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Introduction

A generalization of the continuous economic model is proposed for
random markets. In this model, agents interact by pairs and exchange their
money in a random way, in general, with possibly non- constant total
amount of “money”. This model takes the form of an iterated nonlinear
map of the distribution of wealth. We show the only way to reach
equilibrium fixed point distribution is the agents to share their money
without expansion or contraction factor. Furthermore, it is proved the
higher momenta of the distribution exist and the iteration of higher
momenta becomes stable under some specific conditions.

Material and methods

In this paper, we develop a general form of Z-model that is similar to the
behavior of original model (Z-model) in which each of the two partners in
a transaction have a random amount U and V . During the transaction,

they put first the whole amount (U +V) in a basket and then share its
content randomly.

Results and discussion
In this model at the time of the transaction between the two individuals,
one of the individual puts AU in the basket (instead of U in the Z-model)

and the other puts bV in the basket, instead of V .

Conclusion
The following conclusions were drawn from this research.

e As it will be seen, this model is not conservative except when
some special conditions hold for the coefficientsa and b.
e If we consider the symmetrical interaction for the pair of agents

(V,U) , in this case the first agent will put @V in the basket and
the second one DU . For both trades, those of the pairs (U ,V )
and (V,U), the total money to share in the basket is

(@+b)u +v).
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It is shown the only way to reach equilibrium fixed point
distribution is the agents to share their money without expansion
or contraction factor.

It is proved the higher momenta of the distribution exist and the
iteration of higher momenta becomes stable under some specific
conditions.

How to cite: Shivanian, Elyas., Keshtkar, Mahdi., & Navidi, Hamidreza. (2023). On the generalization of
evolutionary continuous model in random markets. Mathematical Researches, 9 (2), 1-14.

© The Author(s).

Publisher: Kharazmi University



https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

TOA-TOLT 1 la LiLS

YoAA-Yoot : gLy

by sy y

Homepage: https://mmr.khu.ac.ir/

SHobai Sl 13l 33 dhuwgnt ol il 3 51 AL oot Juo S

"o g L yomos TS gt B yliilanis ol

shivanian@sci.ikiu.ac.ir :asbbl, P .l ol e 38 (o)) (s plol (Madl (s olKiils iy pole 0aSails (g0 )5 25b ;09,5 Jluiils .

keshtkarmahdi@gmail.com :asbll, .l ! ccpg33 dyo) g dpp) g (cwdige (8 e (5590] 35 10 ¢ o5l 09,5 Lobuwl .Y
navidi@shahed.ac.ir :asbl, .ol ! oyl 05 ol olKails by pole 0aSails (60,5 L5L ;) 05,5 sliwl ¥

PRV Al OleMb!
w2308y oo el Bolai sla,lih yo diwgy (goladl Juw S oS ‘J_M—Z Al pponi 4 dlio cpl yo gy dlie :llio o

Oliee a5 851 5g2g Sl (pl 5 iyl Jlo dlole Bolad jelay g0 &y g0 (golaidl slaJule Jow cpl jo
@55 3l S5 (ot Slee o Ojg0 1) Joe ool ails ol Jb a0 pies olls S ;
| e . VWAQUV/E redl yo g b
bl 2 90 g8 JOUS o Jolas Soll Al @y ey oy S s on QLS s S m Ol 29
= 165Nk &b
IS5 505 penlss b ]y @i AL slajlidS sgzg plonil s ol (golaBl slaele (o SLEIL yeL Ly 1 a6

el (gleo3ly
e Jolss alais
(ol Joe
NP
il slo i

slaiagy  olas sl il 5 dimgn LSS anld 5 48l prasd Joo o O F+Y) Lo e qoiugi 5 fsote aS sl o) Lolgeds :0bdtun!
AF =V (N8l

