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fixed points of nonexpansive operators. In this paper, by considering new conditions,
we prove the weak convergence of mann fixed point algorithm, for finding a common

fixed point of two nonexpansive mappings in real Hilbert spaces.This results extend

our results, by using the John von Neumann's method.

Keywords: 1.Introduction

Weak Let H be a real Hilbert space with inner product ( o > and norm |||| and let C be a
convergence, .
nonexpgnsive nonempty, closed and convex subset of H . An operatorT :C—»Cis said to be
mapping, nonexpansive if satisfies

Hilbert <

space, [rx=Ty|<x-y] ~ ¥xyeC

Mann fixed-point

algorithm. We denote the set of fixed points of Thy F(T) = {x = C|TX = x}.

For a nonexpansive mappingT :C——C, if Cis bounded, closed and convex,then
F(T)=#¢. (see, e.g., [1]).The aim of this paper is to find a common fixed point of two
nonexpansive mappings T,, T, : C——C. One of the most famous fixed point method is

the Krasnoselskii-mann iteration from [1,2]. This algorithm is defined in the following
manner:

Xpu = Q- )X, +,TX,, VneN
(L1
where X, € Hand ¢, € ]0,1[, forall N € N.

A celebrated weak convergence theorem was established by Reich [3], see also Falset et al. [4].
In 2001, Xu and Ori[5], proposed the following implicit Mann-like iterative process for finite

family of nonexpansive mappings {Tl,T2 ,...TN } with {an } a real sequence in ]0,1[ and an

initial point X, € C:
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X =X, + (L= ay)T X,
X, = o X + (L= a,)T,X,,

Xy =@y Xy +(L—ay)TyXxy,

Xyo = Xy + (=g )TiXy s

Which can written in the following compact form:

X, =0, X+ L—e,)T X, vn=1 (1.2)
WhichT, =T (n mod N).

By using above sequence, they obtained some weak convergence theorems.
Recently, Knzow and Shehu [6] considered the sequence generated by the following
algorithm:

Xnyg = O Xy + B TX, + 1, vn=0

Wherea, , S, € [O,l] are satisfying o, + 3, <1, and I, is called the residual vector.
By considering this algorithm, they proved the following theorem.

Theoreml.1:Let K bea nonempty, closed and convex subset of a real Hilbert space H.
Supose that T : H —— K is a nonexpansive mapping such that its set of fixed points F(T)

is nonempty. Let the sequence {Xn} inH be generated by choosing x, e H and using the
recursion
Xn+l = anxn + ﬂnTXn + rnl Vn > 1 (13)

Where I denotes the residual vector. Here we assume that {an} and {f, are real

sequences in [0,1] such that o, + 5, <1 forall N >1and the following conditions hold:
@5 4 oo
® S <

© i(l—an _B,) <.

Then the sequence {Xn }generated by (1.3) converges weakly to a fixed point of T .

For the main results of this paper, we need the following useful lemmas.

Lemma 1.2: ([7])Let E be a uniformly convex Banach space. Letd > O be a positive
number and let B (0) be a closed ball of E. There exits a continuous, strictly increasing and

convex function g : [O, oo[—) [O,oo[ with g(0) = Osuch that
Jaoc-+ by -+ cz-+ dw” < allx|"+ bly||" + |+ d|wi” - abg x - y))

forallx,y,z,we Bé(O):{Xe E: ng& } and a,b,c,d e[O,l] suchthat a+b+c+d =1.

