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Introduction 

It is known that if   is a non-negative concave function on the interval      , then 
    

 
 is 

decreasing and hence,   is subadditive. In [6], it is proved that if   is a non-negative operator 

monotone function on      , then  

                  

where,     are positive operators on a Hilbert space   and        . In [8], a similar 

result is proved for finitely many operators by a different method. Moreover, the 

inequality 

                          

is obtained for every operator convex function   on       with        and positive 

operators        . 

In this paper, we investigate the subadditivity of functions on positive operators 

without operator monotonicity and operator convexity. 

Material and methods 

To obtain the subadditivity of functions on positive operators without operator 

monotonicity and operator convexity, first we apply a theorem which gives a type of 

operator monotonicity for convex (not necessarily operator convex) functions [2]. Then, 

to complete the proof of the main result  we use a version of Jensen’s operator inequality 

which is proved for convex functions without any assumption of operator convexity [1,4]. 

Results and discussion 

Let operator   with bounds        and operator   with bounds         be positive 

operators on a Hilbert space   satisfying        . Let 

        
 
              

 
   

Suppose that  

                              

where,    and    are bounds of operator  . Then, for every continuous function 

           for which the function      
    

 
 is convex and decreasing, we have  

                            

where,   and   are bounds of operator     and  

          ma 
     

 

         
     

           
   

    
   



6                                                   Vol. 6, No. 4 Winter 2021                              Mathematical Researches 
 (Sci. Kharazmi University) 

This theorem is the main result of the paper. Also, applying a result of [1], if we replace the 

condition 

                              

by the condition that the open interval         does not intersect the spectrums of 

operators   and  , then the same result is obtained. 

Conclusion 

A version of subadditivity of convex decreasing functions on positive operators without 

any assumption of operator monotonicity and operator convexity is obtained. 
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