@Ol

BY NG

OB sy © woi)lem oKails 1,5l



https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

1P+ 059 0 ylods ot 0,99 “;ééj sleing i ¥

4o do

(oSS sl Salas (55 By yre g Cewl (Jolas 18, 4 ey slp (Seelins il Jlis 4 (LalSS 55k 4 )l
g ol JoSas a3l aws 93 5 a8 65k S )3 cenlie (31l S L Bl oo SV 5 Sl ) Sl
Gl 5o Jgome 0,505, Cesla (3 (l 56,500 g9 55 w8l (oo Jobs JLid @ 5 S (oo e Slojle Sjp0 &
gl (oo [Sem (55 ol 4 ple Sl b a5 cenl sl alie sl b ale (g5 285 Sl s i)
oS (gl amalz 50 1, 585k e e oo Gl oo o] SeS @ oS el (5,500 Sz (Lo 10 S il 65l
bl S8 5l (hlises slo Jua 5 Loy, o3l sledls o 0ls 18 (a9l 550 Wyl 0,932 SouSs b lajen jsb 4y
oals &l 5,55 wlwlp Jlie ylgie au ol oo 48,5 )5 4 (el Cudidge job 4 (solatdl sloosls s gy
anal> ol 8l ahy sl o g sled Dy 20598 5l Canl b 4 lawgie lisael,s a5 anel> 120 sga> )¢ gely> 0
@ ataly Bolas sloJoe 31 K0 g9 o YV aiS o cons o)y (9B wojer 5l 0gdae Julis | anal /0 a5
wlie 1y golamdl slafole (o Jo golamdl a¥ols Bolas slaJow ool L] aib oo j8-acs slaJos ol3L
ASS o yuendd A3518 (655 Jols a5 35 o I3 8,5

o3k 5o was o lis 1, olamdl sla Jole com @Vols ax o a5 JuS el G bajlE-acs oyl wlalyy 1,51
o 51 5 055 o D90 sholos o Jule s ekl yio ok sl S5 tmy ol o azb 5 15 o [0,]]
1555w 03k (sl S ales @s a5 Wl a8l Cews 4t opl 4 sl cos W ls Jeles b Jele e wuil
3 ol ool oas ool plas H acas 5l eslinul U dolas b slaoe sl bwly e o [6] coul 15,
18-10] ety oy Jio =2 (59, e | Ko Lyl (3B Lo pglisS i3, 5 L) [7] el 2l Jlo
ez oly oo Wil oS 5T g s ol sla il o s So w98 (2l Sen canaliv sl rizeen
oS Col Fon JouSle @i 4 a0 oo Lid a5 o ke Jlonsl (slaslE sl alive Jow G 1,5 anxye [11]
Gogmo 2b, [12] wl a3 5 s o Shee Jols alais olgie 4 1) T oo ploil gl (s3le 4t b ol ol 5
23] et ons Ll Bolas sla ik ,o Jow =2 sl s,

4 e g 0000 Sty dolas sla 5k (sl atwge solazdl Jow o allie ! ,o id 5 & g0 sla,lS JLis &
Jae =L 5l orani a5 53 45 Sl g0l s o 25 anileslo eailo g o o S35 5 LT
ad s @l 1y ol ¥ it 0 eeilpce T Slee sloShs a0 ¥ (15 )0 ep 0ol 00 Ol |

3,8 o0 Do pY (655 amil oled j0 0,5 el ly ool &Il Jow goue g5l

b oliee onl 9 oS o0 28 e |y il o o481 aisgs 0wl Cawdy N Qlﬁ,o)i;l,,.gc\S@Lmﬁ;.‘;o Jowe opl yo

sl i o 50 005 0 Djge danie Sloj slro,ge o o8l o aST Bolar Yol bl 4 Gl clnds

[y 0550 oy oo N Sloj 0,90 10 axly X lye b olal job 4 dmel> 10 (69,8 Sl Jloi] (ol (o


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

b Holar sl [l 40 diwsn Aol Lis[pS / 4iSly peari Joto

55 08 ool P (X)) ogoss o¥als Jbls e ML iy g Gl 0,90 53 oo olis By (X)) b
Dyl se By ym 5 Dyg0 &
P, ()R, (v)

