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In the class of normed spaces, the study of isometries reveals some
geometric properties of the spaces. The classical results in this topic begin
with two theorems of Mazur-Ulam and Banach-Stone. By the Mazur-
Ulam theorem, any surjective isometry between two real normed spaces
preserves the midpoints, and consequently, it is real-linear up to a
translation. The Banach-Stone theorem states that if X,Y are compact
Hausdorff spaces and T: C(X) — C(Y) is a surjective linear isometry, then
there are a homeomorphism yr:Y — X and a function h € C(Y) with
modulus 1 such that Tf(y) = h(y)f(lj}(y)) forall feC(X)andy €Y.
Both theorems have several extensions for various normed spaces (of
functions). Motivated by the Mazur-Ulam theorem, Hatori et al.
introduced the notion of metricoid spaces and then they investigated some
Mazur-Ulam type theorems for certain metricoid spaces, rather than
normed spaces.

For a compact Hausdorff space X, let C(X) and Cr(X) be the Banach
algebras of all complex-valued, respectively, real-valued continuous
functions on X with the uniform norm ||-||y. We denote by C*(X) the
subset {f € Cr(X): f(x) > 0 for all x € X} of Cr(X). For a subset A of
Cr(X), we setexp A = {e/: f € A}. The Choquet boundary of a subspace
A of Cr(X), denoted by Ch(A4), is the set of all x € X such that the
evaluation functional e,: A — R, defined by e,.(f) = f(x), is an extreme
point of the unit ball of A*. For a unital algebra A, we use the notation A™*
for the group of invertible elements of A. Following the work of Hatori et

al,, for f,g € C(X)™1, we set A(f, g) = ||§— 1” and
X

6max(f.g)=max{||§—1| Jg-1 }
6+(f,g):||§—1 + ‘}’{—1 .
ax(f,g)=||§—1 ) |%—1 )

For i = 1,2, let X; be a compact Hausdorff space, G; be a subgroup of
C(X)™t, and § € {A, 8paxs 84, Ox}. A map T: G, — G, is said to be a §-
isometry if forany f, g € G;, wehave §(Tf,Tg) = §(f, g). Surjective &-
isometries between various groups of functions have been intensively
studied by many authors such as O. Hatori, K. Kobayashi, T. Miura, E.
Takahasi, A. Jimenez-Vargas, M. Villegas-Vallecillos and T. Nogawa.
These groups include the groups of invertible elements of uniform
algebras and their exponential components, strictly positive continuous
functions and the exponential components of the algebras of Lipschitz
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functions. In most cases, such maps have representations as generalized
weighted composition operators.

In this paper, we assume that § € {A, 6., 6., 6« } and study surjective J-
isometries T:exp A; — exp 4,, where for i = 1,2, 4; is a uniformly
closed, point separating subalgebra of Cr(X;) containing constants, for
some compact Hausdorff space X;. Introducing some positive functions of
two variables similar to A, 8,4, 64, 8x Which are associated to a > 0
(instead of 1) and nonzero integers m, n, we also investigate surjections
preserving such positive functions of two variables.

Main Results
Throughout this paper, for i = 1,2, X; is a compact Hausdorff space and
A; is a uniformly closed subalgebra of Cr(X;) which contains the
constants and separates the points of X;, and T:expA; — exp4, is a
surjective map.

Theorem 1. Let § € {6ax 04, Ox }. If T is a §-isometry, then there exist a
continuous function h:Ch(4,) — {—1,1} and a homeomorphism
@:Ch(A;) — Ch(A,) such that

TFG) =TI (e0)"”  (f € exp A,y € Ch(4y)).

Corollary 2. T is a §,,,-isometry if and only if there exist a continuous

function h on Ch(4,) with values in {—1,1} and a homeomorphism
@:Ch(A;) — Ch(A;) such that

TFo) =TI (e0)"”  (f € exp A,y € Ch(4y)).

Theorem 3. If T is a A-isometry, then there exists a homeomorphism

@:Ch(4;) — Ch(A4;) such that Tf(y) = T1()f(e()) for all f €
exp A, and y € Ch(4,).

Now extending the notations of &,,,,, 64, 8, A, we introduce the following
notations. Let m,n be nonzero integers and a > 0. For a compact
Hausdorff space X and each f, g € C*(X), we set

0 (f, 9) = max{a g™ — ally, allg " f T = a Ik,
76 (f,9) =atlf"g" —alx +allg™ f ™ —a”
R8E(f.9) = llfmg" —allxllg™f ™ = a”tlx,
nAT(f,9) = lf™g" — allx.

In next two theorems, m, n are nonzero integers and a > 0.

Theorem 4. Let 6% € {TR0%., mOE, 62} If T is a R *-isometry, then
there exist a continuous function h:Ch(4,) — {—1,1} and a
homeomorphism ¢:Ch(4,) — Ch(4,) such that

h(y)
Tf(y) = T10f () (f € expA;,y € Ch(4y)).
Theorem 5. If T is a TA%-isometry, then there exists a homeomorphism

@:Ch(4,) — Ch(A4,) such that Tf(y) = Tl(y)f(qo(y)) for all f €
exp A, and y € Ch(4,).
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