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the stability function is a Padé approximation to function exp. The
numerical method is A -stable if the corresponding stability function is an
A -function which is defined as follows.

Definition. A rational function R is an A -function if | R(2)[ < 1

whenever Re(z) < 0.
Theorem. A rational function R is an A -function if and only if
e all poles are in the left half-plane,
. ‘R(iy)‘ <1 forall y € R where i is the imaginary unit.
Order stars and order arrows
Let us consider the behavior of the function R given by

R(z) = e " R(z). The functions R and R have the same poles and,
furthermore, ‘R(Iy)‘ = ‘R(I y)‘ . Hence the basic criterion applies equally

to R astoR.

The “relative stability function” R was used as the basis for the theory of
order stars. It is also the starting point of the theory of order arrows. Order
stars have become a fundamental tool for the understanding of order and
stability properties of numerical methods for ordinary differential
equations. Order arrows were originally proposed to complement the use
of order stars. This paper discusses their properties together with their
applications in proving some order barriers for some class of the numerical
methods with A -stability property.

Definition. The order star of I is the set of point in the complex plane

for Which‘R(Z)‘ > 1.

Definition. The order arrows of R are the lines made up from points in
the complex plane for which R(z) is real and positive.

N(z)
D(z)
with deg(N(z)) = n and deg(D(z)) = d are presented in Figure 1.

For order arrows of a Padé approximation to function exp, an up-arrow
emanating from zero follows a path in the complex plane which either
terminates at a pole or diverges to —OO. Similarly a down-arrow

Order arrows for some Padé approximation of the form R(z) =
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terminates at a zero or diverges to + 00 . Also, there are p + 1 up-arrows
and p 4+ 1 down-arrows emanating, alternately, from the origin. The
angle between each up-arrow and the next down-arrow emanating from

origin is . A necessary condition for R(z) to be A -function is
p+1

that up-arrows emanating from zero cannot be tangential to the imaginary
axis, and cannot cross from the right half-plane to the left half-plane. Add
to these restrictions, the fact that an up-arrow from zero that terminates at
a pole, cannot leave zero in a negative direction. Furthermore, for the
approximation W with ®(w,2) = 0 where ®(w,z) is the stability
function of a numerical method, the same behavior of the order arrows of
W is necessary condition for W to be A -function.

N)
D(z)
deg(N(z)) = 7N and deg(D(z)) =dforn=1add =2 (top-left),
n=0add=3 (top-right), 12 = Sandd =175 (bottom-left), 1 — 0 and
d =10 (bottom-right).

Figure 1: Order arrows for Padé¢ approximation of the form R(z)= with

Some applications of order arrows

Here, we use order arrows to obtain simpler and more illuminating proof
for some well-known order barriers for some numerical methods to be A
-stable.

Theorem. An A -stable linear multistep method cannot has order greater
than 2.

Theorem. An A -stable k -step Obrechkoff method using the first d

derivatives of y defined by cannot has order greater than 2d .
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Conclusion

In this paper, by studying the properties of order arrows as a complement
to order stars, the differential equations of both concepts for the Padé
approximation to the exponential function were obtained. Then, some
applications of order arrows were presented for establishing order barriers
for A -stable numerical methods within some special classes. A similar
discussion can be done for each numerical method in different classes
which can be very useful in constructing and analyzing numerical
methods.
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