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the stability function is a Padé approximation to function exp. The
numerical method is A -stable if the corresponding stability function is an
A -function which is defined as follows.

Definition. A rational function R is an A -function if | R(2)[ < 1

whenever Re(z) < 0.
Theorem. A rational function R is an A -function if and only if
e all poles are in the left half-plane,
. ‘R(iy)‘ <1 forall y € R where i is the imaginary unit.
Order stars and order arrows
Let us consider the behavior of the function R given by

R(z) = e " R(z). The functions R and R have the same poles and,
furthermore, ‘R(Iy)‘ = ‘R(I y)‘ . Hence the basic criterion applies equally

to R astoR.

The “relative stability function” R was used as the basis for the theory of
order stars. It is also the starting point of the theory of order arrows. Order
stars have become a fundamental tool for the understanding of order and
stability properties of numerical methods for ordinary differential
equations. Order arrows were originally proposed to complement the use
of order stars. This paper discusses their properties together with their
applications in proving some order barriers for some class of the numerical
methods with A -stability property.

Definition. The order star of I is the set of point in the complex plane

for Which‘R(Z)‘ > 1.

Definition. The order arrows of R are the lines made up from points in
the complex plane for which R(z) is real and positive.

N(z)
D(z)
with deg(N(z)) = n and deg(D(z)) = d are presented in Figure 1.

For order arrows of a Padé approximation to function exp, an up-arrow
emanating from zero follows a path in the complex plane which either
terminates at a pole or diverges to —OO. Similarly a down-arrow

Order arrows for some Padé approximation of the form R(z) =
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terminates at a zero or diverges to + 00 . Also, there are p + 1 up-arrows
and p 4+ 1 down-arrows emanating, alternately, from the origin. The
angle between each up-arrow and the next down-arrow emanating from

origin is . A necessary condition for R(z) to be A -function is
p+1

that up-arrows emanating from zero cannot be tangential to the imaginary
axis, and cannot cross from the right half-plane to the left half-plane. Add
to these restrictions, the fact that an up-arrow from zero that terminates at
a pole, cannot leave zero in a negative direction. Furthermore, for the
approximation W with ®(w,2) = 0 where ®(w,z) is the stability
function of a numerical method, the same behavior of the order arrows of
W is necessary condition for W to be A -function.

N)
D(z)
deg(N(z)) = 7N and deg(D(z)) =dforn=1add =2 (top-left),
n=0add=3 (top-right), 12 = Sandd =175 (bottom-left), 1 — 0 and
d =10 (bottom-right).

Figure 1: Order arrows for Padé¢ approximation of the form R(z)= with

Some applications of order arrows

Here, we use order arrows to obtain simpler and more illuminating proof
for some well-known order barriers for some numerical methods to be A
-stable.

Theorem. An A -stable linear multistep method cannot has order greater
than 2.

Theorem. An A -stable k -step Obrechkoff method using the first d

derivatives of y defined by cannot has order greater than 2d .
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Conclusion

In this paper, by studying the properties of order arrows as a complement
to order stars, the differential equations of both concepts for the Padé
approximation to the exponential function were obtained. Then, some
applications of order arrows were presented for establishing order barriers
for A -stable numerical methods within some special classes. A similar
discussion can be done for each numerical method in different classes
which can be very useful in constructing and analyzing numerical
methods.

How to cite: Abdi, Ali, (2023). Order arrows and stability of the numerical methods for ordinary differential
equations. Mathematical Researches, 9 (2), 15-30.

© The Author(s). Publisher: Kharazmi University



https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

TOA-TOLT 1 la LiLS

YoAA-Yoot : gLy

by sy y

Homepage: https://mmr.khu.ac.ir/

S 9o%0 Jawdl 3230 SYSlao 8 (gous SS9 5 (531N 9 194 w0 (S o

M s e

a_abdi@tabrizu.ac.ir; :asbll, D4 . oL, pole 00Siiils 5 5 slBiils copotr YA Slaly ey« 60 1,15 b,y jLeils )

ali.abdi.kalasour@gmail.com

oS>

s

Ao OledMb!