Pua()=Tp, () = [[ dudv=2 2=

Sab ()

S9dn iy 3 590 & Sy p(X) 5ot ik g cote eyl b,a s
S,p(X)={(u,v), u,v>0, x<au+bv}

Slozss & arsil g an o )5 a0 DV (e e o ool Jule 5 AU e a0 Jgl bl Jule o] 50 45

Lol plp opSoe JI3 s 30 &5 ol &heo o) 3929 Sa,b(x) »as (Vu) 5 (UV) o
S5 ge alslos Ll oy a5 (@ +D)(U + V)

L puors Sloe b Shg ¥
.aa)f‘sa QL..: wb PPN )fJ.o.c 6‘)‘.’ ﬁ)‘y LgbLa.e 9 s_dJ)Lu um Q..{l Lgb;;gl 5

+ R . .
Ogid oo L x5 ) Dygo by [01 OO) 03b 50 (B8 &j89) Cudo &lgs Ll lad ) Ry

L:10,%0) ={y:[0,0) > R" U{O}}y| < oo},

] :JO y(x)dx.
oS o sl )01y p5 el 65@4%'—;[0,00) asgezme el Sl jo
B ={y eL;[0,), |y|=1}
Y &g 4 cans X o:Ske Jaie 0pgoa Y € LI[O,OO) &9 4 dly Dg 3 S0l ¥ iy ya5
M_a»osoQLi.J<X>y L aS 09l oo iy 25
<y>=<x> =|xy(x)| = JO xy(x)dx
o o las <Y > slibly < X>y alol jo
Sydge iy gy Do a Y 63, 1 Skee Y € LJ[0,00) 5 X2 0 Giyay cm

T(y(X))= J'I y(u)y(v)dUdV

52700 au +bv

S.p(x)={(u,v),u,v>0,au+bv>x}


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

1P+ 059 0 ylods ot 0,99 “;ééj sleing i I

IS e oyt o Yol 5lans 1y, X s o5 el (U, V) olasle i iy a5 asols

e 23l ol Sz 6 Y 5 oyt [TY[ = Y]] wts ¥ € LI[0,00) 1o sl v ) i

\)5..»‘59 Lo M (_ngo)j.)

o y€|—1[0 0) oSl & 4z b yloy

=0, i =Ll O

- [ yydu]” ywdv=y|

B:={y e LJ[0,0), [[y] =1} wls 555 x| L1 [0,00) 15 Jlozol JiSr ol s gacmo s N s
segomons a1 5l Ty wosd oiliioo b ol TY €B ol Y € B 51090 cal 5 0,8 s s,
T3:B>B s, B

ol e o g ¥ sls 5SsS il Bty 655 50 T Sl Yarad

Shgo el 0 mS 28 pla

et e e [Y(U) (V) = wu)w(v)
Ty TWH_'[0 duj0 dvj0 dx .

- I:duj: dv|y(u) y(v) - y(u)w(v) + y(u)w(v) — w(u)w(v)|

< Jow y(u)duj: dv|y(v) — w(v)| +_[Oww(v)dvjowdu\y(u) —w(u)|
2y

ssbs bsd YEB 1o (ol & s ol 4 sgaad > IS el 0 <Y > Sl Juie Y apad
i so Lk alites glaoygd 1 Sy Sl sin ol e i < TY >=<Y >

el Vo, plo pla

<Ty>=[x(Ty)0)] = [ xdx[ d“‘”%

~ [ duf"dv[ ™" xox y;jlyé‘;) ~J; ul; dvau + by @y)

