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Introduction

In papers written about analytic hierarchy process (AHP), evaluating
priorities for the criteria or alternatives from pairwise comparison matrices have
been vastly studied. Except the Saaty’s eigenvector method (EM) [1] which is
the most widely used method for prioritization, diverse methods are presented
in papers.
Ramanathan [24] has presented an approach by combining data envelopment
analysis (DEA) and AHP, named DEAHP, to calculate and integrate weights.
DEAHP implements DEA to make local weights of the alternatives from
pairwise comparison matrices and their integration as final weights. Wang et al.
[28] suggested a DEA model with assurance region (AR) for creating weights
in AHP. The DEA/AR model can present intuitive or even logical weights for
both consistent and inconsistent pairwise comparison matrices.
In this paper, the “Double-Frontier Analysis” approach is proposed which
integrates the DEA/AR concept of weight from two optimistic and pessimistic
viewpoints with AHP, and calculates the most desirable and most undesirable
weights based on a pairwise comparison matrix for the criteria and decision
alternatives. We call this method the double-frontier analysis approach for
producing the most desirable and most undesirable weights, or DFA in short.
Double-Frontier Analysis

let
8 8, ... &,
A= (8)yn = atz21 a:22 - a.2n (1)
ay Ay, ...

be pairwise comparison matrix with &; =1 and a; =1/a; for j#i and
W = (Wl,...,Wn)T being the weight vector. It has been proven that providing
A is a perfectly consistent pairwise comparison matrix, meaning &; = &, &;

for Vi, ],k €{1,...,n}, DEAHP can produce true weights.

The Optimistic DEA/AR model for AHP

Wang et al. [28] have created the following DEA/AR model to determine the
most desirable criteria or decision alternative weights:
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Max w,
wo=>aV, <l i=1..,n )
s.t. j=1

Wj/ﬁSVj swj/n j=1..,n

[TPRL)

Here, the lower index “o0” represents the alternative or criterion under
evaluation and £ is determined from the following equation:

S =min{ max 1Zaijrj , max lZajicj 3

A= PG
Here, I,...,I, and C,...,C, are respectively the row and column sums of the
A= (aij)

model (2) to calculate weights from the pairwise comparison matrices is called
the optimistic DEA/AR, and the calculated weights are optimistic weights.

pairwise comparison matrix. The method implemented from

nxn

The Pessimistic DEA/AR model for AHP

Due to a need for expanding the DEAHP theory and its methods and real
applications, a new pessimistic DEAHP model is proposed which evaluates a
criteria or decision alternative from a pessimistic viewpoint. The weights
calculated from the pessimistic viewpoint, are called pessimistic weights. The
pessimistic weight of the criterion or decision alternative under evaluation can
be calculated versus other criteria and decision alternatives, implementing the
following DEA/AR model:
Min W,

Wo=>ayv,>1 i=1..,n )
s.t. =1

W, /B<v;<W;/n j=1...n

[Pt}

Here also the lower index “o” represents the criterion or decision alternative
under evaluation and £ is determined using equation (3). In case there exists

a group of positive weights which cause W; =1, it is said that the criterion or

decision alternative under evaluation is DEA/AR inefficient or pessimistic
inefficient; otherwise, it is said to be pessimistic non-inefficient. Contrary to
model (2), which is called the optimistic DEA/AR, the (4) pessimistic DEA/AR
model seeks the most undesirable weights for each criterion or decision
alternative.

Geometric mean weight — integrating optimistic and pessimistic weights

When a criterion or decision alternative is evaluated from different viewpoints,
there is no guarantee to reach a consistent evaluation. In more general terms,
the weights of the evaluated criterion or decision alternative do not only differ
from different viewpoints, but they even have remarkable differences or are
strongly inconsistent. Therefore, there is a clear need to integrate them into one
combined criterion or decision alternative weight for each criterion or decision
alternative in order to reach a single outcome. Similar to the geometric mean in
Wang et al. [47], we can combine the calculated criterion or decision alternative
weights from both optimistic and pessimistic viewpoints as a geometric mean
as follows:

o, =W, xW;, j=1...,n (5)
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o; ( j =1,...,n) calculates the mean weight of the j™ criterion or decision

alternative from both optimistic and pessimistic viewpoints simultaneously.
Since the determined criterion or decision alternative weight by (5) is the
combination of calculated criterion or decision alternative weights from both
optimistic and pessimistic viewpoints, we call them the criterion or decision
alternative weight based on “double-frontier analysis” or criterion or decision
alternative weight based on DFA in short, which is more comprehensive and
realistic than criterion or decision alternative weight based on optimistic
DEA/AR and can better and more accurately reflect the criterion or decision
alternative weight.

Conclusions

In this paper, a new approach for weight generation in AHP is proposed which
is named the DFA approach. It was shown in an example that the DFA approach
reaches better decisions than DEAHP, as DEAHP sometimes over-evaluates the
importance of some criteria and/or decision alternatives which lead to
somewhat unreliable outcomes.

The optimistic and pessimistic DEA/AR models can be easily used and
implemented and do not need prior designation of assurance region or defining
it mentally, as the assurance region will be determined automatically by
optimistic and pessimistic DEA/AR models and pairwise comparison matrices.
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