DYl > ln so0e slagty, solub olst 5 adze S sl (ealul IRl plgie 4 jloas e (slae b
O bl pogas 10 g ime gl g o was (S Gl oo LT 5l oolatul b a8 o (Byme (Jgere Jomlyano
oo b oalistal JraSS (sln jloayo slo e (izran 3908 DL 1) (g0 slagty) )luly lst 5 4
b goas slo g, 4 pe ailge sl 1y olis 5 Foole slocslil lgs o Ll 5l oolinwl b a5 wiais (B yxe ,loas e
<\S|)‘ ol ol )Lhd‘.?.T)a ‘_gL:bc)l;'...: )| solazwl b >3 S Sygo @ LQ.;T ol as ugsl.]a.n 6)"3%[-3, uo|9>'
ool 5l plaS 0 a4 bgy 1o sl 250 SYolas O9y9] Cawdas b g sy padlas ()l gy 4 lae )l )0 0505
1o )5 ioran 090 o 4l T oy 8l 00l J (e 50 g Oli b Kal, ¢ load o 6o s ¢ jloas o
Al Joore Jomilass OVolae J> sl go0e oSy, ;0 Boyme bl S DLl jo oas o sla jons

295 g0 Bl (oS gSls pg aile diB (gl y 0ligS g ool SS9 Wigds g0

gy Alie o £ o

VWA Y] el o gyl
VE- BN i b g,
VELYANY Ll g b

igoals slaely

RISV VO V- PR P9
loas e sloo,liw
loas e sl s
B5-Si, sla i
(b S b,
wsrges b sl b,
P9> Frio slaby,
iy g

XeN0 (V) A B, sloiegsy  Jaane Judlyins SYolee ;o 00 o s, )l g )load pe (b e (VF-T) ¢ e (gune oliswl

©NOIS

BY NG V‘;)b’). 5_‘©

oilem olKails 15l



https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

V4 oo ol s G0l 10 goue B Hg) 65k g 5104 1o Gy

doddo )

adel bpi b Jeere Jodlyans O¥olas s00e o sl (sogee > slo o,

y'(@) = f(y(z)),  x€lz,X], 0
g0 Ay ol oKwd A2y M 3f R™ — R" )odf

S T
Yi["] = hz az.jf(Yi["]) + Z uijyy’*‘], i=\Y,...,5,
=

’ (¥)
i — th SO+ oy, i=ay
J=

G 4S5y e A=A 8 Y e aslie pl8 Jsb B Lxil e igdie iy
Gy P 4y §l ) iy a4 e A= VYT oyl g gy olis s y(x, |+ ch)

U”‘ G)L.uool.u 3U.>Lu.: M;}“j)“bﬁ‘)" a 6L°)"‘°‘L’ L Za hJ (J) Za hJ (J n \)
j=0

0 iy, opl g e ee 2loaS Cpiomes wload cwyp g addllae [YYAVAY] o Jaie jobay b g,

3505 b alie 35390 S0 4 S a5 Cel oads >Lb [YVAF -]

“5Ni bt By LS-Sl) S)late slaghy, 45wt (gous slahy, Sl (S eolgls ey, ()l
ol la o, 5 53 00lgils el el ! b ks loibg, ol 5 ools SV Sloie 4 . 5 csdign (S>Sol
(SPGE LSLL> (_gl.éuoa) 4 Lmuuj) U"‘ ‘5)L)"| )‘ ‘QWLSN s.\.uSLSA oalawl U‘P P9 OM.A )‘ aS GO ‘_gLﬁuoa)

Q)ﬁ‘o @ Ny Pﬁo

V= o O+ g+ D ug =
j=) J=) j

. . (¥)
yi[n] — h’z bjjf(s/;[7t]) + hrzb_ug( n] + Zvu Jn ] 7 i = VY.,
j=) j=)

