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All rings throughout this paper are commutative and Noetherian.
Semidualizing modules were studied independently by Foxby [4], Golod [5],
Arti . . and Vasconcelos [11]. A finite R-module C is called semidualizing if the
rticle history:

Received: 28 November 2022
Received in revised form:

24 February 2023
Accepted: 4 April 2023
Published online:

29 February 2024

Keywords:
commutative Noetherian ring,
semidualizing module,
trace ideal,

Gorenstein ring,

Maximal
Cohen-Macaulay module,
projective module,

free module,

tensor product,

canonical module,

Bass class.

natural homothety map xE&:R —» Homg(C,C) is an isomorphism and
Ext:(C,C) =0 for all i >0. If a semidualizing R-module has finite
injective dimension, it is called dualizing and is denoted by D. The ring itself
is an example of a semidualizing R-module. Many researchers, in particular
Sather-Wagstaff [12], have studied the semidualizing modules.

Let M be an R-module. The trace ideal of M, denoted by trg (M), is the sum
of images of all homomorphisms from M to R. Trace ideals have attracted
the attention of many researchers in recent years. In particular, Herzog et al.
[6] and Dao et al. [3] studied the trace ideals of canonical modules. Also, the
trace ideals of semidualizing modules were studied in [1].

In this paper, we study the trace ideals of tensor product of two arbitrary
modules. We prove some known facts with a different approach via trace
ideals. For example, let C and C' be two semidualizing R-modules. We show
that C @y C' is projective if and only if C and C’ are projective R-modules
of rank 1. Also, we study the trace ideals of maximal Cohen-Macaulay
modules over a Gorenstein local ring.

Material and Methods

The content of this paper is organized as follows. First, we present some
definitions, lemmas, and basic results that will be used in the proofs of our
theorems. Then, we use the trace ideals of modules for proving the results.

Results and discussion

The main objectives of this article are as follows: studying the trace ideals of
tensor product of projective modules, proving some known facts with a
different approach via trace ideals, generalizing some results about
semidualizing modules, and discussing trace ideals of maximal Cohen-
Macaulay modules over Gorenstein rings.

Conclusion
First, we prove the following Proposition.

Proposition 1: Let M, N be two arbitrary R-modules. Then trg(M @ N) = R if
and only if trg(M) = R and trg(N) = R.
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In the following, using Proposition 1, we prove the next known fact with a
different approach via trace ideals.

Proposition 2: Let M and N be two finitely generated R-modules. If
M @z N is a non-zero free R-module, then M and N are projective and
tT'R(M) = tT'R(N) = R.

From Proposition 2, we can prove the following corollary for the tensor
product of two semidualizing modules with a different approach.

Corollary 3: Suppose that C and C' are two semidualizing R-modules. Then
C Qg C' is projective if and only if C and C' are projective R-modules of
rank 1.

Also, in the following proposition, we give new proof and generalize some
parts of Corollary 4.1.6 [1Y] via trace ideals.

Proposition 4: Let C be a semidualizing R-module. Then B;(R) (Bass class)
contains a finitely generated projective R-module M such that Suppg (M) = Spec(R)
if and only if C is a projective R-module of rank 1.

Moreover, we prove the following theorem about the trace ideals of maximal
Cohen-Macaulay modules over a Gorenstein local ring.

Theorem 5: Let (R, m) be a Gorenstein local ring of dimension d and M be
a maximal Cohen-Macaulay R-module. Let X = x;,x,,...,x, be an R-
sequence. Then trg (M) = R if and only if trg g (M/XM) = R/XR.

At the end of this paper, using theorem 5, we prove the next corollary.

Corollary 6: Let (R, m) be a Gorenstein local ring and M be a maximal Cohen-
Macaulay R-module. Let X = x4, x5, ..., X, be an R-sequence. Then there exists a
finitely generated R-module N such that M = R @ N if and only if there exists a
finitely generated R/XR-module N such that M/XM = R/XR ® N.
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