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A clutter C with vertex set [n]={L...,n}is an antichain of subsets of [n],

Articledhistory: called circuits, covering all vertices. The clutter is d -uniform if all of its circuits
Received:
15 February 2021 have the same cardinality. If K is a field, then there is a one-to-one correspondence

Received in revised form:  between clutters on [n] and square-free monomial ideals in K[x,...,x,] as
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8 April 20 follows: To each clutter C we correspond its circuit ideal |(C) generated by
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1 May 2021 monomials X ---%  with {i,,...,i_ }eC. Conversely, to each square-free
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31 December 2022 monomial ideal | with minimal set of generators G(1), we correspond a clutter
with circuits{i,...,i .}, where X, ---X;, €G(l). The independence complex of a

Keywords: clutter C on [n] is the simplicial complex A, whose faces are independent sets in

lutt . :

ﬁ;br?(;’clutter, C by which we mean sets F < [n] such that e Z F foralle e C. Itis easy to see

f:her']'ab'“ty' that the Stanley-Reisner ideal of A, coincides with [(C). The above

onen-

MgcaUIzy' correspondence establishes a one-to-one correspondence between simplicial

Inaepenaence

comglex- complexes and independence complex of clutters. A simplicial complex A is

shellable if there exists a total order on its facets, say F, <---<F_, such that the
simplicial complex (F,,...,F_,) N(F,) is pure of dimensiondimF, —1. A clutter
C is called pure/shellable/Cohen-Macaulay if its independence complex A, is

pure/shellable/Cohen-Macaulay. The shellability of simplicial complexes (and
hence shellability of clutters) is an NP-complete problem in general. In this paper,
we show that every clutter C can be embedded into a (pure) shellable clutter C’
and that the clutter C' can be chosen to be d-uniform if C is so. Since pure
shellable simplicial complexes are Cohen-Macaulay, it follows that every clutter
can be embedded into a Cohen-Macaulay clutter.
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Main Results
Let C bea d -uniform clutter with vertex set V. Asubset F <V s called a clique
in C if either | F |<d orelse e e Cfor all d -subsets e of F.
Definition. Let C be a d-uniform clutter with vertex set V. and A,...,A,be a
partition of V where each A isaclique in C. Foreach i=1,...,8let B, be a non-
empty setsuchthat B NV = and B, N B; = forall i #j. Define the d -uniform
clutter C," as follows:

4
The clutter C," is called Cff'fj.;z” =C U(g{e cAUB: |e|= d})

the hybrid clutter of C with respect to vertex partition A,...,Ajandsets B,,...,B,
Theorem 1. Let C be a d -uniform clutter on the vertex set [n] and .2 be
called the hybrid clutter of C with respect to vertex partition A,..., A,and sets
B,,...,B, where| B, [>d -1, forall i=1,...,0. Let A"=A, bethe

independence complex of C'. Then,
e A’is pure shellable of dimension (d —1)& —1.

e Thering K[A'] is Cohen-Macaulay of dimension (d —1)& .
Theorem 2. Let C be a d -uniform clutter on the vertex set V. For each

i=1,...,nconsider m finite non-empty set B,,,...,B; , suchthat V, B, ;are

pairwise disjoint. Let C' be a clutter obtained by C as follows:
Crch(iul{BMu{xi},...,Bivki u{xi}}).
If A":= A, is the independence complex of C’, then

e The simplicial complex A’ is shellable of dimension Z|Bi |-1.
i=1

o IK[A'lis Cohen-Macaulay if and only if m, =1 forall i=1,...,n.
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