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Introduction

Throughout, this paper all rings are commutative with identity and all modules

are unitary. Let R be a ring and M be an R-module. For any submodule N of
: : . M by (N:M), we mean that the ideal {r € R:vM < N}of R. A proper
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Received: 17 February 2022 submodule P of M is called a prime submodule if for eachr € Rand m € M,

Received in revised form: rm € P implies that r € (P: M) or m € P (for more study about prime
23 June 2022 submodules see [10], [12], [18]). The intersection of all prime submodules of
Accepted: 15 May 2024 M containing N is called the radical of N, and denoted radN. In the case that
Published online: there are no prime submodules containing N, we write radN = M. If I is an
10 July 2024 ideal of R, then the radical of R is denoted by vI. The submodule N of M is

called a radical submodule, if radN = N. Also, an ideal I of R is called a
radical ideal if it is a radical submodule of R. The set of all radical submodules

Keywords: of M, denoted by RAD(M), together with inclusion is a complete lattice.
Radical submodule,

Radical Noetherian module, Indeed, for any subset A = {N,| 2 € A} of RAD(M) we have;

Radical Noetherian ring,

Multiplication module. InfA = M\ Ny, and SupeA = rad(X, e\ Ny )-

This lattice has been studied from different point of views (see for example
[8], [16], and [17]). We know that a lattice R is Noetherian if every increasing
chain a; < a, < --- of elements of R is stationary. Here, we say that any R-
module M is radical Noetherian if RAD(M) is a Noetherian lattice. Also, a
ring R is called radical Noetherian if it is a radical Noetherian R-module. It is
evident that every Noetherian module is radical Noetherian, but the module of
rational numbers Q over the ring of integers Z is an example of a radical
Noetherian module which is not Noetherian. Moreover, in [9], there are
several examples (for instance Example 5.16) of non-Noetherian local
domains with finite Krull dimension which are radical Noetherian. Therefore,
the collection of radical Noetherian rings (modules) strictly contains the
collection of Noetherian rings (modules). It is interesting to know that every
Artinian module is also radical Noetherian [16, Proposition 18], but the
converse is not true. Indeed, Z is a well-known example of an Artinian Z-
module which is radical Noetherian. Thus the collection of radical Noetherian
modules strictly contains the collection of Artinian modules.

There is a well-known result in the context of Noetherian modules which says
that “an R-module M is Noetherian if and only if every submodule of M is
finitely generated”. The analog of this theorem in radical Noetherian modules,
given in [14, Theorem16] and [15, Theorem 6.1], states that “An R-module M
is radical Noetherian if and only if every its radical submodule is the radical
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of a finitely generated submodule.” This was our motivation to study radical
Noetherian modules and explore the analogs of some well-known results in
the context of Noetherian modules. Moreover, we investigate the stability of
radical Noetherian modules with respect to various module-theoretic
constructions such as factor modules, direct sum and idealization.

Main Results
Among other things, the following results are shown in this paper.

1)

2)

3)
4)

5)

6)

7)

8)

9)

The set of minimal prime submodules of a radical Noetherian module
M is finite. As shown in [19, p.231], the converse of this resul is not
true in general.

A ring R is radical Noetherian if and only if every ascending chain
of its prime ideals is stationary.

Every quotient of a radical Noetherian module is radical Noetherian.
A finitely generated multiplication R-module M is radical Noetherian
if and only if R/Ann(M) is a radical Noetherian ring.

If M is a radical Noetherian faithful multiplication R-module, then
the module of fractions Mg (with respect to a multiplicatively closed
subset S of R) is a radical Noetherian Rg-module. In particular, Ry is
a radical Noetherian ring.

If the direct sum M = M; @ M, of R-modules M, and M, is radical
Noetherian, then so are M; and M,. The converse is true if M; and
M, are radical Noetherian multiplication R-modules such that
Ann(M,) @ Ann(M,) = R.

If M, and M, are radical Noetherian faithful multiplication R-
modules, then so is their tensor product M; @ M,.

(Cohen’s Theorem) R is a radical Noetherian ring if and only if every
its prime ideal is the radical of a finitely generated ideal.

(A generalization of Cohen’s Theorem for modules) A finitely
generated faithful multiplication module M is radical Noetherian if
and only if every its prime submodule is the radical of a finitely
generated submodule of M.

10) (Hilbert basis Theorem) If R is a radical Noetherian ring, then the

polynomial ring R[X] is radical Noetherian.

11) Let M be any R module. Then R is a radical Noetherian ring if and

only if the idealization R(+)M is a radical Noetherian ring if and
only if (R(+)M)[X] is a radical Noetherian ring.

12) Let M be a radical Noetherian R-module and M[X] be the usual

R[X]-module. If M[X] is a multiplication R-module (obtained by the
restriction of scalars), then M[X] is a radical Noetherian R[X]-
module.
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