:—.[ uy(u)du +— Jw(v)dv——j )dX—Tb<Y>

Byl S b ) a solae 55 098 sed Lade Sk Hlade a5 w6 lid oyl


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Y Holar sl [l 40 diwsn Aol Lis[pS / 4iSly peari Joto

wybn bi> AHD=2 Los b Sl slooyes 53 soladl wias D5 nuiles ¥ azmadi
A+D<2 Loty oo @D >2 Losl Ll o5 ans e Lt a5 w8 oo ol |, (6l sl aslol o

abgs o 6&)9&2’5 “wIr 9 adlko Y)Y
w2l n oo el Kae 4 by o sl jgliiS (ol Sl 4 Giso cnl o

s a,b €ERT yn €N.Y €L [0,00] ;o oljl 4 Fanis
. a+b,,
<T y>—<y>:((T) -D<y>.
S Gl oo Jud anad el ol
<Ty >-<y >:(%—1)<y >,
p2lo o sl )lSS 6l alin jsb o
a+b, ,a+b

<T2y>—<Ty>=(aT“’—1)<Ty>=(( 2y @Dy <y,

a+b) _(a+

<T% >—<T?% >=(¥—1)<T2y _((— b))<y >,

FYL sloas o sla )| ,SS gl IS el jo

, . a+b - a+b a+b .
<T"y >—<T 1y>=(7—1)<T y > —((—) —(—)") <y >.
oS 0 4z Vb Ly, )b o0 pex L >

<T”y>—<y>:((aT+b)”—1)<y>.

shilyd o8 wemo (s VSL s VEW s ar |y s S5 (35 5 s 90 53] 51 ¥ s

Dy oo 4z LGN Slaw pj sle (S


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

1P+ 059 0 ylods ot 0,99 “;ééj sleing i A

a+b>2 VSW = ((a—+b) —D<y>, <T"y > 4o,

a+b=2 VSW =VSL =0, <T"y >=<y >,

a+b<2 VSL=(1- (aLb))<y> <T"y>—>0.

i sezs ek A+D >2 LA +HD <2 51 aes o lis Bed azeii ) 6 pan
o o s wuisgmy e abs @ L (0 #D) Wa+b =2 5y oo clialie Loluly Y o pa
oS5 o i o [8] wus medlsx | ol dr i claJlie 4o a8 el A =D =1 5 s 552 g cols abais
oSl a0 rI1iﬁrrO1OT”y(x):O, o S e o s sty ol alal Coans ) S8 m5e  Jlgie
ol 005 i g3
Sppo ) P(X) slojsless Py e
m, (t) = [ dxx“p,(x)

My Lasl> 098 50 5 ol Jao -2 puoss a5 (V) (5,,S5 abasly Jow -Z wlie My =1 5105 0 iy
o 2l gl jgsS bty My (E+1) =My (1), sy 5 .05 o oo
il panlss paizean

m(t+1) = 2 m, (t)m, (t)——(a+b)m (t)
L PN

ml(t):it(a+b)tm1(0):it(a+b)t<y>

2 2

Gl ol o3 AHD <2y sl Sl ogy BFD>2 3y g 00 3308 5 phites a1l

Aol oo

Sygo d pgd HoliiS gl (o,1,ST alal,
m,(t+1) = %[(a2 +b?)m, (t) + 2abmy (t) |,
ol yaa Jyep D=1 8=1 28555 o p lsioe ST &
S on i psS 5 90 4 oK jsliss
m (t+1)— [(a +bF)m, (t) + Lox(t) |,
N ETRNCUN ), QRICII IR gy PSPEEL SPVSUL SR [ RNV PICIOICH DS C IR PRSI

&l asiye o oygtias DKL @<L Gyl a aiman ailo o 36k oK otz @ + DX <k +1,

IRVLIWE SRV}


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Holar o[l 40 diwsn Aol Lis[p3 /4l pari Joto

1.5

0.5

0.5

15

0.5

oo sldlo ¥

RO N g B p(x) oS o) Jle

1—£x O<x<2,
2

0 X>2.

oS s el JoeZ s coli alais a8 510 =

lim{T "p(x)—e 2| =0,

n—oo 2

l,a=1 .«

Sl 00 s0ls L)L"'“ 9 W) LS)L“'“" d.......u \ J&m L Gabm ..\55)