; 0
o ol @iz gloaiws o b is, (pl gilwosly g crlu . abals 00ls Arwgd igd oo iy y2 ()= a—J;()f() L

a5 conl ot b [£] )0 oy, ol 2 ok (oe 0 G piman iloads oy VFAANNYN] oYL
.o)lo (505 LSL“LS)S)-.’ ul...a )‘)’é\‘n).i )’1 odel5s alos> )“ 39> g0 kgl.l::.xf A o

ogee b slagby, (b 6k (o) sl (Joeme Jeniliins S¥olae > (sl (g30e slaghy, oo alis
Cls mudlyd Oy cpl 40 4 (ouiS Jleel Y = Y cansoSls (yg05] Alie (55, 1, gl el S5 (V)


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

JF+F (090 ajw;meja)jd;‘féél,‘;[b&zjjg Y.

vyl = 24y + Uy[n*‘},
y[n] = 2BYW" + Vy[n*‘},

sty wuiia Y s YT 5 VI claaidse b glale o pslie j1 JSiaze o VI iz = RE T o e

Sygots Jol aoles 51 VI ool cesa b ol s g g Y leailse b zes s 000

by el pgo Wolae jo T (6 NSl 5 o5 anl 5l Slea Jlop I L YT = (1 — 24)" Uy
y[n] — M(Z)y[n_\], (f)

oo il jobods 09d oo 0aiel (V) gy )luly mile M(2) =V +2B(I —zA)"'U 1 o &
M(2) =V + (2B + 2'B)(I, = 24 = 27A) U <90 & (1) a9 Fie b oogae s Ui, sl
Do oy

Sl e pile oy polie oS, 04d o a8 b slhe jgbas wad ools 2 € C Gljl 4 g, ) iy %

b oot Gy o (5,00l o Sle aasiin slakezaiz sloasy, Jolee jsbas b« 3g, M (2)
P(w, z) = det(wl — M(z)),

W)l 513 0y 0 pls (55, 45 (lbada) 5 2% 18 0lg 0 pls (65, b g JBIS 09d se 00l g 5ok U &S

sl ool loasy,
Jobay Ll T sl ay g, a5 el 2 € C bl pled 5l ISiie S acgemme bg, Glas o lub b .Y iy p2i
G ambons Jold he, 3llae )lul a4l o5 e 0pi e S b — A he, Cizmen ol ol slas

il Ll axio

Gl Caols b by, ((7) pgo Gideo b (sagee (Jad (b5, alie joboas L) (V) (sagee (Jas b, .V iy p2i
0 %05 e b 5wl i i M(2) )l e oy ke oS0 g3 olS o 55 o 4535 g5 S,

Pl S8 s,y sl &
D(w,z) = w'(w — R(2)),

Aol asls |,

ol (U, ap0) D asye 5l € oled @l sl (00l (o ,®5 (50,l50 ,0) oo i a5 R(2) &b o&F cyyas o

el Jorly— A G5 S, (5ol Serols b s, Ko ol el P o 1 BsS K, g, 6l @b e

Sy g 098 o a8 bi—A conls ol b R(2) &b .‘R(z)‘ <Y il asloz € €7 o Gljl ) o5 2


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Y oo ol s G0l 10 goue B Hg) 65k g 5104 1o Gy

N(z)
D(z)

g Al (Some il Bgyae Glabozrain-B aal a4y a5 5 anad ool SLsS Oygo 4 Sl o,

ol R(2) oais osls gl pogr albi—A o) sl Slix

N(z)
D(z)

10,5 )8 sl gamiuoness o (D(2) glaasy; ples Jolao jsbas ) R(2) slocdsd plos @

St g S cel ab—A4 SSR(2) = 6bsS b Y] Y anas

ol ognge oty T o1 0 a8 [R(Y)| <) sl aiils § o> s0e o Sl ey @

ol Bun ds (e o2yl 0 l5en

sYL‘ d.uj.c 6Lbu.u5) )‘ oolazul L’ u”"ﬁ) »_)9“4.0 R L
(SIuL—A Cols ohgar (hgy wsllas 5yluly ol @
(s anpo (L aladi 5l By (g 43,00 (y95he @

