[ Downloaded from mmr.khu.ac.ir on 2026-05-18 ]

araz versity

Mathematical Researches the Ta e

Online ISSN: 2588-2554

Homepage: https://mmr.khu.ac.ir/

On the distance eigenvalues of Cayley graphs

Majid Arezoomand! ==

1. Department of Mathematics, University of Larestan, Lar, Iran.

><E-mail: arezoomand@Ilar.ac.ir

Article Info

ABSTRACT

Avrticle type:

Research Article

Avrticle history:

Received:

9 September 2020
Revised form:

5 December 2020
Accepted:

4 January 2021
Published online:
21 May 2022

Keywords:

Distance matrix;
Irreducible
representation;
Cayley graph;
Eigenvalue.

Introduction

In this paper, graphs are undirected and loop-free and groups are finite. By
Cn, K, and K,,, ,, we mean the cycle graph with n vertices, the complete graph
with n vertices and the complete bipartite graph with parts size m and n,
respectively. Also by Z,, and S,,, we mean the cyclic group of order n and the
symmetric group on n symbols, respectively.

Let T be a simple connected graph with vertex set {v, ..., v,}. The distance
between vertices v; and v;, denoted by d (v;, v;), is the length of a shortest path
between them. The distance matrix of ', denoted by Dr, is an n X n matrix
whose (i, j)-entry is d(v;,v;). The distance characteristic polynomial of T,
denoted by y, (') is det(Al — D) and its zeros are the distance eigenvalues (in
short D-eigenvalues) of T'. If A is a D-eigenvalue of I' with multiplicity m, then
we denote it by A™. Let 4, > 1, > --- > 4,, are the D-eigenvalues of I'. Then
A, is called distance spectral radius of I' and we denote it by p(I"). Also the
multiset {4, ..., 1,,} is denoted by Specp (T).

The studying of eigenvalues of distance matrices of graphs goes back to 1971,
a paper by Graham and Pollack and thereafter attracted much more attention
[2]. There are several applications of distance matrix such as the design of
communication networks, network follow algorithms, graph embedding theory
and in chemistry, for more details see [2].

Let G be a group and S = S™! be a subset of G not containing the identity
element of G. The Cayley graph of G with respect of S, denoted by Cay(G, S),
is a graph with vertex set G and edge set {{g,sg}lg € G,s € S}. Cay(G,S) isa
simple |S|-regular graph. Let x,y € G. Then forall g € G, x and y are adjacent
if and only if xg and yg are adjacent. This implies that d(g,h) = d(1,hg™1)
and d(g) = d(1) forall g,h € G, where d(x) = Y,ec d(x,y).

In the literature, the adjacency eigenvalues of Cayley graphs have been more
widely used than the distance eigenvalues. A graph T is called distance
(adjacency) integral if all the eigenvalues of its distance (adjacency) matrix are
integers. A graph is called circulant if it is a Cayley graph over a cyclic group.
Circulant graphs of valency 2 are cycles. In 2001, the distance eigenvalues of
cycles computed [6]. In 2010, the distance spectra of adjacency integral
circulant graphs characterized and proved that these graphs are distance integral
[9]. In 2011, Rentlen discussed the distance eigenvalues of Cayley graphs of
Coxeter groups using the irreducible representations of underlying group [10].
He proved that the eigenvalues of the distance matrix of a Cayley graph of a
real reflection group with respect to the set of all reflections are integral and
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provided a combinatorial formula for some such spectra. Then, Foster-
Greenwood and Kriloff proved that the eigenvalues of the distance, adjacency,
and codimension matrices of Cayley graphs of complex reflection groups with
connection sets consisting of all reflections are integral and provided a
combinatorial formula for the codimension spectra for a family of monomial
complex reflection groups [5]. In this paper, we determine the characteristic
polynomial of the distance matrix of arbitrary Cayley graphs in terms of the
irreducible representations of underlying groups.

Let I' = Cay(G, S) be a Cayley graph over a finite group G. It is well-known
that one can determine the (adjacency) eigenvalues T' by the irreducible
representations of G, see for example [3, Corollary 7]. In this paper, by a similar
argument, we determine the distance eigenvalues of I in terms of the irreducible
representations of G. Then, as an application of our result, we exactly determine
the distance eigenvalues of some well-know Cayley graphs: cycles, n-prims,
hexagonal torus network and cubic Cayley graphs over abelian groups.

Results and discussion

We construct an infinite family of distance integral Cayley graphs. Also we
prove that a finite abelian group G admits a connected cubic distance integral
Cayley graph if and only if G is isomorphic to one of the groups Z,, Zg, Z, X
Zy, Zg X Z,, Or Z, X Z, X Z,. Furthermore, up to isomorphism, there are
exactly 5 connected cubic distance integral Cayley graphs over Abelian groups
which are Ky, K3 3, Pz, P, and Py, where 5, is the n-prism.

Conclusion
The following conclusions were drawn from this research.

e The characteristic polynomial of the distance matrix of Cayley graphs
over a group G is determined by the irreducible representations of G.

o Exact formulas for n-prisms, hexagonal torus network and cubic
Cayley graphs over Abelian groups are given.

¢ Infinite family of distance integral Cayley graphs are constructed.

e Cubic distance integral Cayley graphs over finite abelian groups are
classified. By a similar argument, one can find all quartic distance
integral Cayley graphs over finite Abelian groups.

e One can easily compute the distance eigenvalues of a Cayley graph
using irreducible representations of the underlying group.
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