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In this paper, we deal with solving systems of linear congruences over commutative CF-
rings. More precisely, let R be a CF-ring (every finitely generated direct sum of cyclic R -
modules has a canonical form) and let I,,..., 1, be n ideals of R . We consider the system of

linear congruences :
X +a,X, o+ a X, =b - (mod 1))
Ay X +8y,X, +-F+a, X, =b, (mod 1,)

n

ayX +a,X, +--+a,x,=b, (modl))

where a;,b, €R and I <;ﬂi¢j(li 1q;) forall 1<i,j<nand (I:a)={reR:rael}. we

introduce congruence matrices theory techniques and exploit its application to solve the above
system. Further, we investigate the application of computer algebra techniques (Grobner bases)
in this context whenever R = Z.

Introduction

The theory of solving systems of linear equations has its origin in the works of the Chinese
mathematician Sun Zi. In his book entitled “The mathemetical classic of Sun Zi” published in
the third century AD, he introduced the Chinese remainder theorem and exploited it to solve
systems of linear congruences. It is worth noting that solving such systems has many
applications in different areas including signal processing, cryptography and so on. In this
paper, we consider a more general form of systems of linear congruences over CF-rings where
the congruence relations are defined on some given ideals. For this purpose, we develop
the theory of congruence linear algebra that we employ in this paper to study this general form
of linear congruence systems. In this direction, let us give a review of some previous algebraic
results about CF-rings on which our approach is based.
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Throughout this paper all rings are commutative with unity, and all modules are unital.
Following [3], a CF-ring is a ring for which every finitely generated direct sum of cyclic R -
modules has a canonical form (a canonical form for an R-module M is a decomposition
M=R/I1,®---®&R /1, where I, c---c |, #R). Every CF-ring is a finite direct product of
indecomposable CF-rings. The indecomposable CF-rings are precisely the rings R for which the
following four conditions are satisfied: (1) R is an arithmetical ring, (2) R has a unique
minimal prime ideal P, (3) every ideal contained in P is comparable with every ideal of R, and
(4) R /P isan h-local domain (see [3, Theorem 1] for more details).
Let R be a CF-ringand g =(l,,...,1,) be a sequence of ideals of R . In this paper, we introduce
the techniques to solve the linear congruence systems
agX, +a,X,+---+a,x,=b  (mod I,)
A, X, +8,X, +---+8,,X, =b, (mod 1,)

b (m.od 1),

n

a,,X,+8,,X,+-+a X,
whereljgﬂiﬂ(li:aﬁj) forall 1<i,j <n.

In Section 1, we introduce the congruence matrices theory techniques and exploit its
application to solve the above system. Further, we investigate the application of computer
algebra techniques (Grébner bases) in this context whenever R = Z.

Congruence linear algebra techniques

Definition 1.1. We define the relation ~ on the set M

R as follows: for A =(a;) and A"=(a;) in M (R)
A=A <a; —a el

(R) of all nxm matrices over the ring

Clearly, = is an equivalence relation. An equivalence class of A =(8;),.n

is denoted by ((aij )) :
We set Rﬂz{((ai ) ,I1<i<npa, eR}. Clearly, R” is an R-module with the ordinary

addition and the multiplication.
In this section, we introduce and study some congruence matrices theory techniques. To
exploit our techniques over the congruence matrix A =((a1.j )) (see Definition 1.1), like the

ordinary linear algebra, we show that one can define the canonical R-endomorphism
p:R/IN,®&R/1,®---®R/1, >R/, ®R/1,®---®R /1, associate to A if and only if

I gﬂiﬂ,(li :a;) forall 1<i,j <n. Also, the invertibility of the congruence matrix A and

its application to solve the above system is discussed. Next, we propose a method based on
modular linear algebra techniques to solve a linear system of congruence equations. In doing
so, we present a modular Gaussian elimination method for performing Gaussian elimination on
the matrices over integers modulo a given integer. Some relevant examples are presented in the
full version of the paper.

Grobner Bases and Congruence Systems
Grobner bases is an important algorithmic object in computational algebraic geometry. This
notion was introduced and an algorithm for its construction was designed in 1965 by
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Buchberger in his Ph.D. thesis [2]. Grobner bases method is a practical tool to solve a wide
class of problems in polynomial ideal theory (like ideal membership, equality of ideals and
solving polynomial systems) and in many other research areas of science and engineering (like
integer programming, computer graphics, digital signal processing, robotics and so on). We
refer to [1] for more details on the theory of Grébner bases and its applications.

In this section, we apply Grobner bases techniques to solve these systems in the case that R = Z.
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