Sl g Vb adpo (o ()15 el (nl )30l S92y il e SYslae (sl o0 g So s le g (Aib o
45 50 Sl e gy 2 b (S i 50 ol dalsS Eom ¢Idad 1o (Sl sl 00liul b egdae g, So osllas
D5 go Byme R(2) e ools b oy @b — A (glp waz (Some (ool b 5l )8 olsie 4 LS &l sl
b @b 4 03l o B Sy 50 e (Sla s 9 load po Slao liw Sl plaS s 4y by po Jonslytns Aol (pizren
—A goue sl iy, e wlse SLIL 4o J0ds o (gl s 5 oloo IS F 50 10 e o y5l o0 o |
DP9y Sy 48y Bl S (oo (o &5 CunSgSIls g0 wle (sl Sl g 0ol (SLIT Grizmen g 0l ) oLy

Dgdsn Wl Sl (rad Wl S5 0j50 i) 5 009 50 Il — A s sSair

b oy g ol R sl o byme load o slovo e 5l onliias] oSS (slys 104 yo (gl ynne

R(z) = ¢ 7R(2),
Y i 33 2 G5l 4 eiman 5w Sy slockd (SR g R mlyy a8 col moly 5 s s 1,
Slr ol ) B oog = A sl ) 4038 55 03 pne ool Soma cal sy R0 = |R(iy)| st

Q\y.cé\.gé@U.ﬁéw\w@'lp)oéﬁlwsﬁlwlgb—A &R@U‘G@‘oﬁ)l.f@]%@ls


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

’F'rsf’-’G)Msﬁjajjés‘réé)daﬂj)}j Y“

&S Cwl Jloas e sl s Sl £, il WU cpl uioren 09 co eolatul jloas o glae liw 4y ke lal
2,5 auples dalllas isw ol aslol

boad o, A dcgemme R Jloas e o)iw [VEY ] F iy i
A:{zGC:‘R(z)‘>\},

ool A s A dcgezme et ST Jloas o o)l g0 o]

b Joles R sl 00 sl —A ol plis ol Jolao ANIR=2L 5 R b gl ) aad o pge by
N(2)

olie lyl & oles b a4 R(2) = D02) ool i Ll 6lp Hloas e sloo,lin ) S o il andly
z

Slajio g 5g5 plao b R xb lacdad (S opl j0 dilosds pu, deg(D) = d 4 deg(N) = n 5l alksxe

Sl 4 oled @b ool cuyd wbiseys JSE pl )l aSilimen aiload ool plas JBgi ples b

(nyd) = (%,Y) s(n,d) = (o,¥) Gljl & a5 > ,0 0090 b—A (n,d) = (\Y) 4(n,d) = (o,))

>

Z
@L« (v_.nb 4 = D(z) aaL\ uL.v).m Lg‘/u (St f‘y) 104.4)‘, Lngo)L..u olfjo 9 (Lg)...wfb ‘f‘y) LM...»,Q Lchno)L..w Bl J&w

> _”d



https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Yy oo ol s G0l 10 goue B Hg) 65k g 5104 1o Gy

d=Y ;n=% (oL d=Y ;="\ (Y d=Y yn =0 (e d=)\n=0o |
(el = oml)
5 ik R(2) Wl oyl 4 a5 cool bl amio s 2 bl asgorme R oapo yome [VONYN] & iy yx5

< ‘ -

gy ) iy s ead lo D(w,2) S USs p0 )l @b lp Joas e s g loas 1o 0jlw aslsl )

D9 s
3 gole (W,2) slocs e zgy acgeme P(W,2) =0 LW o, slp Jloasye o)liw [0F] & iy yas
ozred el (04 pe o ki oBg0) | W [V L (Gloas e o)) | w >V a5 g5k a4 Dlwe”,2) = o

S5k 4 cl D(we™,2) = o o Golo (W, 2) Slocsyo z9) Aesomme ol iz (slp )04 yo (sl s

Bl Cote g i w4

Towe 3l 48,8 lis e ol ciul33] 6l pne 5 22015 (6o pano 045 10 (5L yans 51 s0litul L3 owlusl ous]

g go ol (i3 L) ials e w3l (o3 L) 2ol D(w,2) = 0 Lawe " ade ol o a8

Jaiay 65,0 We T bl ol oLid sy oS Sei 50,8 Aol Ioa pe 6l prs (65 ales ) iyl iy

SOy (R
sailoads oLl ef wlei &b &ly ‘(I)(U),Z) =o LD a0l w co,d Glp Joas o oy 5l o3 ole>