15

\ \
05 '\ 1 05

pgX) p,(X) pAX)
: 15 - 15 -
II'. -]'.
4 1," 1
\
\ \
05f  \\ 1 osp N
oo 0 - _‘.“‘T—_ - D ;.‘%“-:._H__
2 3 4 0 1 2 3 4 0 1 2 3 4
p3(x} p4{x} 95{3‘)
15 15

—— 0 - 0
2 3 4 0 1 2 3 4 0 1
Pe(X) pAX)
15 15
\ \
] X k\
1} \ 1\
Y A\

0.5¢ \ 1 0.5 \

2 3 4 N 2 3 4 I
3

3 3
S o0 J—:"Ee 2 4 as po(x) S92 Jle )°T)§J-°56L“)‘)55 Nl


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

’f’f‘,o}.: OJM 5,964‘0)’) 1{0“{) d[‘b‘)‘:@’ﬁ{

35 ead iy 3 go 0 P(X) S 28 Y Jlso

1
1-—xX
p(x)=7 2
0

O<x<?2,

X> 2.

1 3
@”Ng@m@vyuﬁsﬁbwu5¢¢}mhw@@ymp}mmb:EBazzdu@

15

0.5

15

0.5

1.9

0.5

DS (o e o o po(x) adgl

PX) p,(X) p,(X)
15 15
1} 1}
M 05 05
0 — 0 : o=
1 2 3 4 0 1 2 4 0 1 2 3
P4(x) P4(x) Ps(X)
15 15
1h 1
05F 05}
N \._
e 0 = 0 ' =
1 7 3 4 0 1 2 4 0 1 2 3
Pglx) P(x) P4(x)
15 15
1 1
0.5} 05
S 0= 0
1 2 3 4 0 1 2 4 0 1 2 3

Shee sla )55 YIS T 5, ¥ Jie P (X) 5 o e oo a5


https://mmr.khu.ac.ir/article-1-3131-en.html

R

Holar o[l 40 diwsn Aol Lis[p3 /4l pari Joto

px)=

aS ool Hlanl Joe-Z )acﬁgt?a.laj.;c\#éé)'l‘b 215 a=1 sl

2
9/5
8/5
715
6/5
1
3/5
215
0

S8l 0sd iy 5 g P(X) s L0 ¥ Y

0<x <0.1,
0.1<x <£0.2,
0.2<x <0.3,
0.3<x <£0.4,
0.4<x <05,
0.5<x <0.6,
0.6<x <0.7,
0.7<x <0.8,
x >0.8.

125 125

lim =0.
n—

n _ e _ﬁx
wﬁ JOR=

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

PyiX)

125 1%
A5 o Joo ——€

1.5 2

38

4

3

—X
3 4 Py(X) ¥ ST e o5 ¥ g

p,(x) p,(X)
4
3 3
A _1\ oI\
1 \
\I\I \ -,
i, 0 X e s
0 0.5 1 15 2 0 0.5 1 1.5
P4X) p(x)
4
\ 3
.\
\ 2
\\
N, 1 \
0 0.5 1 1.5 2 0 0.5 1 1.5
pAX) PgX)
4
\ 3
‘:
\
\ 2
\
\ i\
L —— 0 L T
0 0.5 1 1.5 2 0 0.5 1 1.5



https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

,f'f‘,o}.: 0)‘0*2‘ 5,9.64‘0)’) 5@0“") ‘5[‘3‘)&4’)}!