Lemma 1.3: ([8])(Opial property)If in a Hilbert space H the sequence {Xn} is weakly
convergentto Xy, then for any X # X,

liminf,_, [, — X[ < liminf___[x, — x|

Lemma 1.4: ([9]) LetE be a real uniformly convex Banach space, LetC be a nonempty,
closed and convex subset of E and let T:C ——»C be a nonexpansive mapping. Then
| T is demiclosed at zero,that is, X, ——> X and x_—Tx, ——0 imply that TX = X.
Lemma 1.5: ([10]) Let{a } and {p, }be two nonexpansive sequences satisfying the following
condition:

a,, <a,+b,, vnx1.

n+l —

If S, <oo, then lim . @, exists

n=1
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In section 2, at first we consider a new type of mann iterative algorithm and we prove weak
convergence of this algorithm, for finding a common fixed point of two nonexpansive

mappings Tl,T2 :C——C. Insection 3, we give an application of our main results.

2.Main Results
In this section, at first we give a new type of mann iterative algorithm and then we prove
weak convergenceof this algorithm.

Theorem 2.1:Let C be a nonempty, closed and convex subsetof a real Hilbert space H.

Suppose that T,, T, : C — C are two nonexpansive mappings with F(T,) " F(T,) # ¢.

Let the sequence {Xn } in H be generated as follows:

Xy =Xy + B TX g + 7, TLX, + 0,1, vn>1 (2.1)

n“*n-1

Where X, € H, {I‘n}denote the residual vector, and where {an } { n } {7/n }‘and {5n}

are real sequence in[0,1] such thatey, + f3, + 7, + &, <land ¥, <lforalln >1 andthe
following conditions hold:
(a)forevery y € [0 1[ the function | — T, is surjective;

(b)zl A =B=7n
=1 1-7,

Za}/":

1 1-7,

(©) z

Then the sequence {Xn }generated by (2.1) convergence weakly to some XxeF (M) NF(T,)

17n

Theorem 2.2:Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Suppose that T,, T, : C —— C are two nonexpansive mappings with F(T,) " F(T,) # ¢.

Let the sequence{ }m H be generated by (2.1) where X, € H, { }denote the residual
vector, and where {an } {ﬂn } {7/n }and {5n }are real sequence in[0,1] such that
a,+ B, +y,+0, <landy, <1lforalln =1 and the following conditions hold:

(@)for every y € [0,1], the function | — #T, is surjective;
O) $l-a-b-r .
nzll 1-7
© jiminf 28+ 0, iminf 22 5.0,
1-7, -7,

Then the sequence {Xn }generated by (2.1) convergence weakly to some XxeF (M)NFE(,)

Corollary 2.3:LetCbe a nonempty, closed and convex subsetof a real Hilbert space H.
Suppose that T : C —— C is a nonexpansive mapping with F(T) #¢.

Let the sequence {Xn } in H be generated as follows:

X, = %n X+ Py TiXo, + % r,, vnx1 (2.2)
1_7/n 1_7/ 1- 7n

n

Where X, € H, {r, }denote the residual vector, and where {¢, }, {8, }. {;/n}and{an}are real

sequence in[0,1] suchthater, + B, + y,, + 0, <landy, <1foralln = 1 ,and the following
conditions hold:
@<1-a-fi—7n _

Z

1-7,
b
O gas_san_,

mi-7, =l-7,
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Then the sequence {Xn } generated by (2.2) convergence weakly toa X € F (T ) .

3.Application
In this section, we give an application of our main results.

Theorem3.1:Let A, Bbea nonempty, closed and convex subsetsof a real Hilbert space H.
Suppose that PA ) PB are two (firmly)nonexpansive projection operators with AN B = ¢ .
Let the sequence {Xn } in H be generated as follows:

Xy =X+ B Pa Xy +7,PsX, +,1,,, vn>1 3.1

Where X, € H, {I’n}denote the residual vector, and where {¢ |, {ﬂn}, {7n}and {§n}are

real sequence in[0,1] such thater, + B, + y, + 0, <landy, <1for alln>1,and the
following conditions hold:
(a)foreveryy [0,1[, the function | — 4B, is surjective;
) sl =fo=ro .
le 1_}/11 ,
© Caby S _
;17 7n ;177n
Then the sequence {Xn } generated by (3.1) convergence weakly to some X" € ANB.
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