Oslite Hobas 45 0510 S92 g Tawe 5l 43,8 lis salS po olaws Hlod b g (ciulpdl pone PV olans @

1)ls a2y wigh oo ol ple ;0 SG g

D . L
‘w‘ﬂ_——'_\ G Bl s g ioli8l e o o gl @

b oo dile—00 oL bcdd o aoliél e s @
Wil oo ail-+00 o b byas o LlolS sy @

Sho g cdad p S alad 1) Soes Wil oo Tae 5l a8 S Slas aalS g il sl s o> @
Sl 18 e SO glel po

N(z) o .
sty |, ol b 4 R(2) = Do) ool i b Bl 1odd po sene s bogy po Jennl s dlslas aalsl o

W lade a5 Cawl Jalite axmio j0 2 g polie (8l Bas e tae 9l o


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

JF+F (090 ajw;meja)jd;‘féél,‘;[b&zjjg YY

wD(z)e” — N(z) = o, (0)
eeplos g W = €' s e 1B 0) 01wl RT gl Loy b € aSiul 4 asgs b g ail cude 5 i
clls

e”'D(z) = N(z) = o, (%)
Cusls mulys (8) 51 (68 Giioo b pa gl Cawots Tl ol laie 4 2 6l ewslyans dolae oudly oo Jl>

e (Z'(t)(D'(2) + D(2)) + D(2)) = 2'()N'(2) = o, (v)
Lol ins aloles (V) 5 8) 5 €77 3>

Z(H)F = N(2)D(2), (A)

ol o as ‘.)..,'TGA S ddy

F = D(2)N'(z) — D'(2)N(2) — D(2)N(2). (2)

a5 6 ek 4wl e coli saims las € osS o8 F o jle 0,5 ool sy

e’D(z) = N(z)+ Cz"" + 0(2""), (v)
) N(z) . :

253t b 5951 ol deg(N) + deg(D) b plp 505 R(2) = D(2) o3y ) aipe P Ol o oS

Clls pule>

e’ (D(z) + D'(z)) = N'(z) + (p +1)Cz" + O(z""). (W)

Sebls pealss () j0 (V) 5 O ) 5l s i D(2) + D '(2) 5 D(2) @)lilx L

F=—(p+1)C2" + 0(z""), (')

55,5 B> olgae, OY) ;0 O(2") ales el P STas 4z )0 5l labozair o F aSl 4 a5 L Ll

ol S

F:—(p+\)02p7
&lde by oo JWl ((iolS pne) stie Sz 10 b (eial 3Bl pee) Cdie Sz 10 Hao 5l T aST Sl cpl pl
Tl y250 ol jo wiS (0 asine |y e SO &S 2 3

Clp +1)2* = = —N(2)D(2), ('¥)


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Yo oo ol s G0l 10 goue B Hg) 65k g 5104 1o Gy

25l eled @l 4y ool o 85 sl Joad e s 3l lalais 2 = o alali (15> AT 0ed A>T Jewsl WS 0 B
obuan o dolee pl o sl cplpls conl (0SS ahats cpl [0 OVF) Jeilyans dolbes pnls oy ol slas o
69)JQLMUQ;LW6‘)JWJJ=\JW5WW)LC)t::i:up+‘ 5Z:Zp+\ J-‘-"'-")"-:-’“)‘Z:O

Logy (ol € ol a5l @ a2 b e opizman (0iS oo oolitial (05 s 435 L o sl 5 33l (glo e
Wolas jo load oo, (65,0 blas (598 10 ous ploul wig, b ailie jebas il axlg 0 pls (64, bl dcgasa 5l

