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Introduction

Fractional optimal control problems (FOCPs) have received considerable
attention among researchers due to their extensive applications arising in
various fields of science and engineering. The dynamical behavior of many
complex physical systems and real-world phenomena can be described by
fractional-order differential equations such as image processing, signal
processing, robotics, mechanical systems, chemical reactions, water
pollution, biological patterns, biomedical, and financial economics. In this
research, an important class of delay fractional optimal control problems with
inequality constraints on the input and output functions is examined. More
precisely, we study the following fractional optimal control problem:

min JxX@®,u®) =B(x(1) + f AX(),U(t),t) dt,
0

subject to the state equation given by
D X(t) = CX(),X(t—1,), U(),U(t —1,),1), 0<t<l,

where 0 < @ < 1. The history functions and the path constraint are described
below.

X(O) = Xo,
X(@) = o(t), -7, <t<0,
ut) = (), -7, <t<0,

EX@),X(t—1), U, Ut —1,),t)<0,

where X, is the initial condition of the system, X (t) denotes the state vector
and U (t) represents the control vector. Additionally, D, shows the fractional
Caputo derivative.

A novel spectral collocation technique is introduced by using the hybrid of
block-pulse functions and fractional-order Legendre functions. The penalty
function approach is employed to transform the inequality constraints on the
state and control functions into equality ones. The fractional optimal control

problems under discussion is converted into a static optimization one which
can be solved by employing any well-established optimization procedure. The
simulations results demonstrate the effectiveness and usefulness of the
presented procedure.
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Material and Methods

In this paper, we introduce a new spectral collocation method to solve an
important family of fractional optimal control problems including delay and
constraints on the state and control variables. The proposed numerical scheme
is based on the hybrid of block-pulse functions and fractional-order Legendre
functions. The zeros of the fractional Legendre functions are selected as
the collocation points. It is shown the devised collocation method is robust
and provides accurate results.

Results and discussion

It is verified that the suggested framework can be considered as an effective
tool for the investigation of various types of fractional-order systems. The
accuracy and reliability of the new framework are demonstrated through
investigating three benchmark control problems. The proposed procedure is
easy to implement and provides accurate solutions. Although the proposed
framework has some excellent features, it has two drawbacks described below.

e A drawback of the devised collocation method arises when the
number of the block-pulse functions is sufficiently large. If the values
of time delays corresponding to the system under discussion are
small enough, then this issue might occur.

e If the order of the fractional system tends to zero, then developed
procedure might be unstable. It is worth pointing out that in real-
world applications, this issue occurs rarely.

Additionally, the convergence of the developed hybrid functions is established
in the Hilbert and Sobolev spaces. The simulation results demonstrate the
effectiveness and robustness of the developed numerical scheme.

Conclusion

A novel discretization scheme by employing a generalization of the fractional-
order Legendre functions has been introduced to solve a challenging class of
nonlinear fractional optimal control problems. The following results are
obtained from this research:

e A new spectral collocation method has been introduced.

e A new fractional derivative operator related to the fractional hybrid
functions has been constructed by utilizing the concept of the Caputo
derivative.

e New theoretical results for the hybrid functions have been derived in
the Hilbert space and the Sobolev space.
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