l (L)<= () oS>

A5 oo ool (O) Caond F,) 5,155 O ygo ol 50 il 19550- O Glacgeme AP oS oS o8 (W) < (0) oS>


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

\ld 1Fe) o lgz o ylos it 0,90 ( OU 5 slo itrg 3

A Aely> 16550 -0 56 A e CwlgiSo- 0 im0 degorme SO dcgaze p) 10 ez AC AP oS

oS g0 st A il (308 JlonnSle 615350- 0 ladegaze gloiz) ca o1, A7 gan 5055 0
G5y ~ O slbacgaza plas glaizl s AP Eyso il 1o CenlsiSy ~ O Slacgaze A a5 uS o8 Fo¥ 5158
o el Al (808 Sl

A’ =U{cDxX"B: wil JboSk $ls-0 B sAcB }

o2l (y' y*)eA P Sl e Gb Ojype nl o ~(X1 X*)E A

(X =y", x=y) 2—min{o(x),o(y)} x-yIl .

S A asile JlamSle Sl O aegame Ko 4 Lol Sl -0 (shaegama AUJ(6X)] ol
(X,X*)EAlCC s o Loly i S
Sasb 4 8l 0525 B Sy 90l 15 (X, XT) €C w558 pshite il sl . C C AV S umo s ol
s
oo (Y )€ACB 2 sl syl 51 -ACB 5 (X,X7) €B' ol JlopSbo (515 -0 Slasgams B’
S JulS 35 lap i cal s (XX ) €A (X, X7) p(y,Y')
S oo ) JloraSle 219300 Jolao (b 258155
A=A 31 ks g S el JlonSb l550-0 A Sjgo ol o . A DX X a5, FLF 6,158
A=A 1 3 ACA s BY o5 ek &g ol o il JlamaSle g O (A a5 S o8 .yl s
S350 alal, (¥,Y7) €A slaslaan b (X,X7) o551 (XX ) €A SILA=A 0is 55 oSe
O S K5 A S S am S T ol g A=A o35l ol A )l s
sl JlogaSlo lgiSi- T Al b el 3953 505 01 50,1 JlogaSlo (lgiSy
el i P JlownS e $19350-0 Shos j2 o5 095 o0 pslae §98 0)15 & ax g b
Bgdisn Jol py Ll am F.Y 5,18 51 b 28 5 L
Sygo ol 0wl -0 (A DX X" 0 o5 P06,

A” =] {BcDxX": asl Jlorsle slySs -0 B, .} AcB
Cod A JesClA - T 0 aS CTAC A &hgo onl o il 1555-0 (AT DX X" 0 5,8 . F.8 5,155


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

\5Y e orltB 3,515, 5 il ot SIS (5lapKlas

ins) o)&uw)o ‘n).: 6)9J9.:95=b
(X,x) @ A” a5 08 o3 j5kaie cnl slp el 5b UBgrae 3 LDX X \ A7 a5 ums oo oylis oo g

O, 9leS- O dlal, (x,x*) LaS ook 40,10 5g>9 (y,y*)eA &ygo opl yo
9]

(x =y, x—y) <—min{o(x),c(»)}||x—y]|.

Sygo opl 5000y K S o |, (Z,Z )EDXX P9 yae dlads

(x'+z =y, x+z-y)

=<X*_y*ax_y>+<2*7z>+<Z*9‘x—y>+<X*_y*az>

<=y x=yy 2zl 2 =yl +H =y [ 2]
Aoz oy 51 a8 058 o polas (F) 5loolaal b Nz ]| sl z|| solie ol So5 SIS 55l 4y polie Skl b ST
sy e Gidng 0 5L degezme SO nlply el 2SS —min{O'(x),O'(y)}||x—y|| 51 398 (g5l
sl i oS 1 5 (0,57 ) 2 0l A? imy ol DX X" Jyoiin g 03522, 57) ol 551 3 3,15 2525 0 o
Bty A=A X 555 gub oSyl il JlawSle lsiSi-0 AT DX X" 5145 55 azgs F,) &
Cend )3 05 Silngi b sl 45 S8 T S (lgS e (eiares el Al wo)liw aand 3 05 Sielng b 398 015

w|5...§.1—0' ‘|5.;S.1—0' ﬂw;@o)tﬁ.w

References

1. M. H. Alizadeh, Fitzpatrick function for generalized monotone operators, J. Nonlinear Convex

Anal. (to appear).

2. M. H. Alizadeh, On generalized convex functions and generalized subdifferential, Optim.Lett. 14
(2020) 157-169.

3. M. H. Alizadeh, M .Roohi, Some results on pre-monotone operators, Bull. Iran. Math. Soc. 43
(2017) 2085-2097.

4. M. H. Alizadeh, N. Hadjisavvas, M. Roohi, Local boundedness properties for generalized
monotone operators, J. Convex Anal. 19 (2012) 49-61.


https://mmr.khu.ac.ir/article-1-3107-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-03-03 ]

\ Y 1Fe) o lgz o ylos it 0,90 ( OU 5 slo itrg 3

5. H. H. Bauschke, D. A. McLaren, H. S. Sendov, Fitzpatrick functions: inequalities, examples, and
remarks on a problem by S. Fitzpatrick, J. Convex Anal. 13, (2006) 499-523.

6. J. M. Borwein, Fifty years of maximal monotonicity. Optim. Lett. 4 (2010) 473-490.

7. O. Bueno, J. Cotrina, The pseudomonotone polar for multivalued operators, Optimization 66
(2017) 691-703.

8. 0. Bueno, J.-E. Martinez-Legaz, B. F. Svaiter, On the monotone polar and representable closures
of monotone operators, J. Convex Anal. 21 (2014)495-505.

9. P. Cheraghi, A.P. Farajzadeh, S. Suantai, On optimization via e-generalized weak subdifferentials, Thai
Journal of Mathematics 16(1) 147-164, (2018).

10. A. Farajzadeh, P. Cheraghi , On optimality conditions via weak subdifferential and augmented

normal cone, Iranian Journal of Operations Research 9 (2), 15-30, 2018.

11. S. Fitzpatrick, Representing monotone operators by convex functions, in: Functional Analysis and
Optimization, Workshop/Miniconference (Canberral988), Proc. Cent. Math. Anal. Aust. Natl.
Univ. 20, Australian National University, Canberra (1988) 59-65.

12. A. N. lusem, G. Kassay, W. Sosa, An existence result for equilibrium problems with some

surjectivity consequences, J. Convex Anal. 16 (2009) 807-826.

13. A. Jofre, D. T. Luc, M. Thera, ¢ -subdifferential and & -monotonicity, Nonlinear Anal. 33 (1998)
71-90.

14. D.T.Luc, H. V. Ngai, M. Thera, Approximate convex functions, J. Nonlinear Convex Anal. 1
(2000), 155-176.

15. J.-E. Martinez-Legaz, B. F. Svaiter, Monotone operators representable by I.s.c. convex functions,
Set-Valued Anal. 13 (2005)21-46.


https://mmr.khu.ac.ir/article-1-3107-en.html
http://www.tcpdf.org