Sl 50

Clp + V)" % — LiN(=)D(2),

A e G

é-’U_A Y R(z) LS oyt > po ) aal 4 by oS oo (o) &U_A S oy e )15, >
bl axio o amio o )3 (ld e 9 WAL ‘R(z)‘ﬁ\ 5 s S5y 2 polie sln ol e
s e 5 0,05 gasmge s97e (59, 0T OIS o 6l e (R(2) o €T oyl aSul 4 azg L adl ansl
& ool ol R(2) gow mli—A sl p5¥ Lpi G oS Cd 5 ams ol oo diS oos adlol b B 1, o] 5
i Y sl A Sypo nl pé 50 1n) Al cestge jpme 4 wlae o 1 418,5 lid L2 55] (lo e
i Y sl e o,lgs (97) il gee o ddio o 4 Sy dodio oo 5 (02 Slg> ‘R(iy)‘ > S
g o i ad G o 45 o ) 48,8 Sl i8] e G 4] L (S92 dalyS ‘R(iy)‘ >\ S8
ol e 3 1y hetS a8lo] oy wlbi— A sl (S slocusgizme 4 ]y 05 190 oo i e gz T 0wy
Abo o A (o950 j9ome (10,5 @lad b ol e (pl b clls algs 18 Coramin v j0 Cdad (pl b O g0
44295 b Guizmed 058 g0 (A (3 @B A (6lp agmge seme 595 Y 1S 0)bgs 45 CusS alyS el
Ok el €7 4 P Ao ) oS Toe $Soop 0w slaady ) 5l S P(w,2) =0 Law co,i o @Sl

ol Ll 5092 @b —A 1y p3¥ ulyd 55 @(W,2) = 0 bew oy o se slopne sl la)lid)

_ NG

D(z)
2l bl slosio g 5o ploo b R xb slacdad JSo ol 4o .iloas oy deg(D) =d 4 deg(N) =n
5(n,d) = (0,¥) ol @b @ 0ol o, qeub ooy 35 JS& ol 5l aSilizan ailoads ools plid Jgs
s b—A (0, d) = (o0, 10)

5 silie polie lil 4 oles &b 4 R(2) ool o, Ll sl e e gl e ¥ JSE o

Jo sl soue o gy lp ad e &ilge (S Ol jo load e Gla s 51 Ol oo )l (o Lisw )0

N o Byre g a8l is b —A cools b Jgeme Jomdl s S¥oles


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

JF+F (090 ajlmﬂ‘,p.eja)jd“féél,‘;[b&zjjg Yé&

/NN

N
9N = o (o-YU) d=Y SN =\ L ol aba R(z) = DE? ool Sla 85 sl jloas o sle pane 1Y S
z

(ol rom) A =1V0 51 = 0 (oo d =0 N =0 (el d =Y

1o yo 6 pwno 31 (2B, 5 Y

..\.’5.~)L5A C’_Q)M 9 43‘)| eMSSJ‘Q P9 é’L" uo}a}m ‘LSJW "L:.....:l).mo
gs“‘"’us"lf_k o9

k

k
yn+k = hz ﬁjf(ynJrj) - Z:OéjynJrj7 (\ f)
]:O

j=o
L9 ) @ =o° 6'}‘4%&9)“5@*"6*5'9-%@;5)°(\)6°“J>d'ﬁ‘)‘a: ‘f’ﬁ; Zo b

s il piy s ¥olre olSss (g30e o 50 b igy ol 5l ooliil Cusgames ol pwd b9, B, Z o sl


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Yv oo ol s G0l 10 goue B Hg) 65k g 5104 1o Gy

b Sloas yo lo peucs 3l oslasiwl b g ouds )l anad cpl delol jo a5 08 oo (1, (2954 CennSsSls poo ale |

)

Syge Shgy 3 S el 9 5l Wlgioes b — A as LBaun (g o A ye (SIS pgd wle) ¥oanad

R e LB
il maalys Y = Y cnsSUs gasl Als 55, 0F) (o (o5 —h g, JlosI b oo
(=28, (o, =28 )y, ++(—=20)y,, +( —208)y, =-
gt sy okl @b nlple
D(w,z) = (V— zﬁk)wk + (ozlH — zﬂkﬂ)wk” 44 (oz\ — zﬂ\)w + (o, — 208.),