VY

sl o i a5 5 90 4 P (X) s 28 F o

SIS oo Joo o 4 &S po(x) DR JL’beT)iL«chLa)!)SJ sy

2 O0<x <0.1,
9/5 0.1<x <0.2,
8/5 0.2<x <0.3,
715 03<x <04,
P,(x)=<6/5 0.4<x <05,
1 0.5<x <£0.6,
3/5 0.6<x <0.7,
2/5 0.7<x<0.8,
0 x >0.8.
25 Sgdies odus B USE 13 aF jslailen S e o Coaws &1 a8 ml Wil D :E s a:g <l a
peX) p,(X) pX)
4 4
3| 3l
‘L\_I_l_L \
1 1
L k
i i 0 F B 3 0 e
0 05 1 15 2 0 05 1 15 2 0 05 1 15 2
P4(X) P4x) P(x)
4 4
3 3
2} | 2\
1 1\
., o \\‘.
R > = 0 R ) X 0 - : =
0 05 1 15 ) 0 05 1 15 2 0 05 1 15 2
Pe(x) P4(X) Pg(x)
4 4
3 3
;\I 2 2
N 1
'\_\ " \'\. % -
i — " 0 e— " 0 S—
0 05 1 15 2 0 05 1 15 2 0 05 1 15 2


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Y Holar sl [l 40 diwsn Aol Lis[pS / 4iSly peari Joto

G A 0

Dy a culpe camp oo a 5o ansle oLl T jo a8 0l ool ppasd agey golazdl Joo oy allie ol 4o
5 Jols condy 925 59, 2 L D 5 calrs S bl culy S oo Alsles (Bl s 1, lislaale

Jols o 4y ols bl i o Bolay sle 5L a5 o o Coled o meols 13 cw) g0 JS ale s Lad>

b JolSS

References

. A. Dragulescu, and V. M. Yakovenko, Exponential and power-law proba-bility distributions

of wealth and income in the United Kingdom and the United States, Physica A 299 (2001),
213-221.

. B. K. Chakrabarti, A. Chatterjee, A. Chakraborti and S. Sinha, Econophysics: An

Introduction, Willey-VCH Verlag GmbH, 2010.

. M. Levy and S. Solomon, New evidence for the power-law distribution of wealth. Physica A

242, (1997), 90-94.

. V. M. Yakovenko, Econophysics, Statistical Mechanic Approach to, in Encyclopedia of

Complexity and System ScienceMeyers, R.A. (Ed.), Springer, Germany, 2009.

. A. Dragulescu and V. M. Yakovenko, Statistical mechanics of money, Eur. Phys. J. B. 17

(2000), 723-729.

. R. Lopez-Ruiz, E. Shivanian, S. Abbasbandy and J.R. Lopez, A Generalized Continuous

Model for Random Markets, Mathematica Aeterna, 3 (2013), 317-328.

. R. Lopez-Ruiz, E. Shivanian and J. L. Lopez, Random market models with an H-theorem,

arXiv:1307.2169v3 [g-fin.TR].

. J. L. Lopez, R. Lopez-Ruiz and X. Calbet, Exponential wealth distribution in a random market:

A rigorous explanation, J. Math. Anal. Appl. 386 (2012), 195-204.

. R. Lopez-Ruiz, J. L. Lopez and X. Calbet, Exponential wealth distribution: A new approach

from functional iteration theory, ESAIM: Proceedings (ofECIT-2010 Conference), 36 (2012),
183-190.

10.Y. Pomeau and R. Lopez-Ruiz, Study of a model for the distribution of wealth,

arXiv:1407.7447v1 [nlin.AQ].

11. G. Kutriel, Convergence to the exponential wealth distribution in a discrete-time random

market model, Applicable Analysis, 93 (2014), 1256-1263.

12. E. Shivanian and R. Lopez-Ruiz, A new model for ideal gases, Decay to the Maxwellian

distribution, Physica A, 391 (2012), 2600-2607.


https://mmr.khu.ac.ir/article-1-3131-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

JFF (090 ajlmﬂ‘peja)jd“fééjc;[b&zjjg \¥

13. S. M. Apenko, Monotonic entropy growth for a nonlinear model of random exchanges, Phys.
Rev. E, 87 (2013), 024101.


https://mmr.khu.ac.ir/article-1-3131-en.html
http://www.tcpdf.org

