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Introduction

Let X be a topological space. We denote by C(X) the set of all complex-
valued functions on X. Then C(X) is a commutative complex algebra. Let
C?(X) denote the set of all £ € C(X) for which f is bounded. It is known that
C?(X) is acommutative complex Banach algebra with the uniform norm ||-||
defined by |Iflly = sup{lf(x)|: x € X} (f € C’(X)).Note that, Ay €
CP(X) where 1 € C and Ay is the constant function on X with value 1. We
denote by C,(X) the set of all f € C(X) for which f vanishes at infinity. It is
known that C,(X) is a uniformly closed subalgebra of C?(X). Note that, 1, ¢
Co(X) whenever X is not compact and C?(X) = C,(X) = C(X) whenever X
is compact.

The symbol k denotes a field can be R or C. Let X and Y be topological
spaces, A and B be linear subspaces of C?(X) and C?(Y), respectively, over
K and T: A —» B be a map. We say that T is RT-homogenous if T(rf) =
rT(f) forallr > 0and f € A. The map T is called norm-additive in modulus
if [HTUOI+IT@I lly = [lf1+ |glllx for every pair £, g € A.

In [9], Tonev and Yates characterized surjections T from a complex
uniform algebra A on X to a complex uniform algebra B on Y for which T is
R*-homogenous norm-additive in modulus, where X and Y are compact
Hausdorff spaces. They also gave certain conditions under which T is an
isometric algebra isomorphism. In [4], Hosseini and Font generalized the main
result in [9] for function algebras on locally compact Hausdorff spaces. In
fact, they characterized maps T and S from a complex function algebra A on
X to a function algebra B on Y for which T and S are surjection R*-
homogenous and satisfying

T+ Ty = IHF]+ 1glllx = ST+ 1S(@Ily
for all f, g € A, which are called jointly norm-additive in modulus, where X
and Y are locally compact Hausdorff spaces.

Let (X,d) and (Y, p) be metric spaces. A map ¥:X — Y is called a
Lipschitz mapping from (X, d)to (Y, p) if there exists a constant C such that
p(P(x), P(xy)) < Cd(xy,x;)  for all  x;,x, €X. A Lipschitz
homeomorphism from (X, d) to (Y, p) is a bijection ¢: X —» Y such the ¢ isa
Lipschitz mapping from (X, d)to (Y, p) and 1~ is a Lipschitz mapping from
(Y,p)to (X,d).
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Let (X, d)be a metric space. For a K-valuded function f on X, the Lipschitz
constant of f is denoted by Ly 4)(f) and defined by

Lix,a)(f) = sup {% X,y E€EX, x # y}.

A function f:X - K is called a K-valued Lipschitz function on (X, d)if
Ly ¢)(f) < 0. We denote by Lipg (X, d) the set of all K-valued bounded
Lipschitz functions f on (X, d). Then Lipk (X, d) is a subalgebra of C?(X)
over k that contains 1, and a Banach algebra over k with the Lipschitz sum
norm ||||Lipx, «) defined by

If ILipcx, ay = Wfllx + Lex, 0y (F) (f € Lipg(X, d))-
The algebra Lipg(X, d) is called Lipschitz algebra over K on (X,d). This
algebra was first introduced by Sherbert in [7]. We write by Lip(X, d) insteand
of Lip¢(X, d).
In [4], Hosseini and Font characterized surjective R*-homogenous and
jointly norm-additive maps between complex Lipschitz algebras on compact
metric spaces as the following.

Theorem [4, Corollary 3.7]. Let (X, d) and (Y, p) be compact metric spaces
and let T, S:Lip(X,d) — Lip(Y, p) be surjective R*-homogenous jointly
norm-additive in modulus maps. Then there exists a Lipschitz homeomorphism

@ from (Y, p) to (X, d) such that [T(F) M| = If ()| = IS ()] for all
f elLip(X,d)andy €Y.

Let X be a compact Hausdorff Space. A self-map 7 : X — X is called a
topological involution on X if 7 is continuous and 7(z(x)) = x for all x € X.
For a topological involution 7 on X the map t*: C(X) —» C(X) defined by
°(f) = f o1, f € C(X), isan algebra involution on C(X) which is called the
induced algebra involution by T on C(X) where f is the conjugate function of
f.Define C(X,7) ={f € C(X): 7°(f) = f}. Then C(x, 1) is a self-adjoint
uniformly closed real subalgebra of C(X) that contains 1, and separates the
points of X. Moreover, C(X) = C(x,7) @ iC(x,t) and ily & C(X, 7). This
algebra was first introduced by Kulkarni and Limaye in [4]. For a detailed
account of several properties of C(x, ), we refer to [5].

Let (X,d) be a compact matric space. A self-map 7 of X is called a
Lipschitz involution on (X,d) if T is a Lipschitz mapping on (X,d) and
T(T(x)) = x for all x € X. For example, the self-map = on D defined by
1(2) = Z, z € D, is a Lipschitz involution on D where D={z € C: |z| <
1}. Let 7 be a Lipschitz involution on (X,d) and t* be the induced algebra
involution by 7 on C(X). Then v*(Lip(X, d)) = Lip(X, d). Define

Lip(X, d, ) = {f € Lip(X, d): 7°(f) = f}.
Then Lip(X, d, 7) is a self-adjoint real subalgebra of Lip(X,d) and C (X,t) that
contains 1, and separates the points of X. Moreover, Lip(X,d) =
Lip(X, d, t) ® iLip(X, d, 7) and Lip(X, d, t) = Lipgr(X, d) if and only if 7 is
the identity map on X. The Lip(X, d, t)-algebras are called real Lipschitz
algebras with Lipschitz involution. These algebras were first introduced in [2].

Maine Results
In this paper, we obtain the following results.

Theorem 1.1. Let (X, d) and (Y, p)be compact metric spaces, T be a Lipschitz
involution on (X, d), n be a Lipschitz involution on (Y,p), A be a real
subalgebra of C (X, t) which contains Lip(X, d, t) and B be a real subalgebra
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of C(Y,n) which contains Lip(Y, p, ). Suppose that x, = {x, 7(x)} for all
x€X,and X; = {x;:x € X}, 3, = {y, n()}forallyeYand ¥, = {y,:y €
Y}. Let T: A — B be a surjective R*-homogenous norm-additive map. Then
IT(1x)| = 1y and there exists a unique bijection @:Y, — X, such that if y €
Y and x € @ (y,) then |T(F()| = |f(x)| forall f € A.

Theorem 1.2. Let (X,d) and (Y,p) be compact metric spaces. If
T: Lipr(X, d) - Lipg(Y, p) is a surjective R*-homogenous norm-additive
map, then |T(1x)(y)| = 1y and there exists a Lipschitz homeomorphism ¢

from (Y, p) to (X, d) such that [T(f)(¥)| = |f (@())| for all f € Lipr(X, d)
andy €Y.
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