: U , . Yp
e 3l azs 3 olis Lal¥l e D(w,2) = 0 L oo @b—A (55 4 Lo 5 o 2l alees
s

+
)Mcé(w,Z): (¢} )‘ w M)M-EBLQAJ aS el &»4‘9 .O)L.\.; Sg>g s..\.wl; PR )Wﬂwl.o.‘obélobds
9 e 09 6‘)‘.‘ (S:o) lig(s.)‘..\ur\,‘.fuo)s wl(q)(w,z) o U)k o o) \—Zﬁk 6“\'1""7"\*-"
e brwgs 0ad gl ayly 4 4z b cnlply g o2 b 4 (ol s (ed gy slp 0 =)

bl 51 s pglone oal33l s 95 5 b &y psie (Sl

Y \
RLCED
P+
xS (0 g
o< ym(6 + )
p+)
2S5 e Sl a5
p < Y.

mail e Wb gy 5 Sl (6 =) il ) 58l (s (WBaiz bg; 4 pe Slas cnlple

eBaz b —A Glais, adye @Sl peas 0 a5 1) CundsSIs pes @il ) pores Gom 4pdd o

[Y¥] L o oy pos (oSt ~'~2;|’ Sy ) e

d k k
yn+k = ZthﬂtjnyZ}rj - Zajy7L+j’ (\ a)
=\ J=o Jj=o


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

1FoF 050 0,los iog 0599 o 0L 5 (slo yitg YA

oS oo Sal g lo el (S pe colaiul g, o Olex YL Clilise laS
S e Y 5l g oo (V0D b oo iy e ol — A Gl g, S A e ¥ anid

cls wealys oY = EY cansSUls gl allae (55, (10) g, Jles! L gl

d d d d
(\ - Z zzﬁik:)yn,Jrk + (akf\ - Z ziﬁi,ﬁ‘f\)ynJrkf\ + T + (Oé‘ - z Zzﬁi\)ywr\ + (ao - Z zzﬁio)yn - o
=) i=) i=\ =)
Do Ghsy Sl &b onlple
@(w, z) = <\ B Zzlﬁd)wk + <O‘k7\ - Zzzﬁm\)ww +t (a\ - 2275”)11) + (ao - 221510)7
=\ 7=\ i=\ =)

(b(w,Z) = o0 )l w M) (_gl.ﬁu.laﬁdsw‘ G@‘j Mla)ln.bl.:_A (\O)Jiw)o)la.i\))}o uus)..\.usuoﬁ S
d

i w1 lacdad 4 b3l e £ < d ot oS 55 aiis V= Y208, slalaraiz sl jis oles
1=\

Oz g yglme (Hal38l e 90 g lacdad 4y poiie il (Gl e awgd oals gyl dgly 4 Az g8 b nl b

bl 4235l (hgy syl — A 25

Y \
_ s+
D+

...)05

<Y7T(E+\)7
p+)
A5 e ol a5

p <vd.

need YA Ul (0V0) s —A s, adye iSTas il

S UK (0 pgo iiie bt lBaix la iy, Al e iSTas aS 09l oo adtiee ¥ anad | eolaill LY dsasS

k

k k
Yoo =D B, )+ D 7,90,,,) =D ey, (v#)
j=o j=o

j=o

L oo <y, [V SDBDF (sla i, (92 45 col o lisl 4y p3Y ccenl Yoz ol eslub—A conls b


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

Y4

Foro Jumil iy 0 Y oleo jo gous sy ol g 510dn po (G yno

k
yn+k’ - hﬁkf<yn+k) + hvﬁykg(yn-!—k) - Zajy7l,+.i’
j=o

Sope & DAL ol bosgi oas (Byae slagts) 5

k
yn-!—k - hz ﬁjf(yn-kj) + hv,yk’g(yn-&-k) + yn,-He—\’
]:O

ez el — A Ceols b lagts, cal 4ye ASTae milce) witun (19) laghs, 5l ool slall>

G S Al g Sy WF

dolee ¢ylodd o loo,liw glp cosS JoST (o)1) Gloie 4 Jloas 0 o e olg> dslllas b callin ol o
axUas uo‘? )‘ oalao! L| i JJJAT Cwdds ‘SDLQJ GL‘ L c&l.; uL..u).a.l 6|).| ‘b}e[j.a 30 ).Q Lel b}:).a L....u.u |).Q.>.>
Ay &lge ogar ;o dyas gl Qa)gT Cewddy by g L zols Sl 5o s e 6o e 51 Sloo IS onls

o sl alae pl o alie Eon aind L;e).m 5 &l 6)“'\41-’_‘4 St b goue sla g, G@B slaius gl p

References

A. Abdi, Construction of high-order quadratically stable second-derivative general linear
methods for the numerical integration of stiff ODEs, J. Comput. Appl. Math., 303 (2016),
218-228.

A. Abdi and B. Behzad, Efficient Nordsieck second derivative general linear methods:
construction and implementation, Calcolo, 55 (2018), 1-16.

A. Abdi, M. Bra$ and G. Hojjati, On the construction of second derivative diagonally
implicit multistage integration methods, Appl. Numer. Math., 76 (2014), 1-18.

A. Abdi and J. C. Butcher, Order bounds for second derivative approximations, BIT, 52
(2012), 273-281.

A. Abdi, and J. C. Butcher, Applications of order arrows, Appl. Numer. Math., 62 (2012),
556-566.

A. Abdi and D. Cone, Implementation of second derivative general linear methods,
Calcolo, 57 (2020), 1-29.

A. Abdi and G. Hojjati, An extension of general linear methods, Numer. Algorithms, 57
(2011), 149-167.

A. Abdi and G. Hojjati, Implementation of Nordsieck second derivative methods for stiff
ODEs, Appl. Numer. Math., 94 (2015), 241-253.

A. Abdi and G. Hojjati, Maximal order for second derivative general linear methods with
Runge—Kutta stability, Appl. Numer. Math. 61 (2011), 1046-1058.


https://mmr.khu.ac.ir/article-1-3165-en.html

[ Downloaded from mmr.khu.ac.ir on 2025-11-26 ]

JF+F (090 ajlmﬂ‘,p.eja)jd“féél,‘;[b&zjjg e

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

A. Abdi and Z. Jackiewicz, Towards a code for nonstiff differential systems based on
general linear methods with inherent Runge—Kutta stability, Appl. Numer. Math., 136
(2019), 103—-121.

J. C. Butcher, The A-stability of methods with Padé and generalized Pad¢ stability
functions, Numer. Algorithms, 31 (2002), 47-58.

J. C. Butcher, Order and stability of generalized Padé approximations, Appl. Numer.
Math. 59 (2009), 558-567.

J. C. Butcher, Numerical Methods for Ordinary Differential Equations, Wiley, New York
2016.

J. C. Butcher, P. Chartierand Z. Jackiewicz, Experiments with a variable-order type 1
DIMSIM code, Numer. Algorithms, 22 (1999), 237-261.

J. C. Butcher and F. H. Chipman, Generalized Padé approximations to the exponential
function, BIT 32 (1992), 118-130.

J. C. Butcher and G. Hojjati, Second derivative methods with RK stability, Numer.
Algorithms, 40 (2005), 415-429.

J. C. Butcher and Z. Jackiewicz, Implementation of diagonally implicit multistage
integration methods for ordinary differential equations, SIAM J. Numer. Anal., 34
(1997), 2119-2141.

W. H. Enright, Second derivative multistep methods for stiff ordinary differential
equations, SIAM J. Numer. Anal., 11 (1974), 321-331.

E. Hairer and G. Wanner, Solving Ordinary Differential Equations II: Stiff and
Differential-Algebraic Problems”. Springer, Berlin, 2010.

A. Iserles and S. P. Nersett, Order Stars, Chapman & Hall, London, 1991.

Z. Jackiewicz, Implementation of DIMSIMs for stiff differential systems, Appl. Numer.
Math., 42 (2002), 251-267.

Z. Jackiewicz, General Linear Methods for Ordinary Differential Equations, Wiley, New
Jersey, 2009.

J. D. Lambert, Computational Methods in Ordinary Differential Equations, Wiley,
London, 1973.

G. Wanner, E. Hairer and S. P. Nersett, Order stars and stability theorems, BIT, 18
(1978), 475-489.


https://mmr.khu.ac.ir/article-1-3165-en.html
http://www.tcpdf.org

